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PREFACE 

The design of this Treatise is to explain all that is 
commonly included in a First Part of Algebra. In the 
arrangement of the Chapters I have followed the advice 
of experienced Teachers. I have carefully abstained from 
making extracts from books in common use. The only 
work to which I am indebted for any material assistance 
is the Algebra of the late Dean Peacock, which I took as 
the model for the commencement of my Treatise. The 
Examples, progressive and easy, have been selected from 
University and College Examination Papers and from 
old English, French, and German works. Much care has 
been taken to secure accuracy in the Answers, but in a 
collection of more than 2300 Examples it is to be feared 
that some errors have yet to be detected. I shall be 
grateful for having my attention called to them. 

I have published a book of Miscellaneous Exercises 
adapted to this work and arranged in a progressive order 
so as to supply constant practice for the student. 

I have to express my thanks for the encouragement 
and advice received by me from many correspondents; 
and a special acknowledgment is due from me to Mr. E. 
J. Gross of Gonville and Caius College, to whom I am 
indebted for assistance in many parts of this work. 

The Treatise on Algebra by Mr. E. J. Gross is a 
continuation of this work, and is in some important 
points supplementary to it. 

J. KAMELY^ ^^^Oflp 

Cambridge, 1871, 
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I. ADDITION AND SUBTRACTION, 

1. Algebra is the science which teaches the use of sym- 
bols to denote numbers and the operations to which numbers 
may be subjected. 

2. The symbols employed in Algebra to denote numbers 
are, in addition to those of Arithmetic, the letters of some 
alphabet. 

Thus a, h, c x, y, z : a, ft y : a\ h\ c' read 

a dashf b dash, c dash : a^, &i, c^ read a one, 

b one, c one are used as symbols to denote mimhers, 

3. The number one, or unity, is taken as the foundation of 
all numbers, and all other numbers are derived from it by the 
process of addition. 

Thus two is defined to be the number that results from 
adding one to one ; 

three is defined, to be the number that results from 
adding one to two ; 

four is defined to be the number that results from 
adding one to three ; 
and so on. 

4. The symbol + , read plus, is used to denote the opera- 
tion of Addition. 

Thus 1 + 1 symbolizes that which is denoted by 2, 

2 + 1 3, 

and a + 6 stands for the result obtained by adding^ h 

5. The symbol = stands for the words " ia ^c\v\Sk\. 

^ the lesnlt is/' 
r^ M 1 
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Terms which are preceded by the symbol + are called fwi- 
Hve terms. Terms which are preceded by the symbol ^ are 
called negatwe terms. When no symbol precedes a term the 
symbol + is understood. 

Thus in the expression a-h + c-d + e-f 

a, c, e are called positive terms, 
hydyf negative 

The symbols of operation + and - are usually called posi- 
tive and negative Sigks. 

13. If the number 6 be added to the number 13, and if 6 
be taken from the result, the final result will plainly be 13. 

So also if a number h be added to a number a, and if & be 
taken from the result, the final result will be a : that is, 

Since the operations of addition and subtraction when per- 
formed by the same number neutralize each other, we conclude 
that we may obliterate the same symbol when it presents itself 
as a positive term and also as a negative term in the same ex- 
pression. 

Thus a-a=0, 

and a-a-\-h=b. 

14. If we have to add the numbers 54, 17, and 23, we may 
first add 17 and 23, and add their sum 40 to the number 64^ 
thus obtaining the final result 94. This process maybe repre- 
sented algebraically by enclosing 17 and 23 in a Bbagket 

( ), thus : 

54 + (l7 + 23)=54 + 40=94. 

15. If we have to subtract from 54 the sum of 17 and 23, 
the process may be represented algebraically thus : 

54-(l7 + 23)=54-40=14. 

16. If we have to add to 54 the difference between 23 and 
17, the process may be represented algebraically thus : 

54 + (23-l7)=54 + 6 = 60. 

17. If we have to subtract from 54 the difference between 
.Ao «.^^ 17, the process may be represented algebraically thus : 

54 - (23 - 17) = 54 - 6 =48. 
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18. The use of brackets is so frequent in Algebra, that 
the rules for their removal and introduction must be carefully 
considered. 

We shall first treat of the remomal of brackets in cases 
where symbols supply the places of numbers corresponding to 
the arithmetical examples considered in Arts. 14^ 15, 16, 17. 

Case I. To add to a the sum of & and c. 
This is expressed thus : a + (6 + c). 
First add & to a, the result will be 

This result is too small, for we have to add to a a number 
greater than 6, and greater by c. Hence our final result will 
be obtained by adding c to a + 6, and it will be 

a+6+c. 

Case 1 1. To take from a the sum of h and c. 
This is expressed thus : a - (6 + c). 
First take h from a, the result will be 

This result is too large, for we have to take from a a number 
greater than h, and greater by c. Hence our final result will 
be obtained by taking c from a — h, and it will be 

a-h-c. 

Case III. To add to a the difference between h and c. 
This is expressed thus : a + (& - c). 
First add & to a, the result will be 

a + h. 

This result is too large, for we have to add to a a number 
less than h, and less by c. Hence our final result will be ob- 
tained by taking c from a + h, and it will be 

a + h—c. 

Case IV. To take from a the difference between h and c. 
This is expressed thus : a-{b-'c). 
First take h from a, the result will be 

a-h. 

This result is too small, for we have to take feoiCL a ^t^xosl- 
ber less than 6, and less by c. Hence cm ftnsl i^svi^X. "wiJ^ \i<^ 
obtained hy adding ctoa-h, and it vnll "be 

a-h + c. 
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Note, We assume that a, h, c represent such numbers that 
in Case IL a is not less than the sum of h and c, in Case III. 
h is not less than c, and in Case IV. b is not less than c, and a 
is not less than b, 

19. Collecting the results obtained in Art. 18, we have 

a + (6 + c)=a + 6 + c, 
a — {b + c)=a — b — Cf 
a+(6~c)=a+6-c, 
a — (6 — c)=a-6 + c. 

From which we obtain the following rules for the removal of 
a bracket. 

Rule I. When a bracket is preceded by the sign +, 
remove the bracket and leave the signs of the terms in it 
, unchanged. 

Rule II. When a bracket is preceded by the sign -, 
remove the bracket and change the sign of each term in it. 

These rules apply to cases in which any number of ternia 
are included in the bracket. 

Thus 

a+6+(c-cZ+e-/)=a+&+c-(Z+e--/, 

and 

a+6-(c-d+e--/)=a+&-c+62— 6+/. 

20. The rules given in the preceding Article for the re- 
moval of brackets furnish corresponding rules for the intro- 
duction of brackets. 

Thus if we enclose two or more terms of an expression in a 
bracket, 

I. The sign of each term remains the same if + pre- 
cedes the bracket : 

II. The sign of each term is changed if - precedes the 
bracket. 
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21. We may now proceed to give rules for the Addition 
and Subtraction of algebraical expressions. 

Suppose we have to aM to the expression a+6— c the ex- 
pression d—e-k-f. 

The Sum =a + 6~c + ((i-e+/) 

=a + 6-c + rf-e+/0>y Art. 19, Kule I.). 

Also, if we have to svhtract from the expression a+ft-c the 
expression d—e +/. 

The Difference =a+6-c-((i-e+/) 

=a + 6-c-<i+ e-f (by Art. 19, Rule II.). 

We might arrange the expressions in each case under each 
other as in Ar.thmetic : thus 

Toa-r6-c Froma + 6-c 

Add d -e +/ Take d-e+f 

Sum a+l-c + d-e+f Difference a+ 6- c-cZ + e-/ 
and then the rults may'be thus stated. 

I. In Additioi attach the lower line to the upper with the 
signs of both lineg unchanged. 

II. In Subtracion attach the lower line to the upper with 
the signs of the lowtr line changed, the signs of the upper line 
being unchanged. 

The following are examples. 

(1) Toa + 6 + 9 

Adda-6-6 • 



Sum a+ 6 + 9 + a- 6- 6 
and this am =cn-a + &-6 + 9-6 

For it has been sho^, Art. 9, that a + a=2a, 

andjirt. 13, that b-h=0, 

(2) Foma + 6 + 9 

"hkea-h-e 



Benmindr a + 6 + 9 — a+b-v-^ 
and ths remainder =2ib -VlS 
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22. We have worked out the examples in Art. 21 at full 
length, but in practice they may be abbreviated, by combining 
the symbols or digits by a mental process, thus 

Toc + (i + 10 Fromc + d + 10 

Addc-d-7 Takec-d-V 



Sum 2c +3 Remainder 2(Z + 17 

23. We have said that 

instead of a + a we write 2a, 

a-va-'ta 3a, 

and so on. 

The digit thus prefixed to a symbol is called the coefficient 
of the term in which it appears. 

24. Since Za=a+a + a, 

and 5a=a + a + a + a + a, 
3a + 5a=a + a + a + a+a+a+a+a 
= 8a. 

Terms which have the same symbol, whatever their coeffi- 
cients may be, are called like terms : those Arhich have diffe- 
rent symbols are called unlike terms. 

Like terms, when positive, may be combined into one by 
adding their coefficients together and subjdning the common 
symbol : thus 

3y + 5y + 8y=162/. 

25. If a term appears without a coe0cient, unity is to be 
taken as its coefficient. 

Thus x + 6x=6x, 

26* Negative terms, when like, mayDe combined into one 
term with a negative sign prefixed to it by adding the coeffi- 
cients and subjoining to the result the ommon symbol. 

Thus 2a; - 3i/ - 5y = 2a; -iy, 

for 2a: - 3y - 51^ = 2x -J3y + 5y) 

=2x-^, 

5!a?-y-4y-6|/=3x-4l'y. 
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27. If an expression contain two or more like terms, some 
being positive and others negative, we must first collect all the 
"positive terms into one positive term, then all the negative 
terms into one negative term, and finally combine the two 
remaining terms into one by the following process. Subtract 
the smaller coefficient from the greater, and set down the 
remainder with the sign of the greater prefixed and the com- 
mon symbol attached to it. 

Ex> 8x—Zx= 5Xy 

Vjc - 4a; + 5x - 3a; = 12a; - 7a! = 5a;, 
a-26 + 56-46=a + 56-66=a-6. 

28. The rules for the combination of any number of like 
terms into one single term enable us to extend the application 
of the rules for Addition and Subtraction in Algebra, and we 
proceed to give some Examples. 

■• • 

ADDITION. 

(1) a-26 + 3c (2) 5a + 76-3c-4(£ 

3a-46-5c 6a-76 + 9c + 4(i 

4a-66~2c 11a +6c 

The terms containing 6 and (i in Ex. (2) destroying one another. 

(3) 7a;-5y+ 4z (4) 6m-lZn+6p 

X'{-2y-llz 8m+ n-9p 

3a;- y+ 5z m- n- p 

bx-3y- z m+ 2w+5p 

16a;-72^- dz 16m-llw 

SUBTRACTION. 

(1) 5a -36+ 6c (2) 3a + 76- 8c 

2a + 56- 4c 3a-76+ 4c 

146 -12c 
(4) x-y-{-z 
x-y-z 

2^ 
(6) 7x-\^-\^ 

3x-t'2y+l4z x-V baj-^^S^ 



(3) 


3a -86 + 10c 
5a-66 + 2c 
2a- 66+ 2c 


(5) 


3a 

3a; + 7i/ + 12» 
by- 2z 
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29. We have placed the expressions in the examples given 
in the preceding Article under each other, as in Arithmetic, 
for the sake of clearness, but the same operations might be ex- 
hibited by means of signs and brackets, thus Examples (2) of 
each rule might have been worked thus, in Addition, 

5a + 76-3c-4<i + (6a-76 + 9c + 4(i) 
=5a+76-3c-4(i+ 6a-76 + 0c+4i 
= lla+6c; 
and, in Subtraction, 

3a + 76-8c-(3a-76 + 4c) 
=3a+76-8c-3a + 76-4c 
= 146 -12c. 

Examples.— i. . 

Simplify the following expressions, by combining like sym- 
bols in each. 

I. 3a + 46 + 5c+2a+36 + 7c. 2. 4a+56 + 6c-3a-26-4c. 

3. 6a-36-4c-4a + 56 + 6c. 

4. 8a-56+3c-7a-26 + 6c-3a+96-7c + 10a. 

5. 5a;-3a+6 + 7 + 26-3a5-4a-9. 

6. a-6-c+6 + c-(Z + (Z~a. 

7. 5a + 106-3c + 26-3a + 2c-2a + 4c. 

EXAMPLES.— ii. ADDITION. 
Add together 

I. a+aanda-flj. 2. a+2fl5 and a + 3a;. 

3. a--2a;and 2a— jc. 4. 3a; + 7^^ and 5a; - 21^. 

5. a + 36 + 5cand3a-26-3c. 

6. a-26 + 3c and a+26-3c. 7. l + a;-2/ and 3-a; + y. 

8. 2x-Zy+4Zf bx-ly-'Sa, and 6a;+92/-82. 

9. 2a + 6-3a;, 3a-26+a;, a + 6-5a;, and 4a-76 + 6a;. 

EXAMPLES.— ill. SUBTRACTION. 
I. Froma + 6 takea-6. 

.... 3a; + 2^ 2x-y. 

... 2a+3c + 4(Z a-2c + 3d 

x+y+z x-y-%. 
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5. Fromm— 7i+r take m — n—r. 

6 a + 6 + c a — 6 — c. 

7 3a + 46 + 5c 2a + 76 + 6c. 

8 335 + 5^-42 3iB + 2y-5». 

30. We have given examples of the use of a bracket. The 
methods of denoting a bracket are various ; thus, besides the 
marks ( ), the marks [ ], or j }, are often employed. Some- 
times a mark called "The Vinculu m *^ is drawn over the symbols 
which are to be connected, thus a — 6 + c is used to represent the 
same expression as that represented by a—ih-hc). 

Often the brackets are made to e nclos e one another, thus 

In removing the brackets jfrom an expression of this kind it 
is best to commence with the innermoaty and to remove the 
brackets one by one, the outermost last of alL 

Thus 

a-[6+ic-((£-e-/){] 
=a-[6+)c-(d-e+/)(] 

=a— [6 + c— (Z+e-/] 

Again 

5a;-(3x-7)-|4-2a;-(6a;-3){ 

= 5x-3x + 7-j4-2fl5-6a; + 3{ 

=5a;-3a; + 7-4+2a;+6aj-3 

= 10{B. 

EXAMPLES.— iv. BRACKETS. 

Simplify the following expressions, combining all like quan- 
tities in each. 

1. a+6 + (3a-26). 

2. a + 6-(a-36). 

3. 3a+56-6c-(2a+46-2c). 

4. a+6 — c — (a — 6 — c). 

5. '14a;-(5a;-9)-j4-3x-(2x-S^V J 
7. 15x-jTx+(8x + a-x)\. 
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8. a-[6+|a-(6 + a)(]. 

9. 6a + [4a-)86-(2a + 46)-226}-76]-[76+{8a 

-(36 + 4a) + 86}+6a]. 

10. 6-[6-(a + 6)-j6-(6-a-6)(]. 

11. 2c-(6a-6)-{c-(5a + 26)-(a-36)(. 

12. 2a; -fa -(2a -[3a -(4a -[5a -(6a -a;)])])}. 

13. 25a-.196-[36-{4a-(56-6c)}]. 

31. We have hitherto supposed the symbols in every ex- 
pression used for illustration to represent «mc^ numbers that 
the expressions symbolize results which would be arithmetic- 
ally possible. 

Thus a-& symbolizes a possible result, so long as a is not 
less than &. 

If, for instance, a stands for 10 and 6 for 6, 

a- 6 will stand for 4. 

But if a stands for 6 and 6 for 10, 

a— 6 denotes no possible result, because we cannot 
take the number 10 from the number 6. 

But though there can be no such a thing as a iMgatim 
number, we can conceive the real existence of a negati/oe 
quantity. 

To explain this we must consider 

I. What we mean by Quantity. 
II. How Quantities are measured. 

32. A Quantity is anything which may be regarded as 
being made up of parts like the whole. 

Thus a distance is a quantity, because we may regard it as 
made up of parts each of themselves a distance. 

Again a sum of money is a quantity, because we may regard 
it as made up of parts like the whole. 

33. To measure any quantity we fix upon some known 
quantity of the same kind for our standard, or unit, and then 
any quantity of that kind is measured by saying how many 
'■ "^ ■ •stains this unit, and this number of times itf called 

"the qimntity. 
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For example, to measure any distance along a road we fix 
upon a known distance, such as a nule, and express all distances 
by saying how many times they contain this unit. Thus X6 is 
the measure of a distance containing 16 miles. 

Again, to measure a man's income we take one pound as our 
unit, and thus if we said (as we often do say) that a man's in- 
come is 500 a year, we should mean 500 times the unit, that is, 
^500. Unless we knew what the unit was, to say that a man's 
income was 500 would convey no definite meaning : all we 
should know would be that, whatever our unit was, a pound, a 
dollar, or a franc, the man's income would be 500 times that 
unit, that is, ^00, 500 doUars, or 500 francs. 

• N.B. Since the unit contains itself (mce, its measure is 
vmiiy^ and hence its name. 

34. Now we can conceive a quantity to be such that when 
put to another quantity of the same kind it will entirely or in 
part neutralize its effect. 

Thus, if I walk 4 miles towards a certain object and then 
return along the same road 2 miles, I may say that the latter 
distance is such a quantity that it neutralizes part of my first 
journey, so far as regards my position with respect to the point 
from which I started. 

Again, if I gain ^500 in trade and then lose ^00, 1 may 
say that the latter sum is such a quantity that it neutralizes 
pMt of my first gain. 

If I gain ^500 and then lose ^700, 1 may say that the latter 
sum is such a quantity that it neutralizes all my first gain, said 
not only that, but also a quantity of which the absolute value 
is ^200 remains m reaMiM%% to neutralize some future ga/in, 
-Kegar^ing this ^200 by itself we caU it a quantity which will 
have a subtractive effect on subsequent profits. 

Now, since Algebra is intended to deal with such questions 
in a general way, and to teach us how to put quantities, alike 
or opposite in their effect, together, a convention is adopted, 
founded on the additive or subtractive effect of the quantities 
in question, and stated thus : 

" To the quantities to be added prefix the sign -v , ^\A \% 
the quantities to be subtracted preftx t\ife «v^ — , «£A '<m 
wnte down all the quantities involved in swcibi «t c^^^Xass^-* 
nected with these signs." 
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Thus, suppose a man to trade for 4 years, and to gain a 
pounds the first year, to lose & pounds the second year, to gain 
c pounds the third year, and to lose c? pounds the fourth year. 

The additwe quantities are here a and c, which we are to 
write + a and + c. 

The mhtractive quantities are here h and (2, which we are to 
write - 6 and — d, 

:. Result of trading = +a-6+c-d 

35. Let us next take the case in which the gain for the 
first year is a pounds, and the loss for each of three subsequent 
years is a pounds. 

Result of trading =+a-a-a-a 

Thus we arrive at an isolated quantity of a suhtractive 
nature. 

Arithmetically we interpret this result as a loss of £2a. 

Algebraically we call the result a negatwe quantity. 

When once we have admitted the possibility of the inde- 
pendent existence of such quantities as this we may extend the 
application of the rules for Addition and Subtraction, for 

I. A negative quantity may stand by itself^ and we may 
then add it to or take it from some other quantity or expres- 
sion. 

II. A negative quantity may stand first in an expression 
which we may have to add to or subtract from any other 
expression. 

The Rules for Addition and Subtraction given in Art. 21 
will be applicable to these expressions, as in the following 
Examples. 





ADDITION. 




(1) 


5a— 7a=-2a. 




(2) 


4a-36-6a + 76=-2a + 46. 




(3) 


To 4a To 


5a -36 


- 


Add -3a Add - 


-2a-2b 




Sum a Suia 


^tt-bb 
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(4) 6a-56- 4c+ 6 (5) 7fl5-52/ + 9» 

-5a + 76-12c-17 -18a; + 9i/-52 



- a-86 + 19c+ 4 - 3a;-8t/ + 



s; 



-66+ 3c- 7 -14a;-42/ + 5» 



SUBTRACTION. 

(1) From X 

Take -y 

Remainder au+i/ 

or we might represent the operation thus, 

(2) a+6-(-a + 6)=a + 6 + a-6=2a. 

(3) -a-6-(a-6)= -a-6-a + 6= -2a. 

(4) -3a+ 4&- 7c+10 

5a- 96+ 8c+19 

-8a+136-15c- 9 

(6) aj-2^-[3a;-j-5a;-(-42/ + 7a;)i] 

=x-2/-[3a;- j -5fl5+4y-7a;(] 
= a; - 1/ - [3a5 + 5a; — 4y + 7ic] 
=x-2/-3fl3— 5a;+42/ — 7a5 
= -14a;+3i/. 

(6) 7a+ 56+ 9c-12(i 

-36- 12c- 8c?+ 6e 



7a+ 86 + 21C- 4(Z-6c 



In this example we have deviated from our previous prac- 
tice of placing lik» terms under each other. This arrange- 
ment is useful to facilitate the calculation, but is not absolutely 
necessary ; for the terms which are alike can be combined 
independently of it. 

♦ Note.— The meaning of Subtraction is hexe e:K\«ti3Lft^ «a VXsr 
the result in Art. 18, Case rr. may he true Yrheii b is \^aa Wi^si ©• 
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Examples.— V. 

(I.) ADDITION. 
Add together 

1. 6a + 76, -2a-46, and3a-56. 

2. -6a + 65-7c, -2a+136 + 9c, and 7a-296 + 4tf. 

3. 2a;-3y + 4», -6ic+4y-7», and -8aj-9y-3«. 

4. -a + 6-c + d, a-26-3c + d, -66+4c, and — Sc + d. 

5. a + 6-c + 7, -2a-36-4c + 9, and3a+26 + 5c-X6. 

6. 6a;-3a-4ft, 6y-2a, 3a-22/, and 56-7a5. 

7. a + 6-c, c-a+6, 26-c+3a, and 4a-3c. 

8. 7a-36-6c+9(Z, 26-3c-6(i, and -4(i + 15c, 

9. -12x-5y+4», 3ic + 2i/-3», and 9a5-3y+2. 

(2.) SUBTRACTION. 

1. From a + 5 take - a - 6. 

2. Froma-6 take -6 + c. 

3. From a-6+c take —a+6-c. 

4. From 6fl;-8y + 3 take -2a;+9i/-2. 

5. From 6a -126 + 17c take -2a + 46-3a 

6. From2a+6-3a;take46-3a + 5a;. 

7. From a+ 6- c take 3c -26 + 4a. 

8. Froma + 6 + c-7 take 8-c-6 + a. 

9. From 12x-32^-» take 4y-52+a;. 

10. From 8a-66 + 7c take 2c-46 + 2a. 

11. From 9p-42+3r take 5g'-3p + r. 



11. MULTIPLICATION. 

36. The operation of finding the sum of a numbers each 
equal to & is called Multiplication. 

The number a is called the Multiplier. 
h Multiplicand. 

This Sum is called the Product of the multiplication of h 
by a. 

This Product is represented in Algebra by three distinct 
symbols : 

L By writing the symbols side by side, with no sign 
between them, thus, ab ; 

II. By placing a small dot between the symbols, thus, a.h; 

III. By placing the sign x between the symbols, thus, 
axh; and all these are read thus, " a into b/* or " a times 6." 

In Arithmetic we chiefly use the third way of expressing a 
Product, for we cannot symbolize the product of 5 into 7 by 
57, which means the sum of fifty and seven, nor can we well 
represent it by 5.7, because it might be confounded with the 
notation used for decimal fractions, as 5-7. 

37* In Arithmetic 

2x7 stands for the same as 7 + 7. 
3x4 4 + 4 + 4. 



In Algebra 

ah stands for the same as 6+6+6+ ... with 6 written 
a times. 

(a + 6) c stands for the same asc + c-vc ...Vv^c^t^ 
a -^3 timea. 



en 

4 
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38. To shew that 3 times 4=4 times 3. 

3 times 4= 4 + 4 + 4 

= 1+1+1+1 

I. 



1+1+1+1 \ 
+1+1+1+1 > 
+1+1+1+1 ) 



t 



4tiines3= 3 + 3 + 3 + 3 
=1+1+1 
+1+1+1 t J J 

+1+1+1 ^ ' 

+1+1+1 

Now the results obtained from I. and II. must be the sam< 
for the horizontal columns of one are identical with the verti 
cal columns of the oth^. 

39. To prove that ah=ha, 

aib means that the sum of a numbers each equal to 6 is t 
be taken. 

.'. db= 6 + 6+ with 6 written a times 

= 6 
+ 6 

+ 

to a lines 

= 1 + 1 + 1 + to 6 terms 

+ 1 + 1 + 1 + to6terms. j 

+ 

to a lines. 

Again, 

6a= a-\-a'{- with a written 6 times 

= a 
+ a 

+ 

to 6 lines 

= 1 + 1 + 1 + to a terms 

+ 1 + 1 + 1 + to a terms I jj 

+ 

to b lines. 
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Now the results obtained from I. and II. must be the same, 
for the horizontal columns of one are clearly the same as the 
vertical columns of the other. 

40. Since the expressions ah and ha are the same in mean- 
ing, we may regard either a or 6 as the multipHer in forming 
the product of a and h, and so we may read 06 in two ways : 

(1) a into 6, 

(2) a multiplied by 6. 

41. The expressions ahc, ach, hoc, hca, cah, c&a are all the 
same in meaning, denoting that the three numbers symbolized 
by a, 6, and c are to be multiplied together. It is, however, 
generally desirable that the alphabetical order of the letters 
representing a product should be observed. 

42. Each of the numbers a^ &, c is caUed a Factos of thd 
product ahc, 

43. When a number expressed in figures is one of the 
factors of a product it always stands first in the product. 

Thus the product of the factors x, y, z and 9 is represented 
by 9xyz. 

44 Any one or more of the factors that make up a product 
is called the Coefficient of the other factors. 

Thus in the expression 2aac, 2a is called the coefficient of x, 

45. When a factor a is repeated twice the product would 
be represented, in accordance with Art, 36, by a/i ; when three 
times, by aaa. In such cases these products are, for the sake 
of brevity, expressed by writiug the symbol with a number 
pUbced above it on the right, expressing the number of times the 
symbol is repeated ; thus 

instead of aa we write a^ 
a>aa a^ 



aaaa a^ 



These expressions a^, a%a^ are called the second, third, 

fourth PowEBS of a. 

The number placed over a symbol to express the power o€ 
the symbol is called the Index or Exponent. 

a^ 13 generally called the square oi a. 
a^ the cube oia. 
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46. The product of a^ and d^^o^y. a* 

Thus the index of the resulting power is the «um of the 
indices of the two factors. 

Similarly a^y,(j^^(ujjaMy.ajaaaaa 

If one of the feuitors be a symbol without an index, we may 
assume it to have an index ^, that is 

Examples in multiplying powers of the same symbol are 

(1) axa2=ai+2=a3. 

(2) 7a3x5a^=7x6xa3xa^=35a«^=35aio 

(3) a^xa^xa^=dP'^^^=ia}^, 

(4) 7?yxxfi^^x\y,x,y^==QS^,x,y,y^=7?^\y^^=si?%^. 

(5) a^hxalfixa^W^a^^^.h^-^^^aM^. 

Examples.— vi. 

Multiply 

1. X into 3i(. 2, Zx into 4i/. 3. Zxy into ^, 

4. Zahc into ac. 5. a^ into a^. 6. of into a. 

7. 3a26 into 4^862. 8. Wc into ha^h(^. 9. ISoftV by 12a3Jc. 

10. *la^c^ by 4a26c'. 11. a® by 3^^. 12. 4a36a; by hatPy. 

13. 19a%»by4a;2/V. 14. VJat^hj Zb(Py. 15. ex^hjQoi^y^. 

16. 3a6cby4aa;i/. 17. a^fe^^ ^y ga^js^. 18. Qm^wp by m^^. 

19. a/yh by 6a;V. 20. lla^fta; by 3ai^6%i2. 

47. The rules for the addition and subtraction of powers 
are similar to those laid down in Chap. I. for simple quantities. 

Thus the sum of the second and third powers of a; is repre- 
sented by 

x^+a^, 

and the remainder after taking the fourth power of y from the 
fifth power of t/ is represented by 

fi ions cannot be abridged. - 
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But when we have to add or subtract the same powers of 
the same quantities the terms may be combined into one : 
thus 

01? ■{■01? ^27?, 

8x4-5aj*=3a;*, 

91/^ - 31/^ - 22/^=42(^. 

Again, whenever two or more terms are entirely the same 
with respect to the symbols they contain^ their sum may be 
abridged. 

Thus ad + ad= 2ad, 

ba?¥ + 6a363 - ^a?l? == 2aPh\ 
Wx - lOa^a; - l^aH = - Ibahi. 

• 

48. From the multiplication of simple expressions we pass 
on to the case in which one of the quantities whose product is 
to be foimd is a compound expression. 

To shew that (a + h) c=ac-\-bc, 

(ja + h) c=c + c + c+ ...with c written a + 6 times, 
= (c + c + c+ ... with c written a times) 
+ (c + c + c ... with c written b times]^ 
=ac + hc, 

49. To shew that (a - 6) c = ac - he, 

{a-'h)c=c + c + c+ ... with c written a-h times, 
= {c + c + c+ ... with c written a times) 

-(c + c + c ,,. with c written h times), 
=:ac — hc. 

Note. We assume that a is greater than 6. 

50. Similarly it may be shewn that 

(a + h + c) d=ad + hd-\-cdf 
{a — h — c) d=ad—hd'-cdf 

and hence we obtain the following general rule for finding 
product of a single symbol and an expression consisting 
or more terms. 

"Multiply each of the terms by the smg^^fe «.ynOo^, 
nect the terms of the result by the BignB oi V^ife ^«^ 
of the compound expression." 




22 MULTIPLICATION, 

Examples.— -vii. 

Multiply 

1. a + 6-cbya. 7. Sm^ + 9mn + lOn^ by mm 

2. a + 36-4cby2a. 8. 9a«+4a*6-3a362 + 4a2&sby2a6. 

3. a^ + 3a2 + 4(iby a. 9. a;^3-x22/2+jBy-7 by icy. 

4. 3a8_5a2_6^ + 7ty3^2^ 10. m^-Sm^H-Bmn^-n^ by tt. 

5. a2 - 2a6 + 6^ by a6. 1 1. Vla^l - Ca^fts + 5a53 by 12a268. 

6. a3 - 3a262 + js ^y 3^25. 12. i3x3 - l7a^ + 5a;i/2 - 1/3 ^jy 335^, 

51. We next proceed to the case in which both nmltiplier 
and multiplicand are compottTW? expressions. 

First to multiply a + h into c + d. 

Represent c-^-dhj x. 

Then (a + h)(c+d)={a + h)x 

—ttx+hxyhj Art. 48, 

=ac + ad-{'hc + hd,'bj Art. 48. 

The same result is obtained by the following process : 

c + d 
a + h 



ac + ad 
+ hc + bd 

ac + cid + hc + hd 

which may be thus described : 

Write a + b considered as the multiplier under c + d con- 
sidered as the multipliccmd, as in common Arithmetic. Then 
multiply each term of the multiplicand by a, and set down the 
result Next multiply each term of the multiplicand by 6, and 
set down the result under the result obtained before. The 
sum of the two results will be the product required. 

Note, The second result is shifted one place to the right 
' object of this will be seen in Art. 56, 
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52. Next, to multiply a + 6 into c — d,, 

Bepresent c — c? by aj. 

Then (a + 6)(c-(Q=(a + 6>B 

=ac-a(i + 6c-6(i, by Art. 49. 

From a comparison of tMs result with the factors from 
which it is produced it appears that if we regard the terms of 
the multiplicand c - c? as indxfpe.tkd&rd quantities, and caU them 
+ c and -(i, the effect of multiplying the positive terms +a 
and + h into the positive term + c is to produce two positive 
terms +ac and +6c, whereas the effect of multiplying the 
positive terms +a and +6 into the negative term —d is to 
produce two negative terms — ad and — hd. 

The same result is obtained by the following process ; 

c—d 
a + h 
ac — ad 
•^hc-hd 



a4i—ad + bc—hd 



This process may be described in a similar manner to that 
in Art 51, it being assumed that a positive term multiplied 
into a negative term gives a negative result. 

Similarly we may shew that a—h into c + d gives 

ac + ad—hc — bd. 

53. Next to multiply a-h into c — d. 

Represent c—dhjx. 

Then (a-6)(c-(0 = (a-6)a5 

^ax — hx 

=a{c — d)-'b(c — d) 
— (ac-ad)- (he - bd\ by Art. 49, 
^ac — ad—hc + hd. 

When we compare this result with the factors from which 
it is produced, we see that 

The product of the positive term, a m\.o \)ci«& ^Q-^JCvq^i 
term c is the poaitive term ac. 
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The product of the positive term a into the negative 
term - d is the negative term - od. 

The product of the negative term — 6 into the positive 
term c is the negative term — 6c. 

The product of the negative term - 6 into the negative 
term - d is the positive term 6d 

The multiplication of c ~ d by a — 6 may be written thus : 

a-h 



ac — ad 
-bc + hd 



ac — ad—hc + hd 



54. The results obtained in the preceding Article enable ub 
to state what is called the Kulb of Signs in Multiplication, 
which is 

"Hie product of two 'positive terms or of two negative termt 
is positive : the product of two terms, one of which is positive and 
the other negative, is negative,*' 

55. The following more concise proof may now be given of 
the Rule op Signs. 

To shew that (a - 6)(c -d^^ac — ad-hc + hd. 

First, {a-h)M=M+M+M+ ...with M written a-b times, 
={M + M+M+ ...with Jlf written a times) 

-(M+M+M+ ... with M written 6 times), 
= aM-hM, 

Next, let iJf=c-d 

Then aM= a(c-'d) , 

=(c-(Qa Art. 39. 

=zca—da. Art 49. 

Similarly, hM= cb - db, 

:. {a-b)(c—d)=(ca-da)-(cb-db). 

Now to subtract {cb—db) from (ca—da), if we take away cb 
we take away db too much, and we must therefore add db to 
the result, 

.'. we get ca — da-cb + db, . 
ffrA/cIf is the eame aa ac—ad — he ^-hd. krt., ^^. 
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So it appears that in multiplying (a-6)(c-(Q we must 
multiply each term in one factor by each term in the other 
and prefix the sign according to this law :— 

When the factors multiplied have like signs prefix +, when 
unlike — to the product. 

This is the EnLB OF Signs. 

56. We shall now give some examples in illustration of the 
principles laid down in the last five Articles. 

Examples in Multiplication worked out, 

(1) Multiply a; + 5 by x + 7. (2) Multiply a;-5 by x + 7. 



x+ 5 


x-6 


x+ 7 


x + 7 


x^+ 5x 


x^ — bx 


+ 7a: + 35 


+ 7aj-35 


a52 + 12a; + 35 


ic2 + 2aj-35 



The reason for shifting the second result one place to the 
right is that it enables us generally to place like terms under 
each other. 

(3) Multiply x + 6 by x-7. (4) Multiply x-b by a;-7. 

x + 5 jc- 5 

a;-7 a- 7 



x^ + 5x x^-~ bx 

-7a;-35 - 7a;+36 

a;2-2aj-35 a-*- 12a; + 35 

(5) Multiply a;2 + y^ hjx^ - y^ (6) Multiply 3aa; - bby hj7ax - 2by, 

a^ + y^ Zax— 6hy 

x^-y^ 7ax- 2hy 

JC*+a;V 21a2x2-^5abx\j 
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67. The process in the multiplication of factors, one or 
both of which contains more than two terms, is m'Tm'lftr to the 
processes which we have been describing, as may be seen from 
the following examples : 

Multiply 

(1) a;2 + iBy + y2bya;-y. (2) a2 + 6a + 9 by a*-6a+9. 

jc-y (j^—^ +9 



-v^y-xf-'f - 6a3 - 36a« - 54a 
7?-f +9a« +64a+81 

(3) Multiply 3a;2 + 4iry- 2/^ by 3a:?- 4xy+y«. 
3a:2+ 4^ _ ^2 

9«*+T2x3y"^~2teV 

^12a:3y-16a;V+4an/8 

+ 3jc22^2 + 4a5y8_2^ 

9a*-li^^T 8iy3 Z^'~^ 

(4) To find the continued product of a? + 3, 05 + 4, and 
a; + 6. 

To effect this we must multiply 35 + 3 by a + 4, and then 
multiply the result by 35+6. 

x+ 3 

x+ 4 



+ 


Zx 

4a; +12 


a^ + 
x + 


7aj+12 
6 


^3 + 

+ 


7^2 + 12a; 
6a;2 + 42a; + 72 



a;3 + 13x2 + 54a; + 72 

Note, The numbers 13 and 54 are called the coefficimU of 
a:2 and x in the expression a;^ + X3a;2 + 54a; + 72, in accordance 
with Art 44f 
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(5) Find the continued product of x + a, jc + 6, and a; + c. 
a; + 6 



+ 6aj+a6 
0^ + <M3 + 6a; + a6 

aj3 + cwj2 + 6052 + o&B 
+ co^ + oca; + 6(xc + a6c 



o^ + (a + 6 + c)x2 + (06 + ac + 6c)x + oftc 

£)te. The coefficients of x^ and x in the expression just 
ined are a+6 + c and 06 + oc + 6c respectively. 

lien a coefficient is expressed in UtUriy as in this example, 
called a liUroX coefficient. 

EXAMPLES.— Viil. 

ultiply 

c + 3hyx + 9. 2. x + 15hyx-7. 3. x-12 by x + 10. 
c-8byx-7. 5,a-3bya-5. 6. y-6byy + 13. 
c2--4byx2 + 5. 8. x2-6x + 9 by x2-6x + 5. 

c2 + 5x-3byx2-5x-3. 10. a3-3a + 2 by a3--3a2^.2. 
5*-x + l by x2+a._i^ 12. x^+xy + t/^ by x2_jpy^2/2. 

5? + xy+y2|)y a._y, 14. a^-a^by a* + a25p3+a4^ 

15. x3-3x2 + 3x-l by x2 + 3x + l. 

16. x3 + 3x22/ + 9xy2 + 27y3|)ya._3y^ 

17. a3 + 2a26 + 4a62 + 863bya-26. 

18. 8a3 + 4a26 + 2a62 + 63by2a-6. 

19. a3_2a26 + 3a62+463 by a2_2a6-362. 

20. a3 + 3a26 - 2a62 + 36^ by »« + 2a6 - 362. 

21. a2 - 2ax + 4x2 by o? + 2ax + 4x2. 

22. 9a2 + 3ax + x2 by 9a2 - 3ax + x2. 

23. x*-2ax2 + 4a2by x* + 2ax2 + 4a2. 

24. a2 + 62 + c2 - a6 - oc - 6c by a + 6 + c. 

25. x2 + 4xy + 62/2by x3-3x2y-2x2/2 + 3y3. 

26. a6 + cd + oc + 6(i by 06 + c(Z- ac- 6(i 

ad the continued i^iodLMct of the follomn.^ ex^gteasvoxL \ 
x-a,x+a,siP+a\^-\-a\ 28. x-a, x-v"b,x- 



28 MUL TIPLICA TIOI^. 

29. 1 - x, 1 + x, 1 + a:*, 1 + X*. 

30. x-y^ aj+y, Qi?-xy+y\ a^+icy + y^. 

31. a—x, a+x,a^+x^,a*+sc^y a^ + ofi. 

Find the coefficient of a; in the following expansions : 
32. (x-6)(x-6){x + 1). 33. (a; + 8)(x + 3)(x-2> 

34. (a;-2)(a;-3)(a; + 4). 35. (a;-ft)(«-6)(a;-c). 

36. (x2 + 3x-2)(a:8_3a. + 2)(x*-6). 

37. (x2-a; + l)(a^+a;-l)(x*-a2 + l). 

38. (cc2_|yia.4.x)(a:*-7iia;-l)(x*— m%c— 1). 

58. Our proof of the Enle of Signs in Art 65 is fonnded 
on the supposition that a is greater than b and e is greater 
than d. 

To include cases in which the multiplier is an isolated nega- 
tivc quantity we must extend our definition of Multiplication. 
For the definition given in Art. 36 does not cover this case, 
since we cannot say that c shall be taken — d times. 

We give then the following definition. " The operation of 
Multiplication is suck that the product of the factors a — & a'nd 
c — dwill he equivalent to ac — ad—hc + hd, whatever may he (he 
values of a, h, c, d" 

Now since 

(a- 6) {C''d)=ac-ad-hc + hd, 
make a=0 and c2=0. 

Then (0-6)(c-0)=Oxc-OxO-6c + 6xO, 

or —hxc= —he 

Similarly it may be shewn that 

— bx -d= +hd. 

Examples.— ix. 

Multiply 
I. a^hj -h. 2. a^by -a^. 3. a^J by -db^, 

4. -4a26by-3a62. 5. ba^hj -Qry^. 6. a^-ah + ly^hy ~-a, 
7. 3a3+4a2 -5a by -2a2. 8. -a^-a^-ahy -a—l, 
9. Zxhf — 6xy^ + 4y^hj - 2a5 - 3y, 

10. -5m2-6mw + 7w2by -m + TO. 

11. 13r2-17r-45 by -r-3. 

12. 7si^''Sx^--9z^hy -x-z, 

13. -a^ + a:*2/""^^^y ~"1/~^' 

14, -y^-xy^-a^y-Q^'hy -x-oj. 



III. INVOLUTION. 

* 

59. To this part of Algebra belongs the process called 
Involution. This is the operation of multiplying a quan- 
tity by itself any number of times. 

The power to which the quantity is rcdsed is expressed by 
the number of times the quantity has been employed as a 
factor in the operation. 

ThoS; as has been already stated in Art. 45^ 
a^ is called the second power of a, 
a? is called the third power of a. 

60. When we have to raise negative quantities to certain 
powers we symbolize the operation by putting the quantity in 
a bracket with the number denoting the imdex (Art. 45) placed 
over the bracket on the right hand. 

Thus ( - of denotes the third power of ~ a, 
(-2ic)* denotes the fourth power of -2a;. 

61. The signs of all even powers of a negative quantity 
will be positi/ve, and the signs of the odd powers will be 
negative. 

Thus (-a)3=(-a)x(-a)=a^ 

(-a)3=( -»).(- a) (-a)=a2.(-a)=:-a3. 

62. To raise a simple quantity to any power we multiply 
the index of the quantity by the number denoting the power 
to which it is to be raised^ and prefix the proper sign. 

Thus the square of a^ is a\ 

the cube of a^ is a^, 
the cube of -xh^^ is -ofi}^. 
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63. AVe form the second, tMrd and fourth powers of a +6 
in the following manner ; 

a + 6 
a + 6 



+ a6 +62 
(a + 6)2=a2 + 2a6 + 62 
a +6 



a3 + 2a26 + a62 
+ a26 + 2a62 + 53 

(a + 6)3=a3 + 3a26 + 3a62 + 63 

a +6 






(a + 6)*=a* + 4a36 + 6a262 + 4a63 + 54. 

Here observe the following laws : 

I. The indices of a, decrease by unity in each term. 
II. The indices of b increase by unity in each term. 
III. The nimierical coefficient of the second term is always 
the same as the index of the power to which the 
binomial is raised. 

64. We form the second, third and fourth powers of a -6 
in the following manner : 

a-h 
a-6 

a^-ab 
^ah +62 

(a-6)2=a2_2a6 + 62 
a -h 



a^-2a% + ai)^ 

- a26 + 2a62-63 

(a - 6)3 =a3-3a26 + 3a62-63 
a -6 

a*-3a36 + 3a262-a63 

- a36 + 3a262-3a6S + 6* 
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Now observe that the powers of a - 6 ^0 not differ from the 
powers of a + 6 except that the terms, in which the oM powers 
of 6, as 6^, 6^, occur have the sign - prefixed. 

Hence if any power of a + 6 be giv&n. we can write the 
corresponding power of a - 6 : thus 
since (a + If = a^ + 5a*6 + lOaSftz + \(^^f^ + Soft* + js, 
(a - 6)6 = a« - 5a*6 + 10a362 _ I0a263 + 5a6* - 66. 

65. Since (a + 6)2=a2 + 62 + 2a6 and (a-6)2=a2 + 62-2a6, 
it appears that the square of a binomial is formed by the 
following process : 

" To the sum of the squares of each term add twice the 
product of the terms." 

Thus (a; + y)2=a;2 + y2 4.2a^^ 

(a; + 3)2=a;2 + 9 + 6a;, 

(a;-5)2=iB2 + 25-10x, 

(2x - 7y)2 == 4a;2 + 49y2 - 28a5y. 

66. To form the square of a trinomial : 

a + 6 + c 
a + 6 + c 

©2 + a6 + oc 
+a6 + 62+6c 
+ oc + 6c + c2 



a2 + 2a6 + 62 + 2ac + 26c + c2. 



Arranging this result thus a2 + 62 + c2 ^ 2a6 + 2ac + 26c, we see 
that it is composed of two sets of quantities : 

I. The squares of the quantities a, 6, c. 
II. The double products of a, 6, c taken two and two. 

Now, if we form the square of a - 6 - c, we get 

a-6-c 
a-6-c 

a2 - a6 - oc 
-a6 + 62 + 6c 
- ac + 6c + c2 



a2-2a6 + 62-2ac + 26c + c2. 
The l&w of formation ia the same aa beioie, ioi \i^\ia^^ 
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I. The squares of the quantities. 

II. The double products of a, - 6, - c taken two by two; 
the sign of each result being + or - , according as 
the signs of the algebraical quantities composing it 
are like or unlike. 

67. The same law holds good for expressions containiDg 
more than three terms, thus 

(a + 6 + c + (i)2=a2 + 62 + c2 + (22 

-2a&+2ac-2(M2-26c+2M-2<ji 

And generally, the square of an expression containing 2, 3, 
4 or more terms will be formed by the following process : 

" To the sum of the squares of each term add twice the 
product of each term into each of the terms that follow it." 

EXAMPLES.— X. 

Form the square of each of the following expressions : 

I. a5 + a. 2. x-a, 3. ic+2. 4. a; -3. 5. ai^+y*. 

6. x^-y\ 7. a'+6*. 8. a^-lfi. 9. a;+y+». 10. x-y-^-z. 

II. m + w-p-r. 12. a;2 + 2a;-3. 13. a^-Gx + V. 

14. 2a;2-7aj+9. 15. a^+'t/^-a^. 16. Qt^-Axhj^^y^. 

17. a^+js + gS^ i3^ a^-y^-s^, 19. a; + 2y-3». 

20. x^-2y^+6z^. 

Expand the following expressions : 
21. {x+ay. 22. (a; -a)'. 23. (a? +1)3. 24. (aj-l)'. 
25. (a; + 2)3. 26. {a^-W)\ 27. (a+h + cf. 28. (a-h^cf. 
29. (m+7i)2.(m-w)2. 30. (m+w)2.(m2-TO*). 

68. An algebraical product is said to be of 2, 3 dvmffnr 

aions, when the sum of the indices of the quantities composing 
the product is 2, 3 

Thus a& is an expression of 2 dimensions, 

a^l^c is an expression of 5 dimeMioTi&. 
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69. An algebraical expression is called hiymogeneotis when 
each of its terms is of the same dimensions. 

Thus a^+xy+y^ia homogeneous, for each term is of 2 dimen- 
sions. 

Also 2a^+4xhf + 6y^ is homogeneous, for each term is of 3 
dimensions, the numerical coefficients not affecting the dimen- 
sions of each term. 

70. An expression is said to be arranged according to 
powers of some letter, when the indices of that letter occur in 
the order of their magnitudes, either increasing or decreasing. 

Thus the expression' a3+a^+aa;2 + a' is arranged according 
to descenddng powers of a, and ascmdmg powers of x, 

71. One expression is said to be of a higher order than 
another when the former contains a higher power of some dis- 
tinguishing letter than the other. 

Thus a' + a^+ojc^+scS jg gaid to be of a higher order than 
a^ + oaj + a^, with reference to the index of a. 



rST. DIVISION. 

72. Division is the process by which, when a product is 
given and we know one of the factors, the other factor is deter- 
mined. 

The product is, with reference to this process, called the 
Dividend. 
The given factor is called the Divisor. 
The factor which has to be found is called the Quotient. 

73. The operation of Division is denoted by the sign -=-. 
Thus aib-7-a signifies that ah is to be divided by a. 

The same operation is denoted by writing the dividend 

nh 

over the divisor with a line drawn between them, thus — . 

In this chapter we shall treat only of cases m -wNxvOcl "Oaa ■ 
dividend contains the divisor an exact number oi tVaie,^. 
f&Aj O 



34 DIVISION, 



Case I. 

74. Wlien the dividend and divisor are each included in 
a single term, we can usually tell by inspection the factwcA d 
which each is composed. The quotient will in this caae be 
represented by the factors which remain in the dividend, when 
those factors which are common to the dividend and the di- 
visor have been removed from the dividend. 



Thus X^^' 



a a ' 

a^ cMoaa 



a^ aaa 



^aa=a\ 



Thus, when one power of a number is divided by a smalla 
power of the same number, the quotient is that power of the 
number whose index is Hhe difference "between the indices qf (k» 
dividend cmd the divisor. 



Thus —=a}^^=af. 

15a3&2 



Zah 



= 5a%. 



76. The quotient is unity when the dividend and 
divisor are equal. 

Thus -=1; ^-^-1; 

and this will hold true when the dividend and the divisor flie 
compound quantities. 



Thus 



a+b * a^ — y^ 



EXAMPLES.— Xi. 
Divide 

I. afi by o^. 2. x^^ by x^, 3. x^ by xy, 

4. cfiy^hjayyh. 5. 24al^c hj 4db. 6. 72a^b'<fihyM^ 

7. 256a3&V by leabc^ 8. UUm^W^p^ by llfli%y. 

p, 60a^x^ by bxy. 10. ^^'^1?<? \s^ Yibc 
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Case II. 

76. If the divisor be a single teim, while the dividend 
contains two or more terms^ the quotient wUl be found by 
dividing each term of the dividend separately by the divisor 
and connecting the results with their proper signs. 

Thus =a+o, 

=aV+(KB+l, 

Examples.— xii. 

Divide 

1. ae3^2aj*+a;by sc 4. wipa5*+m^V+my by mp. 

2. i/^-y* + y^-y*byy2. 5. \Qahyy-2%dW+Adh?\)j Adhi. 

3. 8a3+16a26 + 24a6aby8a. 6. 72flcy-36xV-18a;2j^3by9iB2y. 

7. 81mW - 64mW + 27m%^ by Sm^w^. 

8. 12a%2_8jBy-4Byby4a:8. 

9. 169a*6 - 117a862 + Q\a% by \Za\ 
10. 36l65c3+2286*c*-13363c6 by 1962c. 

77. Admitting the possibility of the independent existence 
of a term afiEected with the sign - , we can extend the Exam- 
ples in Arts. 74 — 76, by taking the first term of the dividend 
or the divisor, or both, negati/oe. In such cases we apply the 
Bule of Signs in Multiplication to form a Eule of Signs in 
Division, 

Thus since — a x 6= - a5, we conclude that — r— = —a, 
ax.-6=— ct5, ■ — r=<*» 



-ax -6=a6, — ^=-a; 

and hence the rules 

I. When the dividend and the divisor have t\\a %arrwfe 

sign the quotient is positi/oe, 
IL When the dividend and the diviaoT \i!kv^ dilffwi 
s^^ the gaotient is negatvoe. 
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78. The following Examples illustrate the conclusions just 
obtained : 

(1) ^=-0^. (3) =?^^^. 

(6) rlW±i^it^«^3^,_^^,, 



EXAMPLES.— xiii. 
Divide 

1. 72a6by-9a6. 6. -aV-a^-ojcby -ckc 

2. - 60a8 by - 4a3. 7. - 34a8 + Sla^ - 1700^2 ^jy 17^^ 

3. -84cyby4a;y. 8. -8a362_24a668+32a^2»8ty- 4^853, 

4. -18mVby3mn. 9. -144a;3 + 108a%-96a52^ by 12jb. 

5. - 128a862c by - 86c. 10. }Mz^ - }M^ - ftV^a ^y _ 52^^ 

Case III. 

79. The third case of the operation of Division is that in 
which the divisor and the dividend (contain more terms than 
one. The operation is conducted in the following way : 

Arrange the divisor and dividend according to the 
powers of some one symbol, and place them in the 
same line as in the process of Long Division in 
Arithmetic 

Divide the first term of the dividend by the first term 
of the divisor. 

Set down the result as the first term of the quotient. 

Multiply all the terms of the divisor by the first term 
of the quotient. 

Subtract the resulting product from the dividend. If 
there be a remainder, consider it as a neti? diflsOvni^ 
'*ttd proceed as before. 
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The process will best be understood by a careful study of 
the following Examples : 

(l)Dividea2+2a6 + 62by(i+6. (2) Divide a? -2a5 +63 by a -6. 
a+6;a2^2a6+62(a+6 a-6;a2-2a6+6«(a-6 



ab+h^ 


-05 + 68 


ab^-¥ 


-a6+6« 


(3) Divide ofi-x^hjo^^y^. 




cc2-2^2^a;6-.i/6({B4+ajy+2^ 




ofi-vhj^ 




«V-y« 


«- 


aj*y2-.a;Y 





(4) Divide a^ - 4doM + 4aV _ ^6 i^y 352 _ ^2^ 
a?-a2^a;6-4aV+4aV-a«(a*-3flAB?+a* 

-3aV+4aV-a« 
-3aV+3aV 

(6) Divide 3ajy + 0? + 2/5-1 by y+aj-1. 

Arranging the divisor and dividend by descending powers 

of », 

JB+y-l^a^+3ajy+y3-Ha^-jcy+a;+2/2+y4.i 

a^+x^y-^ 

-x2y+iB8+3a5y+i/8-l 

a^+a5y2+2ajy+y3-l 
JB^+aoy-x 

a5t/2+jcy+x+2/3_i 

x+'y-l 
x+'ii-l 
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80. We must now direct the attention of the student to 
two points of great importance in Division. 

I. The dividend and divisor must be arranged accord- 
ing to the order of the powers of one of the symbols 
involved in them. This order may be ososn^Mi^ or 
dsK/mdM^Q. In the Examples given above we have 
taken the descending order, and in the Examples 
worked oat in the next Article we shall take an 
ascending order of arrangement 

II. In each remainder the terms most be arranged in 
the same order, ascending or descending, as that in 
which the dividend is arranged at first 

81. To divide (1) l-«*by«»+a?+x+l, 

arrange the dividend and divisor by ascending powers of x, 

thus: 

l+x+x^+ac'^l-ai^^l-x 

l+x+x^+x^ 

-x-x^-x^-x* 
-•X— a?— a^— as* 

(2) 48a?+6-36a5+58x»-70a?-23xby6x^-5x+2-7x«, 
arrange the dividend and divisor by ascending powers of Xf 
thus : 

2-5x+6x«-7x?;6-23x+48x»-70a?+58x*-36x^(3-4x+5a^ 

6-15x+18x«-21x? 

-8x+30x«-48x»+68x* 
-8x+20x^-24a?+28x» 



10a?-26a?+30x*-35x^ 
10a?-2&i?+30tt^-36x^ 

Examples.— 2lv. 



Divide 

1. x^+15x+50byx+10. 5. x?+13x^+64x+72 by x+6. 

2. x^-l7x+70byx-7. 6. a?+a?-x-l byx+1. 

3. a?+x-12byx-3. 7. a?+2x^+2x+l by x+1. 

4. a?+13x+12byx+l. 8. x^-6x»+7x^+6x+lbyx^+3a;+l. 

9. aJ*-4x?+2x^+4x+lbya?-2x-l. 






V 
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x*-jc2+2a.«l^yaj2+a._x. 12. »*-4aj2+8x+16by«+a. 

13. {c'+4a% + 3a^ + 12y'by a;+4t/. 

14. a*+4a36+6a262+4a68+6*bya + 6. 

15. a5_5a45+ioa352_iOflt258+5aj4_j6tya-5. 

16. a;*-12x3+50jBa-84a;+45bya2-6a;+9. 

17. a5-4a*6+4a362+4a26S-17a6*-1266bya2-2a5-36^. 

1 8. 4a2a^ - 12aV + 13aV - 6a6x + a« by 200^2 - 3a«» + a*. 

19. iC*-sc*+2a5-l by »2+a;-l. 

. a5*+a%c2-2a*by sc*+2a*. 23. a^-y^byac-y. 

. jc^-lSajy-SOi^^by a-15y. 24. (]^-}^-\-%c-i?''\sYa^h^¥t. 

. {c5^_^|)ya;+|^. 25. 6-362+363-6* by 6-1. 

26. a2-52_c2^^„2(^_5c)bya+6-c-d 
. sc^+t/^+a^-Sicygby a5+y+». 28. as^+y^® by o^+y^* 

29. 23^+iJg+22!w-2g2+72r-3r2byp-2+3r. 

30. a8+a662+a46*+a266+68 by a*+a36+a262+a63 + 6i 

;. 4ic5-a;3+4a.i)y2»2+3ic+2. 33. a^ - 243 by a - 3. 

. ifciO-ifcbyife3-i. 35. x3-5»2-46a;-40bya;+4 

36. 48iB3 _ 76flKc2 „ 64^225 + io5a3 by 2a; - 3a. 

37. 18ac*-45a;3+32x2-67a;+40by3a;2.4aj+5^ 

38. 16iB*-72aV + 81a*by2a;-3a. 

I. 81iB*-256a*by3ic+4a. 41. ^-\-'lw^-aH'''^d?\s^^-a\ 
K 2a3+3a26-2a62-363bya2-62. 42,a^-a^Jy^-U¥hya^-^3ll^, 

43. X*-9x2_ga5y_2^2l3y a;2 + 3a; + y, 

44. a;*-6iB3y+9a;V-4y*bya!;2-3Jcy + 2t/2. 
,. j«* - 81?/ by a; - 3i/. 47. 81a* - 166* by 3a + 25. 

K a*-166*bya-26. 48. 16jB*-81i/*by 2a;+3y. 

49. 3a2+8a6+462 + 10ac+86c+3c2bya+26+3c. 

50. a*+4aV+16sc* by a2+2aa;+4x2. j 

51. a^+a^^-hy^hya^-xy+yK M 

52. 256x*+16a;V+y*by 16x2 + 4flyy+aj*. 1 
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54. afic3^3^2jc2_2a^-2a*by »-a. 55. a*-flc* byac+o. 

56. 2a;2+a5y-3y2-42/25-a»-»*by 2a;+3y+». 

57. 9a; + 3a;* + 14a:^ + 2by l + Sx+oi*. 

58. 12-38a;+82a^-112a:3+io6iB4-70aj5by7«*-5a;+3. 

59. sc^+^by aJ*-JB^+a;V-3!^^+2(*• 
61. a6(ic2+t/2)+a3y(a2 + &2)i3y(ja.4.jy. 
62. {B*+(262-aV+&*l5ya^+«a;+6a. 

82. The process may in some cases be shortened by the use 
of brackets, as in the following Example. 

(a + c) a^ 4- (a& 4- oc + 6c) a; 
(a4-c) jc^ 4.(06 + 60) jc 

acx+a6c 

aca;+a6c 

a;-l^ sc5-WMC*+na:3_^4.,yjjg_l (sc*-(m-l)«' 

05^-05* -(m-7i-l)«*-(m-l)«+l. 

-(m-1) 05*+ no^ 
-(m-1) a5* + (m-l) a;^ 



- (m - n - 1) 0? - ncc^ 

- (m - 71 - 1) »^+ (m - w - 1) x2 

-(m-1) a;*+ma5 

- (m - 1) a;2+ (m - 1) 05 

a-1 

EXAMPLES.— XV. 
Divide 

1. a5*-(a*-6-c)sc2_^5_gjgja5^.5gl)y jjj2_gja5^c^ 

2. y'*-(i+m+w)t/'+(^+i?i+mn)i/-fownby i/-w. 

3. a^-(m-c){B*+(ri-cm+(Qa;3 + 

(r + cw - (fo») a;2 + (cr+ (in) a; +dr by ic3--7wa:a4.na;+r. 

4. a;*+(5+a)a;3_(4_5^^5)jg2_(4^4.55) jp+45)3y jc2^52,_4^ 

-((i+6+c+d)a34.(oJ4.(ic+o(2+6c+6rf+ci)x^ 

-(<3^+aM+ac(2+6cd)x+<ibcd\>y a^-^-vc'^x-Vcw, 
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83. The following Examples in Division axe of great 
importance. 



Divisor. 



Dividend. 
a^-y^ 



Quotient. 
x-y 

m^-xy+y^ 
a?-\-xy+y^ 



84. Again, if we arrange two series of binomials consisting 
respectively of the sum and the difference of ascending powers 
of X and y, thns 

jc+y, aj*+2/2, o^+i^j a5*+i/*, sfi-hy^, a^+y®, and so on, 
x-yy a^-y^fH^-y^, iB*-2/*, sc^-^, afi-l/^y and so on, 

x+y will divide the odd terms in the upper line, 
and the even in the lower 

a; - 2/ will divide all the terms in the lower, 
but none in the upper. 

Or we may put it thus : 

If n stand for any whole number, 

af +2r is divisible by x-hy when n is odd, 

by 05 - y never ; 

flf - 2^ is divisible by a; + y when n is even, 

hj x-y always. 

Also, it is to be observed that when the divisor is a; - y all 
the terms of the quotient are podtim, and when the divisor is 
x-\-y, the terms of the quotient are alternately positive and 
n^ative. 

Thus 5-^=iB3+a%+ajy2+^^ 



i 



iC-hlf 



=a;^-a;V+aj^2_aft/®+aif*-af. 
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65. These piopeitieB may be easil j remembered by taking 
the four &imx>lest caaeBy thus, 5c+3ff '-iff ^ + !^f ^-y** o^ 
which 

the first is dividble by x+y, 

second 35-y, 

third neither, 

fonrth boUi. 

Again, educe these properties are true for all values of z and 
y, suppose y = 1, then we shall have 

x+l z-l ' 

x+l ' x-1 

Also 

-?^=a:*-x5+x*-x+l, 
x+l 

i^-1 

=-=a^+iB*+x'+x*+x+l. 

x-1 



EXAMPLES.— XVL 

Without going through the process of Division write down 
the quotients in the following cases : 

1. When the divisor is m+n, and the dividends are 
respectively 

m^ - n% m* + n% m^ + n^, m® - n^, m® + n®. 

2. When the divisor is m-n, and the dividends are 
respectively 

3. When the divisor is a+1, and the dividends are 
respectively 

a2-l,a3+l, a5+l,a^+l, a8-i. 

4. When the divisor is y-1, and the dividends at« 
respectively 



Y. ON THE RESOLUTION OF EXPRES- 
SIONS INTO FACTORS. 

86. We sliall discuss in this Cliapter an operation which 
is the opposite of that which we call Multiplication. In Mul- 
tiplication we determine the product of two given factors : in 
the operation of which we have now to treat the 'product is 
gwen and ihe factors have to be found. 

87. For the resohitiony as it is called, of a product into its 
component factors no rule can be given which shall be applic- 
able to all cases, but it is not difficult to explain the process 
in certain simple cases. We shall take these cases separately. 

88. Case I- The simplest case for resolution is that in 
which aU the terms of an expression have one common factor. 
This factor can be seen by inspection in most cases, and there- 
fore the other factor may be at once determined. 

Tl^us a2+a5=a(a+6), 

2a3+4a2 + 8a=2a(a2+2a+4), 
I Sa%-18a;V + 54a^=9ajy(jc2-2an/ + 6). 



Examples.— xvii. 

Resolve into feu^tors : 

I. 6a^-15a;. 5. a^-aa^+hx^-tcx. 



i 



2. 3ii?+l&e>-6x. 6. 3!By-21iBV+27!BV 

3. 4df-l4y+7. 7. 54a?W-V\0aa*\?- 



4. 4e^-12x*^+8xf. 8. 46«V*-^'^"'~ 
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89. Case 1 1 . The next case in point of simplicity is that 
in wMcIl four terms can be so arranged, that the first two have 
a common factor and the last two have a common factor. 

Thus 

»' + oflc + &c + a6 = (ic^ + oa;) + (&B + a5) 

=a5(a;+a) + 6(a;+a) 

Agam 

ac - ad - 6c+ W=(ac - amQ - (&c - 6(Q 

=a (c-(Q-6 (c-d) 
= (a-6) (c-d). 

EXAMPLES.— xviii. 

aJa? - oojy + fticy - y^. 
a5a; - (% + ceb - C(2y. 

o&caj - 6*(fe - acdy+hdPy, 

90. Before reading the Articles that follow the student is 
advised to turn back to Art. 56, and to observe the manner in 
which the operation of multiplying a binomial by a binomial 
produces a irmomial in the Examples there given. He will 
then be prepared to expect that in certain cases a trinomial 
can be resolved into two bmomicil factors^ examples of which we 
shall now give. 

91. Case III. To find the factors of 

jc2+Va;+12. 

Our object is to find two numbers whose product is 12, 

and whose sum is 7. 
These will evidently be 4 and 3, 

/. a2+7a;+i2=(a;+4)(a;+3). 

Again, to find the factors of 

a^+5&B+662. 
Our object is to find two numbers whose product is 66*, 

and whose sum is 6h. 
These will clearly be 35 and 26, 

.: ««+56a;+662=(x+3bHx-V^bY 



I 



Resolve into factors : 




I. aj'-aa5-6jc+a6. 


5. 


2. a6+aa!-6jc-jc*. 


6. 


3. hc+hy-cy-yK 


7- 


4. 6m+mn+a6+o». 


8. 



RESOLUTlOIf INTO FACTORS. 



45 





Examples 


. — ^xix. 


Besolve into factors : 






I. 


a^ + llx+30. 


9- 


y2+19?ii/ + 48n2. 


2. 


a^+l7x + 60. 


lO. 


»2 + 29p2! + 10()p2. 


3- 


y2+i3y+12. 


II. 


ic* + 5a;2 + 6. 


4. 


2/2 + 21^ + 110. 


12. 


iB«+4a;3+3. 


5- 


m2 + 35m+300. 


13- 


a;V + 18»y + 32. 


6. 


m2 + 23m + 102. 


14. 


JBV + 7a^2+i2. 


7- 


a2+9a&+862. 


15- 


mio+10m6+16. 



8. ic2+13ma;+36m2. 16. ^2+ 2771^ + 14022, 

93. Case IV. To find the factors of 

a;2- 925+20. 

Our object is to fiiid two mgaiM)t terms whose product is 20, 

and whose sum is ^ 9. 
These will clearly be - 5 and - 4, 

.-. ic2 - 9a;+20= (a; - 6) (a; - 4). 



EXAMPLES.— XX. 

Besolve into factors : 

1. a^-7a;+10. 

2. a^- 29a; + 190. 

3. 2/'^23y + 132. 

4. y2_30y + 200. 

5. n2-43n+460. 



6. ii2-57n + 5G. 

7. a^-7«3 + 12. 

8. a262_27a& + 26. 
Q. 6*c8-1162c3+3o. 



10. a;2y2852_x3ay» + 22. 

92. Case V. To find the factors of 

»2 + 5a;-84. 

Our object is to find two terms, one positive and one negative, 
whose product is - 84, and whose sum is 5. 

These are clearly 12 and - 7, 

.'. ar^-f 5a? - 84 = (a; + 12) (x - *7V 
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EXAMPLES.— XXi. 

Resolve into factors : 

1. a;2+7a;-60. 6. 62+256-160. 

2. ai2 + 12a;-45. 7. jc8 + 3a^-4. 

3. aa4.iia_i2. 8. {By+3a5y-l64. 

4. a2+13a-140. 9. m*® + 16m» - 100. 

5. 62+136-300. 10. n«+l7n-390. 

94. Case VI. To find the factors of 

aj«-3aj-28. 

Onr object is to find two terms, one positive and one negative, 

whose product is - 28, and whose sum is - 3. 

* 

These will clearly be 4 and - 7, 

.; aj«-3a;-28=(a; + 4)(a;-7). 



Examples. 


— xxii. 


Resolve into factors : 




I. aj*-5a;-66. 6. 


«2-15»-100. 


2. Q?-^x-\S, 7. 


a;10-9ic5_10. 


3. m2-9m-36. 8. 


c2d2-.24c(«-180. 


4. 11.2 -llw- 60. 9. 


m%2-m'^-2. 


5. 2/2-13y-14. 10. 


2)8g*-6p*g2.34, 



95. The results of the four preceding articles may be thus 
stated in general terms : a trinomial of one of the forms 

sc*+aa! + 6, a^-aa; + 6, x^+aa;-6, sc*-aa!-6, 

may be resolved into two simple factors, when 6 can be re- 
solved into two factors, such that their sum, in the first two 
forms, or their difference, in the last two forms, is equal to a, 

96. We shall now give a set of Miscellaneous Examples on 
■*^ — '^lution into factors of expressions which come under 

»r of the caaea already explained. 
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Examples.— 


xxiii. 


Eesolve into factors : 






I. 


a^- 15a; +36. 


8. 


a;2+7WQ5-^waj+mw. 


2. 


ai8 + 4a;-45. 


9- 


2/«-4y8+3. 


3- 


a^ja - 1606 - 36. 


10. 


a^-a&B-cajy+oftc 


4. 


08 - Swio* - lOm^. 


II. 


i'+(a-5)aj-a6. 


5- 


ye+y8-9a 


12. 


ai'-(c-(Qa5-c(2. 


6. 


a*-iBa-lia 


13. 


a5*-W+c(i-a6c 


7. 


a3+3aaja+4aV 


14. 


4a2_28an^+48y2. 



97. We have said, Art. 45, that when a number is multi- 
plied by itself the result is called the Square of the number, 
and that the figure 2 placed over a number on the right hand 
indicates that the number is multiplied by itself. 

Thus a^ is called the square of a, 
(x - yY is called the square of as - y. 

The Square Root of a given number is that number 
whose square is equal to the given number. 

Thus the square root of 49 is 7, because the square of 7 
18 49. 

So also the square root of a^ is a, because the square of a is 
a^ : and the square root of (x - yf is a; - 1/, because the square 
oix-y ia(x-yy. 

The symbol V placed before a number denotes that the 
square root of that number is to be taken : thus mJ26 is read 
" the square root of 26." 

Note. The square root of a positive quantity may be either 
positive or negative. For 

since a multiplied by a gives as a result a^, 
and - a multiplied by - a gives as a result a^, 

it follows, from our definition of a Square Root, that either a 
or - a may be regarded as the square root of a*. 

But throughout tMa chapter we shall take otA-^ >^^ 'pow.^ft.* 
valae of the square root 
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98. We may now take the case of Trinomials which are 
perfect squares^ which are really included in the cases dis- 
cussed in Arts. 91, 92, but which, from the importance thej 
assume in a lat^r part of our subject^ demand a separate con- 
sideration. 

99. Case YII. To find the factors of 

aj*+ 12x4-36. 

Seeking for the factors according to the hints given in Art 
91, we find them to be aj+6 and x+6. 

That is aj»+12a;+36«=(a;+6)8. 





Examples.— 


-XXIV. 


3S0 


[ve into factors : 






I. 


a;2+i8a; + 81. 


6. 


x*+14a^+49. 


2. 


a;2 + 26a; + 169. 


7- 


ic2+10ajy + 25y2. 


3. 


a;2 + 34a; + 289. 


8. 


m*+16mV+64n* 


4. 


2/2 + 2y+l. 


9- 


a^ + 24»3+144. 


5. 


«2 + 20018 + 10000. 


lO. 


3^2 + 162ajy + 6661. 



100. Case VIII. To find the factors of 

a;2_i2a;+36. 

Seeking for the factors according to the hints given in Art 
92, we find them to be jc - 6 and a; - 6. 

That is, a3 _ 12a; + 36 = (a - 6)2. 

Ex A MPLES.— XXV. 

Hesolve into factors : 

I. a2_8a;+16. 2. a;^-. 28a; +196. 3. a^- 36a; + 324. 

4. 7/-40y + 400. 5. 22.1OOJ5J + 250O. 6. a;* - 22a;2 ^ 12I. 

7. a;2-30an/ + 2252/2. 8. m* - 32m2n2 + 256n*. 

p, 0^-38x^+361. 
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101. Case IX- We now proceed to the most important 
case of Eesolution into Factors, namely, that in which the ex- 
pression to be resolved can be put in the form of two squares 
with a negative sign between them. 

Since m* - w^ = (m + n) (m - n), 

we can express the difference between the squares of two 
quantities by the product of two factors, determined by the 
following method : 

Take the square root of the first quantity, and the square 
root of the second quantity. 

The sum of the results will form the first factor. 

The difference of the results will form the second factor. 

For example, let a^ - h^ be the given expression. 
The square root of a^ is a. 
The square root of 6^ ig 5. 
The sum of the results is a + &. 
The difference of the results is a - 6. 

The factors will therefore hea+b and a-b, 
that is, a2-62=(a + 6)(a-6). 

102. The same method holds good with respect to com- 
pound quantities. 

Thus, let a^ - (6 - cf be the given expression. 
The square root of the first term is a. 
The square root of the second term is 6 - c. 
The sum of the results is a + 6 - c. 
The difference of the results is a — & + c. 

.-. a2-(6-c)2=(a + 6-c)(a-6 + c). 

Again, let (a - by -(c-d)^ be the given expression. 
The square root of the first term is a - 6. 
The square root of the second term isc-d. 
The sum of the results is a-b + c-d. 
The difference of the results isa-h-c-vd. j 

/.(a-d)^-(c-d)^'=^(a-b-¥c-d){a'-h"C\d>i, 
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103. The terms of an expression may often be arranged 
so as to form two squares with the negative sign between 
them, and then the expression can be resolved into £Eu;tor& 

Thus a2 + 62-c2-(?2+2a6+2c<Z 

=(a2+2a6+62)-.(c8-2cd+(0 
= (a+6)2-(c-(Q2 

=:(a+6+c-(0(a + 6-c+d). 

Examples.— xxvi. 

Resolve into two or more factors : 
I. z^'f, 2. a;2-9. 3. 4aj2-25. 

4. a*-jB*. 5. a;2-l. 6. ic^-l. 

7. a^ - 1. 8. m* - 16. 9. 3%2 - ^%z\ 

10. 81a;22/2 > I21a26-^. 11. (a - 6)2 - c^. 12. a;2 - (m - n)^ 

13. (a+6)2-(c + (Q2. 24. 2jM/-iB2-y2+i. 

14. (a; + y)2-(a;-2/)2. 25. si^-2yz-'y^-'Z^. 

15. a;2-.2a^ + 2/2-»2. 26. a^ _ 4J2 _ 9^2 + 12&c. 

16. (a-6)2-(m + 7i)2. 27. a* -1662. 

17. a2-2ac + c2-62-.26£«-ei2. 28. l-49c2. 

18. 26c-62-c2 + a2. 29. a2+62-c2-(i2_2a6-2ai 

19. 2a^ + a;2 + 2/2-^2. ^o^ a2-62+c2«^2_2ac+2W. 

20. 2mw-m2-n2+a2+&2-2a6. 31. ^^a^-27ax, 

21. (ajc + 62/)^-l- 32. a^fi-c?. 

22. (aa; + 6i//-(aa;-6i/)2. 33. (5a; - 2)2 - (a - 4)2. 

23. l-a2_62 4.2a6. 34. (7» + 42/)2-(2a5 + 3y)«. 

35. (753)2 -(247)2. 

104. Case X. Since 

3/ "I" Ct 01? — Q? 

— ; — =a;2-aa; + a2, and =0:24.^^^2 (Art. 83\ 

x + a x-a ^ '' 

we know the following important facts ; 
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(1) The 9um of the ctt6e« of two numbers is divisible by 
the «wm. of the numbers : 

(2) The diffe/rence between the ci^5e8 of two nnmbeis is 
divisible by the difference between the numbers. 

Hence we may resolve into factors expressions in the foim 
of the sum or difference of the cubes of two numbers. 
Thus a?+27=a:3+33=(a.^3)(a:a_3a;4.9) 

Examples.— xxvii. 

Express in factors the following expressions : 
I. a3+63. 2. a3-63, 3. a^.g^ ^ aj?+343. 

5. 6S«i25. 6. a3+64y3. 7. a^-SlG. 8. 8a?+27y'. 

9. 64a3 - 100063. 10. 729x3 + 5122/8. 

Express in/cmr factors each of the following expressions : 
11.0^3-^. 12. ic«-l. 13. a«-64. 14.729-^. 



105. Before we proceed to describe other processes in 
Algebra, we shall give a series of examples in illustration of 
the principles already laid down. 

The student will find it of advantage to work every example 
in the following series, and to accustom himself to read and to 
explain with facility those examples, in which illustrations are 
given of what may be called tke short-hand method of expressing 
Arithmetical calculations by the symbols of Algebra. 

EXAMPLES.— xxviii. 

1 . Express the sum of a and h, 

2. Interpret the expression a - 6 + c 

3. How do you express the double of a; ? 

4. By how much is a greater than 5 1 

5. If a; be a whole number, what is the number next 
above it ? 

6. Write five jmrnheia in order of magnitadfe, ^o \3ti»X » 
fibaU be the third of the five. 



4 
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■ ■ ■ -^ 

7. If a be multiplied into zero, what is the lesBlt I 

8. If zero be divided by x^ what is the result ? 

9. What is the sum of a +a+ a... written (2 times? 

10. If the product be oc and the multiplier a, what is tbe 
multiplicand ? 

1 1. What number taken from » gives y as a remainder I 

12. ^ is a; years old, and £ is y years old ; how old was A 
when B was bom 1 

13. A man works every day on week-days for x weeks in 
the year, and during the remaining weeks in the year he does 
not work at alL During how many days does he rest I 

14. There are x boats in a race. Five are bumped. How 
many row over the course ? 

15. A merchant begins trading with a capital of x pounds. 
He gains a pounds each year. How much capital has he at 
the end of 6 years ? 

16. A and B sit down to play at cards. A has x shillings 
and B y shillings at first. A wins 5 shillings. How muchhas 
each when they cease to play ? 

17. There are 5 brothers in a family. The age of the eldest 
is X years. Each brother is 2 years younger than the one next 
above him in age. How old is the youngest 1 

18. I travel x hours at the rate of y miles an hour. How 
many miles do I travel ? 

19. From a rod 12 inches long I cut off x inches, and then 
I cut off y inches of the remainder. How many inches aie 
left? 

20. If n men can dig a piece of ground in q hours, how 
many hours will one man take to dig it ? 

21. By how much does 25 exceed x ? 

22. By how much does y exceed 25 ? 

23. If a product has 2m repeated 8 times as a factor, how 
do you express the product ? 

24. By how much does a + 26 exceed a-2b1 

'f, A girl is X years of s^e, how o\^ vf a& ^^ ^ "^^axa ^3\ssi^\ 
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26. A boy is y years of age, how old will he be 7 years 
hence % 

27. Express the diflference between the squares of two 
numbers. 

28. Express the product arising &om the multiplication of 
the sum of two numbers into the difference between the same 
numbers. 

29. What value of as will make 8a5 equal to 16 ? 

30. What value of as will make 28a3 equal to 56 ? 

31. What value of x will make = equal to 4 ? 

32. What value of x will make »+ 2 equal to 9 ] 

33. What value of x will make sc - 7 equal to 16 ? 

34. What value of x will make a^ + 9 equal to 34 ? 

35. What value of x will make a;^- 8 equal to 92 ? 

Examples. — xxix. 

Explain the operations symbolized in the following expres- 
sions : , 

I. a+5. , 2. a^-h\ 3. 4a2+63. 4. 4(a2+62). 

5, o*-26+3c. 6. a+wx6-c. 7. (a+m)(6-c). 8. V^ 
9. V^+y^ 10. a+2(3-c). II. (a + 2)(3-c). 



Examples.— XXX- 

If a stands for 6, h for 5, x for 4, and y for 3, find the value 
of the following expressions : 

I. a+a;-6-y. 2. rt+y-6-a;. 3. 3a+4y-6-2a;. 

4. 3(a+&)-2(a;-y). 5. (a+a;)(6-y). 6. 2a + 3(a; + y). 

5^+1/ 
7. (2a + 3)(a+y). 8. 2a + 3a;+y. 9. ^. 

la dbx. II. ab(x+y). 12. aa|(J)-V5^- 
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13. ah{x-'yy, 14. mJ^. 15. Vs?* 



16. (^xf. 17. {^x+by. 18. sjbix. 

19. V2^. 20. ^^^~|. 21. 3a + (2aj-y)«. 

22. |a-(5-y)Ha-(aj-y)}. 24. 3(a+6-y)'+4(a+«y. 

23. (a-6-y)H(a-a;+y)2. 25. 3 (a -6)8+ (4a; -j^. 



EXAMPLES.— XXXi. 

1. Find the value of 

ddbc-a^+l^+i^, when a=3, 6=2, c=l. 

2. Find the value of 

sc^ + 2/^* - »* + 3jBy2f, when 05 s= 3, y = 2, « = 5. 

3. Subtract a^ + c^ fpQj^ ^^ ^ ^^2^ 

4. Subtract (as - y)^ from a^ + y^. 

5. Find the coefficient of a; in the expression 

(a + 6)2a;-(a+6a;)2. 

6. Find the continued product of 

2x-m, 2x+n, x+2m, a;-2n. 

7. Divide 

acr3+(6c+CKQr2 + (6(2+a«)r+6e by ar+h; 
and test your result by putting 

a=b=c=d=e=l, and r=10. 

8. Obtain the product of the four factors 

(a+6+c), (6 + c-a), (c+a-6), (a+6-c). 

What does this become when c is zero; when h-hc^^a; 
when a=6=c1 

9. Find the value of 

{a + b){h + c)-{c+d)(d+a)-'{a+c)(]b-d), 
where b is equal to d. 

10. Find the value of 

3a + (26-c2)+jca-(2a+36)| + j3c-(2a + 36)}% 
when a=0, 6=2, c=4. 
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11. If a=l, 6=2, c=3, (i=4, shew that the numerical 
values are equal of 

|(Z-(c-6 + a)|{((Z+c)-(6+a)[, 
and of (22_(^+52) + ct2 + 2(6c-a(0. 

1 2. Bracket together the different powers of a; in the follow- 
ing expressions : 

(a) flKC^ + fta^ + cjc + da;. 

(iS) w^^W-cx^-d/^^^^, 
(7) 4a:^ - aa^ - Sjc^ - 6a;^ - 5ic - caj. 
(5) (a + a;)2-(6-x)2. 

13. Multiply the three factors a;- a, a;-&, a;-c together, 
and arrange the product according to descending powers of a;. 

1 4. Find the contintied product of (x +a)(x + h) (x + c), 

15. Pind the cube of a-\-h + c; thence without further 
multiplication the cubes of a + 6-c; h + c-a; c + a-h; and 
subtract the sum of these three cubes from the first. 

16. Find the product of (3a + 26) (3a + 2c - 36). and test the 
result by making a = 1, 6 = c = 3. 

17. Find the continued product of 

a -a;, a+x, a^+cc^, a*+a^, a®+a^. 

1 8. Subtract (6 -a){c- d) from {a - 6) (c - d). 

What is the value of the result when a =26 and d=2cl 

1 9. Add together (6 +y){a+x), x--y, ax- hy, and a(a; + y). 

20. What value of x will make the difference between 
(a; + l) (a; + 2) and (aj-l)(a;-2) equal to 54? 

2 1 . Add together ax-hyyX-y,x(x-y), and (a - a;) (6 - y). 

22. What value of x wiU make the difference between 
(2a; + 4)(3x + 4) and (3a; - 2) (2a; - 8) equal to 96? 

23. Add together 

2ma; - 3wy, « + 2(> 4(m + n){x- y), and mx + ny, 

24. Prove that J 
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25. Find the product of (2a + 36) (2a + 3<J - 25), and test the 
result by making a=l, 6=4, c=2. 

26. If a, 6, c, (2, 6 ... denote 9, 7, 5, 3, 1, find tlie vaLnes of 
-^^\ (6c-a(0(6d-c«); -^^; andd--c'. 

27. Find the value of 

3a6c-a3+63 + cS whena=0, 6=2, c=l. 

28. Find the value of 

^ - . 2a6* c* , ^ I , 

3a2 + To whena=4, 6=1, c=2, 

29. Find the value of 
(a-6-c)»+(6-a--c)2+(c-a-6)2whena=l, 6=2, c=3, 

30. Find the value of 

(a + 6-c)2 + (a-6 + c)2 + (6+c-a)»whena=l, 6=2, c=!4. 

31. Find the value of 

(a+6)2+(6 + c)2 + (c+a)3 when a= - 1, 6:5=2, c= -.3. 

32. Shew that if the sum of any two numbers divide the 
difference of their squares, the quotient is equal to the differ- 
ence of the two numbers. 

33. Shew that the product of the sum and difiference of any 
two numbers is equal to the difference of their squares. 

34. Shew that the square of the sum of any two consecu- 
tive integers is always greater by one than four times their 
product 

35. Shew that the square of the sum of any two consecutive 
even whole numbers is four times the square of the odd number 
between them. 

36. If the number 2 be divided into any two parts, the 
difference of their squares will always be equal to twice the 
difference of the parts. 

37. If the number 50 be divided into any two parts, the 
difference of their squares will always be equal to 50 times the 
difference of the parts. 

38. If a number n be divided into any two parts, the 
difference of their squares will always be equal to n times the 

didbrence of the parts. 
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39. If two numbers differ by a unit, their product, together 
with the sum of their squares, is equal to the difference of the 
cubes of the numbers. 

40. Shew that the sum of the cubes of any three consecu- 
tive-whole numbers is divisible by three times the middle 
number. 
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106. An Equation is a statement that two expressions 
are equal, 

107. An Identical Equation is a statement that two ex- 
pressions are equal for all numerical values that can be given 
to the letters involved in them, provided that the same value 
be given to the same letter in every part of the equation. 

Thus, (a; + a)»=a;2 + 2aa;+a2 

is an Identical Equation. 

108. An Equation of Condition is a statement that two 
expressions are equal for some 'particuXar numerical value or 
values that can be given to the letters involved. 

Thus, a; + l=6 

i9 an Equation of Condition, the only number which % can 
represent consistently with this equation being 5. 

It is of such equations that we have to treat. 

109. The Boot of an Equation is that number which, when 
. put in the place of the unknown quantity, makes both sides of 

the equation identical. 

110. The Solution of an Equation is the process of find- 
ing what number an unknown letter must stand for that the 
equation may be true : in other words, it is the method of 
finding the Boot. 

The letters that stand for wnkiMmn numbers are usually 
Xj y, », but the student must observe that any letter may 
stand for an unknown number. 

111. A Simple Equation is one which containa tViA. 
jir%i povjer only of an unknown quantity. T\v\a \s a^aa <£»Sm 
an "Equation of the First Degree^ 
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112. The following Axioms form the groundwork of the 
solution of all equations. 

Ax. I. If equal quantities be added to equal quantities, 
the sums wiU be equaL 

Thus, if a=6, 

K3i, 1 1< If equal quantities be taken &om equal quantities, 
the remainders will be equaL 

Thus, if 33 =y, 

Ax. III. If equal quantities be multiplied by equal quan- 
tities, the products will be equaL 

Thus, if a=h, 

Ax. IV. If equal quantities be divided by equal quantities, 
the quotients will be equaL 

Thus, if xy—xZf 

y=z. 

113. On Axioms I. and II. is founded a process of great 
utUity in the solution of equations, called Thb Tbansposition 
OF Terms from one side of the equation to the other, which 
may be thus stated : 

" Any term of an equation may be transferred from one side 
of the equation to the other if its sign be changed.** 

For let a5-a=6. 

Then, by Ax. I., if we add a to both sides, the sides remain 
equal: 

therefore x-a-ha^h-^a, 

that is, 05=6 + a. 

Again, let x+c=d. 

Then, by Ax. II., if we subtract c from each side, the sides 
remain equal : 
therefoie a5+c-c=(Z-c, 

^i^ x=d-c. 
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114. We may cliange all the signs of each side of an equa- 
tion without altering the equality. 

Thus, if a-a5=6-c, 

115. We may change the position of the two sides of the 
equation, leaving the signs unchanged. 

Thus the equation a - &=a; - c, may be written thus, 

05 — c=a — 6. 

116. We may now proceed to our first rule for the solution 
of a Simple Equation. 

Rule I • Transpose the known terms to the right hand side 
of the equation and the unknown terms to the other, and com- 
bine all the terms on each side as far as possible. 

Then divide both sides of the equation by the coefficient of 
the unknown quantity. 

This rule we shall now iUustrate by examples, in which a? 
stands for the unknown quantity. 

Ex. 1. To solve the equatioriy 

5a;-6 = 3a! + 2. 

Transposing the terms, we get 

5a;-3a:=2 + 6. 

Combining like terms, we get 

2a;=8. 

Dividing both sides of this equation by 2, we get 

05 = 4, 

and the value of a; is determined. 

EIX. 2. To solve the equation, 

7a; + 4=25a;-32. 

Transposing the terms, we get 

7a;-25a;=-32-4. 

Combining like terms, we get 

-18ic=-36. 

Changing the signs on each side, we get 

18a; =36. 

Dividing both sides by 18, we get 

a;=2, 
and the value ofx ia determined. 
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1. 7z-^5=5r*ll. 9. 26-&r=90-14aBL 

2. 12z+7=Sr-rl5. lOL 133-ar=i-8a. 

3. 23Gz-T-^5»97x-fS&L 11. 13-ar=5x-3. 

4. 5z-7=3ar+7. 12. 127+9tr=12r+100. 

5. 12x-9=8x-l. 13. 15-5r=6-4a:. V 

6. 124aj+19=112ac+43. 14. 3x-22=7x+6. 

7. 18-2x«27-5x. 15. 8+4a:=12x-16. 

8. 125-7x«145-^12x. 16. 5x-(3a;-7)=4a;-(6aj-36> 

17. 6«-2(9-4a;) + 3(5a;-7)=10x-(4 + 16x) + 35. 

18. 9«-3(5a;-6) + 30=0. 

19. 12a;-.6(9x+3)+6(7-8x) + V83=0. 

20. a-7(4a;-ll) = 14(x-5)-.19(8-x)-61. 
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22. (a:-8)(a:+12)=(«+l)(a;-.6). 

23. (a;-2)(7-x)+(x-5)(x+3)-2(x-l)+12=a 

24. (2x-7)(«+5)=(9-2a;)(4-a;) + 229. 

25. (7-6a;)(3-2x)=(4fl;-3)(aB-2). 

26. 14-«-5(a;-3)(«+2)+(6-a;)(4-6a;)=45a;-76. 

27. («+5)«-(4-«)«=21«. 

28. 5(a;-.2)«+7(a;-3)«=(3x-7)(4fl;-.19)+42. 

29. (3a;-17)«+(4fl;-25)«-(5a;^29)«=l. 

30. (a;+6)(a;-9)+(a;+10)(a;-8)=(2a;+3)(x-7)-113. 



V^II. PROBLEMS LEADING TO SIMPLE 

EQUATIONS. 

117. When we have a question to resolve by means of 
Llgebra^ we represent the number sought by an unknown 
ymbol^ and then consider in what manner the conditions of 
[le question enable us to assert ^mi two est^emoru are eqwU. 
i'hus we obtain an equation, and by resolving it we determine 
tie value of the number sought. 

The whole difficulty connected with the solution of Alge* 
raical Problems lies in the determination from the conditions 
f the question of two different eocfpressions ha/ving the same 
u/merical value. 

To explain this let us take the following Problem : 

Find a number such that if 15 be added to it, twice the sum 
ill be equal to 44. 

Let X represent the number. 

Then a; + 15 will represent the number increased by 15, 
id 2(a; + 15) will represent twice the sum. 

But 44 will represent twice the sum, 
lerefore 2 (a; + 15) = 44 

Hence 2a;+30=44j 

latis, 2a;»14, 

', a;=7, 

id therefore the numher sought is 7. 
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118. We shall now give a series of Easy Problems, in 
wliicli the conditions by which an equality between two expres- 
sions can be asserted may be readily seen. The student should 
be thoroughly familiar with the Examples in set xxviii, the use 
of which he will now find. 

We shall insert some notes to explain the method of repre- 
senting quantities by algebraic symbols in cases where some 
difficulty may arise. 

EXAMPLES.— xxxiii. 

1. To the double of a certain number I add 14 and obtain 
as a result 154. What is the number ? 

2. To four times a certain number I add 16 and obtain as 
a result 188. What is the number ? 

3. By adding 46 to a certain number I obtain as a result a 
number three times as large as the original number. Find the 
original number. 

4. One number is three times as large as another. If I 
take the smaller &om 16 and the greater from 30, the remain- 
ders are equal. What are the numbers ? 

5. Divide the number 92 into four parts, such that the first 
is greater than the second by 10, greater than the third by 18, 
and greater than the fourth by 24. 

6. The sum of two numbers is 20, and if three times the 
smaller number be added to five times the greater, the sum is 
84. What are the numbers % 

7. The joint ages of a father and his son are 80 years. If 
the age of the son were doubled he would be 10 years older 
than his father. What is the age of each ? 

8. A man has six sons, each 4 years older than the one 
next to him. The eldest is three times as old as the youngest. 
What is the age of each ? 

9. Add £24 to a certain sum, and the amount will be as 
much above £80 as the sum is below £80. What is the sum ? 

10, Thirty yarda of cloth and forty yatda oi «i!CteL \o^^i!M^t 
cost £66, and the ailk is twice as valuable aa tlift c\o^. ^vsA 
''^ ^o6t of a yard of each. 
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1 1. Find the number, the double of which being added to 
24 the result is as much above 80 as the number itself is below 
100. 

12. The sum of £500 is divided between AyB,G and jD. 
-4 and J5 have together £280, -4 and (7 £260, -4 and D £220. 
How much does each receive ? 

13. In a company of 266 persons, composed of men, women, 
and children, there are twice as many men as there are women, 
and twice as many women as there are children. How many 
are there of each ? 

14. Divide £1520 between Ay B and C7, so that A has £100 
less than J9, and B £270 less than G, 

15. Find two numbers, diflfering by 8, such that four times 
the less may exceed twice the greater by 10. 

16. A and B began to play with equal sums. A won £5, 
and then three times -4's money was equal to eleven times B'& 
money. What had each at first ? 

17. il is 58 years older than B, and ^'s age is as much 
above 60 as ^s age is below 50. Find the age of eacL 

18. ii is 34 years older than B, and ^ is as much above 50 
as 1^ is below 40. Find the age of each. 

19. A man leaves his property, amounting to £7500, to be 
divided between his wife, his two sons aad his three daughters, 
as follows : a son is to have twice as much as a daughter, and 
the wife £500 more than all the five children together. How 
much did each get ? 

20. A vessel containing some water was filled up by pour- 
ing in 42 gallons, and there was then in the vessel 7 times as 
much as at first. How many gallons did the vessel hold ? 

21. Three persons, -4, B, G, have £76. B has £10 more 

than A, and G has as much as A and B together. How much 

has each ? 

« 

22. What two numbers are those whose difference is 14, 
and their sum 48 ? 

23. J and B play at cards. A has £l^ axv^ B Viaa B^f^* 
when they he^n. When they cease playing, A\\aA>i^DX^^Mvcass 

aa much as B. flbw much did A win \ 
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Note I. If we have to express algebraically two parts into 
whicli a given number, suppose 60, is divided, and we repre- 
sent one of the parts by 2;, the other will be represented by 
50 -a. 

Ex. Divide 50 into two such parts that the double of one 
part may be three times as great as the other part. 

Let X represent one of the parts. 

Then 60 - aj will represent the other part 

Now the double of the first part will be represented by 
2x, and three times the second part will be represented by 
3 (50 - a;). 

Hence 2a; =3 (60 -a;), 

or, 2a;=150-3a;, 

or, 6a; =150; 

.*. a;=30. 

Hence the parts are 30 and 20. 

24. Divide 84 into two such parts that three times one part 
may be equal to four times the other. 

25. Divide 90 into two such parts that four times one part 
may be equal to five times the other. 

26. Divide 60 into two such parts that one part is greater 
than the other by 24 

27. Divide 84 into two such parts that one part is less than 
the other by 36. 

28. Divide 20 into two such parts that if three times one 
part be added to five times the other part the sum may be 84. 

Note II. When we have to compare the ages of two per- 
sons at one time and also some years after or before, we must 
be careful to remember that 60^ will be so many years older 
or younger. 

Thus if a; be the age of A at the present time, and 2a; be 
the age of B at the present time. 

The age of -4 6 years hence will be a; + 6, 
*be age of B b years hence will \)e ^ -v b. 
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Ex. -4 is 5 times as old as 5, and 5 years hence A will 
only be three times as old as B, What are the ages of A and 
B at the present time ? 

Let X represent the age of B, 

Then 5a; will represent the age of A, 

Now 35 + 5 will represent 5's age 5 years henc6, , ^^ 

and 5»+ 5 will represent -4's age 5 years hence. 

Hence 5aj + 5=3(a5 + 5), 

or 5aj + 5=3aj+15, 

or 2a;=10; 

/. x=5. 

Hence il is 25 and ^ is 5 years old. 

29. A is twice as old as B^ and 22 years ago he was three 
times as old as B, What is ^'s age ? 

30. A fiather is 30 ; his son is 6 years old. In how many 
years will the age of the father be just twice that of the son % 

31. ^ is twice as old as B^ and 20 years since he was three 
times as old. What is J5's age ? 

32. A is three times as old as B^ and 19 years hence he will 
be only twice as old as B, What is the age of each ? 

33. A man has three nephews. His age is 50, and the 
joint ages of the nephews are 42. How long will it be before 
the joint ages of the nephews will be equal to the age of the 
uncle? 

Note III. In problems involving weights and measures, 
after assuming a symbol to represent one of the unknown 
quantities, we must be careful to express the other quantities 
in the same terms. Thus, if x represent a number of pence, all 
the sums involved in the problem mrist he reduced to pence, 

Ex. A sum of money consists of fourpenny "^ifcc-^'^ «sA«cs.- 
pences, and it BmoxmtB to £1. 16s. 8d. Tke XLAmvViCt oi <!«fli» 
28 7S, How many are there of each sort \ 

ra.A. 7 -^^ 
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Let X be the number of fourpenny pieces. 

Then 4a; is their value in pence. 

Also 78 - jc is the number of sixpences. 

And 6 (78 - sc) is their value in pence. 

Also £1. 168. 8d. is equivalent to 440 pence. 

Hence 4a? + 6(78-a;)=440, 

or 405 + 468 - 6a; == 440, 
from which we find a; =14 

Hence there are 14 fourpenny pieces, 
and 64 sixpences. 

34. A bill of £100 was paid with guineas and half-crowns, 
and 48 more half-crowns than guineas were used. How many 
of each were paid ? 

35. A person paid a bill of £2, 148. with shillings and 
half-crowns, and gave 41 pieces of money altogether. How 
many of each were paid ? 

36. A man has a sum of money amounting to ;£11. IZs. 4d.f 
consisting only of shillings and fourpenny pieces. He has in 
all 300 pieces of money. How many has he of each sort ? 

37. A bill of £60 is paid with sovereigns and moidores of 
27 shillings each, and 3 more sovereigns than moidores are 
given. How many of each are used ] 

38. A sum of money amounting to £42. &s. is made up of 
shillings and half-crowns, and there are six times as many 
half-crowns as there are shillings. How many are there of 
each sort ? 

39. I have £6. Il8. Zd. in sovereigns, shillings and pence. 
I have twice as many shillings and three times as many pence 
as I have sovereigns. How many have I of each sort ? 



YIII. ON THE METHOD OF FINDING 
THE HIGHEST COMMON FACTOR. 

119. An expression is said to be a Factor of another 
expression when the latter is divisible by the former. 

Thus 3a is a factor of ISa, 
boffy of \b7^\ 

120. An expression is said to be a Gom/mon Factor of two 
or more other expressions, when each, of the latter is divisible 
by the former. 

Thus 3a is a common factor of 12a and \ha, 

3xy of Ibxhf^ and 21ay, 

4z of 8», 12^2 and 16»8. 

121. The Highest Common Factor of two or more expres- 
sions is the expression of highest dimensions by which each of 
the former is divisible. 

Thus 6a2 is the Highest Common Factor of 12a2 and 18a^, 

bdiPy of lOa^, ISa^a 

and 25x*2/3. 

Note. That which we call the Highest Common Factor is 
named by others the Greatest Common Meaxwre or the Highest 
Common Divisor. Our reasons for rejecting these names will 
be given at the end of the chapter. 

122. The words Highest Common Factor are abbreviated 
thus^ H.C.F. 

123. To take a simple example in Arithmetic, it will 
readily be admitted that the highest number which will 
divide 12, 18, and 30 is 6. 

Now, 12=2x3x2, 

18 = 2x3x3, 
30 = 2x3x5. 
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Having thus reduced the numbers to their simplest factors, 
it appears that we may determine the Highest Common Factor 
in the following way. 

Set down the feictors of one of the numbers in any order. 

Place beneath them the factors of the second number, in 
such order that factors Wee any of those of thefvrst nvmber shaU 
stand under those fa^ctors. 

Do the same for the third number. 

Then the number of vertical columns in which the numbers 
are alike will be the number of factors in the H.C.F., and if 
we multiply the figures at the head of those columns together 
the result will be the H.C.P. required. 

Thus in the example given above two vertical columns are 
alike, and therefore there are two feictors in the H.C.F. 

And the numbers 2 and 3 which stand at the heads of 
those columns being multiplied together will give the h.c.f. 
of 12, 18, and 30. 

124. Ex. 1. To find the h.o.p. of a^l^ and a'6V. 

a^h^^aaa.bh ,x, 
aWx^=aa .hhb.ocx; 
.*. H.c.F. = oaft&B 
=a^hhi, 

Ex. 2. To find the h.c.f. of ZAa^¥c'^ and 6la%*c^, 
34a*6^c* = 2 X 1 7 X oa . bhbbbb . cccc, 
61a^6*c*= 3 X 17 X aa>a . 6666 . cc ; 
.*. H.C.F. = I7aa6666cc 
= 17a26*c«. 



EXAMPLES.— XXXiV. 
FYnd the Highest Common Factor of 
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5. ISoft^c^d and 36a2&c<«2. 8. 17^ ^V^ and 51^V- 

6. a'J*, a268 and aSb\ 9. 8«V8J*, 12«8yV and SOa^Vsj*. 

7. 4a6, lOoc and 306c. 10. 3CteV> 90a;V and 120icY. 

125. The student must be urged to commit to memory the 
following Table of forms which can or cannot be resolved into 
factors. Where a blank occurs after the sign = it signifies 
that the form on the left hand cannot be resolved into simpler 
factors. 

^^'^^{^'V'^i^ — 'ij) a;2— l = (a; + l)(cB-l) 

ojS— y3=(a3-y)(a;2j-an/ + y^ ic3-l = (cB-l)(a;2 + fl5+ 1) 

054 + 2^= ai^+l — 

ix^ + 2xy + y^==(x + yf x^ + 2x+l = (x + iy 

x^-'2xy + y^=(x''y)^ ic2-2a;+l=(a;-l)2 

a^ + Zxhf-hZxy^ + f^ix + yy a^±3x^ + 3x+l^(x-^iy 

a?-3a;4 + 3an/2-y3=(a;-y)3 a^-Za^ + Zx-l^ix-iy 

The left-hand side of the table gives the general forms, the 
right-hand side the particular cases in which 3^=1. 

126. Ex. To find the h.c.p. of a;2-l, x^-^x + l, and 

{B2+2a!-3. 

a;2-l = (a;-l)(a;+l), 

a;2-2a; + l = (a;-l)(a;-l), 
a;2 + 2a5-3 = (a;-l)(cB + 3), 

Examples. — ^xxxv. 

1. a^ — l^ejida^'-b\ 4. a^+a^ &n.d(a+xy. 

2. a2-62 and a*-6*. 5. 9ix^--l and (3x + l)2. 

3. a2 _ a;2 and (ot - a;)2. 6. 1 - 25a2 and (1 - bay. 

7. a;^ _ ^2^ (a; + 1^)2 ^nd x^ + 3oci| + 5i\|*. 

p. ^^-I, a;3-landx24.x-2. 
/a i -«« 1 + a3 and a^ + 5a -V 4. 
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127. In large nnmbers the factors cannot often be deter- 
mined by inspection, and if we have to find the h.o.f. of two 
such numbers we have recourse to the following Arithmetical 
Rule: 

'' Divide the greater of the two numbers by the less, and the 
divisor by the remainder, repeating the process until no re- 
mainder is left : the last divisor is the H.O.F. required." 

ThuSy to find the H.G.F. of 689 and 1573. 
689; 1673 (,2 
1378 

~196; 689 (^3 
585 



104; 195(1 
104 



9i; 104(1 
91 

13; 91 (7 
91 

/. 13 is the H.aF. of 689 and 1573. 

Examples-— xxxvi. 

Find the h.g.f. of 

1. 6906 and 10359. 4. 126025 and 40115. 

2. 1908 and 2736. 5. 1581227 and 16758766. 

3. 49608 and 169416. 6. 35175 and 236845. 

128. The Arithmetical Bule is founded on the following 
operation in Algebra, which is called the Proof of the Rule for 
finding the Highest Common Factor of two expressions. 

Let a and 6 be two expressions, arranged according to de- 
scending powers of some common letter, of which a is not of 
lower dimensions than h. 

Let b divide a with j? as quotient andi TexciaAivdjst c^ 

c h 2 • • ^n 

d f» f ^\i\i tlo x^T^aioii^iiSL. 
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The form of the operatdoii may be shewn thus : 

ph 

d) c(r 
rd 

Then we can shew 

I. That (2 is a conunon factor of a and h. 

II. That saj other common factor of a and 6 is a factor of 
dy and that therefore d is the Highest Common Factor 
of a and h. 

For (I.) to shew that (2 is a factor of a and h : 
h=qc + d 
==qrd-hd 
= (gr + 1) d, and .*. d is a factor of b ; 

and a=j96 + c 

=pqc+pd-hc 

=pqrd+pd + rd 

={pqr+p+r) d, and /. d is a factor of a. 

And (II.) to shew that any common factor of a and & is a 
factor of d. 

Let S be any common factor of a and h, such that 
a=m8aad 6=n8. 

Then we can shew that 8 is a factor of d. 

For d=h-qc 

= h-q{a-ph) 

==h-qa +pqh 

=n8- qmS +pqnS 

=^{n-qm + jpgn) 8, and : . ^ \a «b i^w^Wt ^1 ^. 

Now no expression liigher than d can. "be ai&c\jct oi d. % 
.: dis the Mgheat Commoii Factor oi a an'^'b. 
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1 29. Ex. To find the h.c.p. of a^ + 2a; + 1 and 

x3+2a2^2a; + l. 

a;2 + 2a; + l^a3+2a;2+2a;+Ha; 

a; + l^a;2 + 2a;+l(x+l 

iC^ + X 

a;+l 
Hence «+ 1 being the last divisor is the H.O.P. required. 

130. In the algebraical process fonr devices are frequently 
useful. These we shall now state, and exemplify each in the 
next Article. 

I. If the sign of the first term of a remainder be n^aiiu^ 
we may change the signs of all the terms. 

II. If a remainder contain a factor which is clearly not a 
common factor of the given expressions it may be 
removed. 

III. We may multiply or divide either of the given expres- 

sions by any number which does not introduce or 
remove a cowmfm factor. 

IV. If the given expressions have a common factor which 

can be seen by inspection, we may remove it from 
both, and find the Highest Common Factor of the 
parts which remain. If we multiply this result by 
the ejected factor, we shall obtain the Highest Com- 
mon Factor of the given expressions. 

131. Ex. I, To find the H.C.F. oi^a^-x-l and. 

6a2_4x-2. 

- x-vl 
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Change the signs of the remainder, and it becomes a; - 1. 

2x2-2a; 

x-\ 
The H,c.F. required is as- 1. 

Elx. II. TofiiidtheH.c.F. of a;2 + 3a;+2anda2 + 5aj+6. 

jr2+3a; + 2 



2a; + 4 
Divide the remainder by % and it becomes a)+2. 

iB2+2a; 



a;+2 
a; + 2 

The H.C.F. required is a +2. 

Ex. III. To find the H.C.P. of 12x2+ a; -land 15x2+ 8a; + 1 

Multiply 15a;2 + 8a; + l 

by 4 



12a;2 + a; - 1; 60x2 + 32a; + 4 (5 
60a;2+ 5x-5 

27a; + 9 

Divide the remainder by 9, and the result is 3a; + 1. 

3a; + i;i2a;2+a;-H4a;-l 
12a;2^4a; 



-3a;-l 
-3a;- 1 



The H.c.F. is therefore 3a; + 1. 

Ex. IV. To find the h-cf. of a;^ . 5^^ + gj; and 

Remove and reaejpve the factor x, -whicbiia coTOEasm.X^iXi^'*^ 
?xpreBaion& 
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Then we have remaining x^-^bx + S and a^- 10a5 + 21. 

The H.G.F. of these expressions is a; -3. 

The H.O.F. of the original expressions is therefore a^ — Zx, 



EXAMPLES.— XXXVii. 

Find the h.c.f. of the following expressions : 

1. a;2 + 7a; + 12anda;2+9» + 20. 

2. cc2 + i2x + 20anda;2 + 14a; + 40. 

3. a;2-17a; + 70andcc2_i3a.+42. 

4. cc2 + 5a.«84andx2 + 21a;+108. 

5. aj* + a:;-12andaj*-2a;-3. 

6. x^ + bxy + 6y^a3i.dx^ + 6xy + 9y^. 

7. aj*-6ajy+8y2anda^-8a5y + 16i/*. 

8. a:^-13a^-3(yanda^-ia]y^46|/>. 

9. a^—y^ and x^ — A»y 4-^. 

10. ^-t^taadia^ + Zx^ + Zxy^+y^, 

11. fic*— y**^^*^""2a5y+y^ 

12. jc^ + j/^andaj'+t/'. 

13. fic*-^ anda^+2a5y+y^ 

14. a2-62+26c-c2anda2 + 2a6 + 62-2ac-26c + c2 

15. 12a;2 + 7an/+y^and28x2+3a^-2/^. 

16. 6s^+xy-'y^ and 39a:2_22a5y + 3i/2. 

17. 15a;? - 8an/ + y^ and 40a;2 - 3a^ - y^. 

18. aS-5a^ + 5a;2-landaJ*+a3_4g2+a.4.1^ 

19. a*+4a? + 16anda:5+a4_2aj8 + l7x2-10x + 20. 

2a i2?^-/-a;^«+y*anda^+2a?a|-V^xV^^^'^'^- 
:?/- a;<^- 6ii;<+ 9a;2- 4 and af^ -V a^ -^orf^ A-^x^ -x-'^. 



•2 



.2 
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22. 16a* + 10a86+4a2J« + 6a68-36*and6a3+19a26 + 8aJ»-563. 

23. 15a?-14aj«y+24a5y2-7y«and27a? + 33a^-20xy2+2y3. 

24. 21x«-83ajy-27a; + 22y2+99y and 12a^-35a^-6a; 

- 331/2 + 22y. 

25. 3a5 - 12a2-a«& + 1006-262 and 6a8-17a26 + 8a52-&3. 

26. 18a» - ISa^x + 600^-60' and 60a2-75aa; + 15x2. 

27. 21a^-26x?+8a;and6x2-a;-2. 

28. ea^+29o^ + 9a*and3aj?-15aa;2+a2a;-6a'. 

29. flc^+a^^^/pgy+ySandx*-^. 

36. 2a' + 10a:? + 14fl; + 6andaj5+fl^ + 7a.^39, 

31. 45a^ + 3a2a2-9axS + 6a*andl8a2x-8x8. 

132. It is sometimes easier to find the H.C.F. by reversing 
the Older in which the expressions are given. 

Thus to find the H.C.P. of 21jr2 + 38a; + 5 and 129x2 + 221X + 10 
the easier course is to reverse the expressions, so that they 
stand thns, 5+38x + 21x2 and 10 + 221x+ 129x2, and then to 
proceed by the ordinary procesa The h.cf. is 3x+ 5. Other 
examples are 

(1) 187x? - 84x2 + 3iaj - 6 and 253xS - 14x2 + 29x - 12, 

(2) 37V + 26y2-60y+3 and 469t/3 + 76y2-103y-21, 
of which the H.G.F. are respectively llx-3 and 7y+Z, 

133. If the Highest Common Factor of three expressions 
a, 6, c be required, find first the h.g.f. of a and 6. If d be the 
H.G J. of a and 6, then the h.c.f. of d and c will be the H.C.F. 
of a, 6, c. 

134. Ex. To find the H.O.F. of 

x3 + 7x2-x-7, x3+6x2-x-6, and x2-2x + l. 

TheH.c.F. ofx3 + 7x2-x-7andx'+6x2-x-6wiUbefound 
tobex2-l. 

The H.aF. of a^-l and a;2_2x + l wiML \» loxsaA \ft \i^ 
x—1. 

Hence Z'-lia the h.o.f. of the three expTemooa- 
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EXAMPLES.— xxxviii. 

Find the Highest Commoii Factor of 

1. aj* + 5a;+6, a^ + 7a; + 10, anda;2+12a; + 20. 

2. a;3 + 4ar*-6, {b3-3» + 2, anda3+4^_8x+3. 

3. 2a^+a;-l,a^ + 6a;+4, and 0^ + 1. 

4. y3-y2_y + l, 32/2-2t/-l, andy3_y2+y_l^ 

5. a3_4a.2+9a._io,ajS+2a;2-3a; + 20, and 

a;3 + 6a;2-9x+35. 

6. a?-7a^+16a;-12, 3aS-14iB2 + 16a;, and 

5sc8_10a;2 + 7x-14. 

7. y8-6y2 + iiy_15, y3_ya+32^ + 5^and 

2y3-7t/2+16y-15. 

Note. We use the name Highest Common Factor instead 
of Greatest Common Mectvwre or Highest Oorrtmon Dimsor for the 
following reasons : 

(1) We have used the word ^^ Measure" in Art 33 in a 
different sense, that is, to denote the number of times any 
quantity contains the un/it of measurement. 

(2) Divisor does not necessarily imply a quantity which 
is contained in another an exact number of times. Thus in 
performing the operation of dividing 333 by 13, we call 13 
divisor, but we do not mean that 333 contains 13 an exact 
number of times. 



IX. FRACTIONS. 

135. A QTTANTiTT a is called an Exact Divisor of a quan- 
t/tjr ^ when b contains a an exact nwnvbet oi times. 

-4 quantity a ia called a MuLTiPiiE oi a qjaLasLV:\\:5>)>^V«a. 
contama b an exact number of timea. 
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136. Hitheito we have treated of quantities wliich contain 
the imit of measurement in each case an exact number of 
times. 

We have now to treat of quantities ti^ic^ Gomiaiin wim exact 
dmsor of a ^primary unit an exact number of times. 

137. We must first explain what we mean by a prvmary 
unit. 

We said in Art 33 that to meamre any quantity we take a 
known standard or unit of the same kind. Our choice as to 
the quantity to be taken as the unit is at first imrestricted, but 
when once made we must adhere to it, or at least we must 
give distinct notice of any change which we make with respect 
to it. To such a unit we give the name of Pbdiaby Unit. 

138. Next, to explain what we mean by an exact divisor of 
a primary vmt. 

Keeping our Primary Unit as our main standard of mea- 
surement, we may conceive it to be divided into a number of 
parts of equal magnitude, any one of which we may take as a 
Subordinate Unit, 

Thus we may take a pound as the unit by which we mea- 
sure sums of money, and retaining this steadily as the prvmary 
unit, we may stiU conceive it to be subdivided into 20 equal 
parts. We call each of the subordinate units in this case a 
shilling, and we say that one of these equal svhordinate units is 
one-twentieth part of the primary unit, that is, of a pound. 

These subordinate imits, then, are exact divisors of the 
primary unit, 

139. Keeping the primary unit still clearly in view, we 
represent one of the subordinate imits by the following nota- 
tion. 

We agree to represent the words one-third, one-fifth, and 
one-twentieth by the symbols ^, -r, ^ wi^l'^^ ^sk^ 'OcvaX. '^ 

the Primary Unit be divided into three ec^\3L«\ ^^xX.-^, ^j^^^^ 
represent one of these parts. 
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If we have to represent two of these subordinate units, we 

2 3 

do so by the symbol ;, ; if three, by the symbol ^ ; if four, by 

the symbol ;r, and so on. And^ generally, if the Primary Unit 
be divided into h equal parts, we represent a of those parts by 
the symbol J 

140. The symbol -7 we call the Fraction Symbol, or, more 

briefly, a Fraction. The number hehw the line is called the 
Dekomikatob, because it denominates the number of equal 
parts into which the Primary Unit is divided. The number 
above the line is called the Nuhebatob, because it enumerates 
how many of these equal parts, or Subordinate Units, are 
taken. 

141. The term rmrnher may be correctly applied to Frac- 
tions, since they are measured by units, but we must be 
careful to observe the following distinction : 

An Integer or Whole Number is a multiple of the Primary 
Unit. 

A Fractional Number is a multiple of the Subordinate 
Unit. 

142. The Denominator of a Fraction shews what multiple 
the Primary Unit is of the Subordinate Unit. 

The Numerator of a Fraction shews what multiple the 
Fraction is of the Subordinate Unit. 

143. The Numerator and Denominator of a fraction are 
called the Terms of the Fraction. 

144. Having thus explained the nature of Fractions, we 
next proceed to treat of the operations to which they are sub- 
jected in Algebra. 

145. Def. If the quantity x be divided into h equal parts, 
and a of those parts be taken, the result is said to be the 

Action T- ofx, 
o 

J^a; he the unit, this is called the irae\ioTL ^. 
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146. If the unit be divided into h equal parts^ 

J- will represent one of the parts. 

2 . 

h *^^ 

•7 three 



And generally, 

7 will represent a of the parts. 

147. Next let us suppose that each of the h parts is wh- 
dvMed into c equal parts : then the unit has been divided 
into he equal parts, and 

-^ will represent one of the subdivisions. 

2 

¥ *^" 

And generally, 

± a 

he 

148. To shew that tt = ^« 

Let the unit be divided into h equal parts. 

Then ^ will represent a of t^e jwiri*. (1). 

Next let each of the h parts be subdivided into c equal 
parts. 

Then the primary unit has been divided into he equal parts, 

and -5— will represent ac of these suMivisions, (2). 

oe 

Now one of the parts in (1) is equal to c of the subdivisions 
in (2), 

.'. a parts are equal to cw BTiVi^VvmoTka \ 

a^ac 
"h^'W 
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Cob. We draw from this proof two inferences : 

I. If the numerator and denominator of a fraction be 
multiplied hj the same number^ the value of the frac- 
tion is not altered. 

II. If the numerator and denominator of a fraction be 
dMded by the same number, the value of the fraction 
is not altered. 

149. To make the important Theorem established in the 
preceding Article more clear, we shall give the following proof 

that F=oo» ^y taking a straight line as the unit of length. 



Ill I I I M I I I I I I M I I 



A E D • P B C 

Let the line AC he divided into 5 equal parts. 

Then, if 5 be the point of division nearest to C, 

ABiB-o^AG. (1). 

Next, let each of the parts be subdivided into 4 equal parts. 

Then AC contains 20 of these subdivisions, 
and AB 16 , 

:.ABiB^otAO, (2). 

Comparing (1) and (2), we conclude that 

4^16 
5 20* 

150. From the Theorem established in Art. 148 we derive 
the following rule for reducing a fraction to its lowest terms : 

J^/W /Ihe Highest Common Factor of the nvmerator and denomi- 
na^or and divide hath by it. The reaultiTfig froctiva mW he 
^^^^ egniivalent to the original faction eaqpressed m IVr «wiv9\a^ 



FRACTIONS. 8i 



151. When the numerator and denominator each consist of 
a single term the H.C.F. may be determined by inspection, or 
we may proceed as in the following Example : 

To reduce the fraction , ^ «, « o to its lowest terms, 

lOa^J^^ __ 2 X 6 X arnkkcMO 
12^W 2x6xaa56&cc' 

We may then remove factors common to the numerator and 
denominator, and we shall have remaining -5 — =-; 

.*. the required result will be — ^. 

152. Two cases are especially to be noticed. 

(I) If evef^ QfM of the factors of the numerator be removed, 
the number 1 (being always a factor of every algebraical 
expression) will still remain to form a numerator. 

3a% 3aac 1 



Thus 



12a^(^ 3 X 4 X (umcc 4ac 



(2) If every one of the factors of the denominator be removed, 
the result will be a whole number. 

rrc* \2cfi(? 3x4xaaacc ^ 

oarc o xaac 

This is, in fact, a case of exact, division, such as we have 
explained in Art 74. 



EXAMPI^ES.— XXXiX. 

BedtLce to equivalent firactions in their simplest terms the 
following fractions: 

4a» , ^ IQq^ 

'• 12a^ Sea^ ^ 24^^ 

ISzyg* 7a^y<^ ^ 4axv 

^ 45aiyz*- 5- 21^^- ^- ^i^^- 

5i/ay% ISofc^c* ^^ 

/kx7 -2* 
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la 

13- 
i6. 

19. 

20. 

21. 

22. 

23. 



4Sm2f»y 
3x3^— 5x*y2* 
8x«-18y2* 

IQg-lOy 

4iB^-8xy + 4^ 

27a262a;-48c2(ftc* 
a5y~ajy» 



t3 



II. 



14. 



8aaB»-ar>' 
12aJ^-6a6 



12. 



I4mhi 



21m*p-7tna! 



•^* afcc+6cy" 



^7- 86^^2c 



18. 



c»-4a2 



2aa — 2az^ 



24. 



25. 



26. 



27. 



28. 



7a6^-7a6y 



6a^ + 45(fa8 
10caJ»+90aic** 

10fl«+20a6+10y 

4fl!^~8fley+4y* 
48(a;-y)> * 

3ma;-h5wa^ 



153. We shall now give a set of Examples, some of which 
may be worked by Resolution into Factors. In others the 
H.G.F. of the numerator and denominator muBt be found by 
the usual process. As an example of the latter sort let us 
take the following : 

To reduce the fraction OyS^Q 2_qq 4.91 ^ *^ lowest terms. 

Proceeding by the usual rule for finding the h.cf. of the 
numerator and denominator we find it to be a - 7. 

Now if we divide x^-'4x^-l9x-lA by a; -7, the result is 
a;2 + 3a; + 2, and if we divide Za^-dx^-dOx + ^l by a;-7, the 
result is 2ic* + 505- 3. 

Hence the fraction ^ ^ _^ is equivalent to the proposed 
fraction and is in its lowest terms. 



I. 



a^+7a4-10 



Examples.— xl. 



a^+da-i-e' 



2. 



x^ - 7.x 4- 1^* 
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6. 



9- 

10. 

II. 
12. 

13- 

'> T 

24. 
25. 
26. 
27. 
28. 
29. 

30- 
31. 



sB»+2x»-3a;+20' 
x'-Sx^ + lla-lS 



{B*+a^ + l 



6. 



a^ + 2«V+3/« 






8. — ,- 



a53-a^ + 3a;+5 
3x8-16a^ + 21a; ' 

0!*— iB^— aw^— 2(*' 

a3-3a+2' 

63+4y,5& 

63-66+5 • 

3052 + 205-1 



14. 



15- 



16. 



17. 



18. 



19. 



20. 



m'-7m + 6 

g^ + l 
a8 + 2a2+2a + r 

3aa;2-13aa; + 14a 
7a:S-.i7aJ!+6a; ' 

14g»-34a; + 12 
9aa;*-39aa; + 42a 

10«-24ag + 14<i8 
15-24a + 3a2+6a3' 

2a63 + a62-8a6 + 5tt 
763-1262 + 56 • 

a3-3fl^+3a--2 
a3-4a2+6a-4* 



22. 



a2-a-20 a^-3g2 + 4a;-2 

aj3+iB2-.a;-l- -'-'• o2+a-12' ^^' a;3«a.2„2a; + 2' 

(g+y+g)2 + (g;-y)2 + (a;-g)2 + (y~ a;)2 

052 + ^2 ^jjj2 



2a^-a^-9g2.n3a.,5 
7iB3-i9a:2^.i7a;_5 ' 

16x*-53^+45a + 6 
ar*-30iB3 + 31a;2-12* 

^^-12aa + 9a2 
8x3_27aS • 

6a:^-23a^ + 16a;- 3 
6a^-17aj2+lla;-2* 

a?8--6{e»+lla;- 6 

jc3-2«2-a; + 2 ' 

m3+m2+m-3 
m*+3m^ + 5m + 3' 

a:^ + 5a!*-iB?-5a; 



a;*+a2?3-a?-3 * 



33- 

34. 
35- 
36. 

37. 
38. 

39- 
40. 



15a2 + a6--262 
9a2+3a6-2'62* 

g2-7a; + 10 
2x2-a-6' 

ic3 + 3g2 + 4a; + 12 
{B3 + 4a;2 + 4a;+3* 

a^~a;2-2a; + 2 
,2a;3_a._l • 

a^-2a^-15x+g6 
3iB2-4x-15 ' 

3g3 + (g2-5x + 21 
ex3 + 29a^ + 26a;-2r 

x*-ac?-43:?-x-V\ 
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154. The fraction ? is said to be a ^ojper fraction, when a 
is less than h. 

The fraction t is said to be an improper fraction, when a is 
greater than 6. 

155. A whole number x may be written as a fractional 
number by writing 1 beneath it as a denominator, thus y. 



a ^c ac 



156. To prove that r o^ 5=it* 

Divide the unit into hd parts. 

Thenfof£=»ofg (Art. 148) 

=^ of 6c of these parts (Art 147) 

lie 
—-^ of 6c of these parts (Art. 148) 

= oc of these parts (Art 147). 

But -T^asoc of these parts ; 

' _ nf — =— - 

This is an important Theorem, for from it is derived the 
Rule for what is called Multiplication op FRAOTioNa We 

extend the meaning of the sign x and define vx-^ (which 

according to our definition in Art. 36 has no meaning) to mean 

r- of ^, and we conclude that t ^ j=tj> which in words gives 

us this rule — " Take the product of the numerators to form 
the numerator of the resulting fraction, and the product of the 
denominatoTB to fonn the denominator." 

TJ^e same rale bolda good for the imuU\p\\CAxV\oTi qI >[)Daftfc ot 
*n? Unctions, 
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157. To iheuf Ihat 5-5-2=^- 



CL C 

The quotient, ^ of ^ divided by -^ is such a number that x 

C CL 

multiplied by the divisor ^ will give as a result the dividend r. 

d j» xc d j»a 
:, - of -j-=- of r; 
c d c 

xcd _ad 

'''~id''hS' 

^ad 

he 

Hence we obtain a rule for what is called Division of 

FBAOnONS. 

a , c ad 
Since 5-3=5^, 

a c __a d 

Hence we reduce the process of division to that of multipli- 
cation by inverting the divisor. 

158. The following are examples of the Multiplication and 
Division of Fractions. 

2a; o^__^ 3a_6aa;_2g 
'• 3^^ 3a2^ 1 "3a2"a' 

2- 25'^'^*""26 • 1 "26^3a"6a6"'2a6* 

4a^ 3c 3x4xa% _2a 
^' 9c2^2a""2x9xac^"3c' 

14ayi/7x^l4^ 9y^ 9xl4xg^ ^ 

- j?^_g^^gg_ 2ax9bx5c JS 
^' 5^ 10c 4a""36xlOcx4a""4: 
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, a ;^-4a5 a;^ + 7g _ ag (g - 4 ) a;(a; + 7) 
^' «3 + 7^^ a;-4"^(aT7)^ a;-4 

_ a;(a;-4)a;(g + 7) _.. 

""a2(a; + 7)(a;-4) 



'* a2+2a6 + 62- a2 + a6 a2 + 206+62-^ 4(^2 -a6) 

_ (a + 6)(a — 6) a (a + 6) 
"~(a + 6)(a + &) 4a(a - 6) 
_ (a + 6)(a-&)a(a + &) _1 
""(a + 6)(a+6)4a(a-6)~4* 

Examples.— xli. 

Simplify the following expressions : 

3« 7a ?? ?^ ^ Sa; 

^- 41/ ^9y' ^- 46^ 3a 3* Qi/^^'s^* 

8^263 i5an/2 9a;2y% aOggft^c /: 2a 46 5c 

3a;2w 6A 12aj» „ 7a66* 20c3(?2 4^^ 



4iK$;2 "^ 6an/ 20jn/2- °- 5c2^3 ^ 42^458 ^ 36^' 

9mV 6p2g 24a;V 25Fm2 70n3g 3gm 



Examples.— xliL 

Eeduce to simple fractions in their lowest terms : 

'• a2+a6^a2^^- ^ x^-7x ^ x^-\-2x ' 

a;2+4a; 4a;2-l2a; a;2-lla;+30 x^-Zx 

^' x^-^x^^a^-^l2x ^' x^-ex + 9 ^x^-bx 

a;2 + 3g + 2 a^-7a; + 12 ^ a^-4 ^-25 

3- jB2_5a; + 6^ x^+x ' x^ + bx^x^-\-2x 

a2-4a+3 a2"9a+20 a2-7a 
^' ^^-5a-f4^a2-10a+21^a^-5a 

^ l^-7b+e ^ + 106 + 24 b^-ftl>^ 
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^ aj»-3xy + 2y8^ rc2 + xy ^^^Ja* 

a^—^xy + y^-z^ x + y-z 
^' a^+^spy+y^-z^ x-y+z' 



EXAMPLES.— xliii. 
SiiXLplify the following ezpressioiis : 
2a . 36 }^j^^ , 8a^ . 2a^ 

^ nx -'2p-2|>-l 6a; 

7. 7-^- ''• aja^3a.+2'a!-r ^* a*-17a + 30 * a;-15* 

' 158. "We axe now able to justify the use of the Fraction 
Symbol as one of the Division Symbols in Art. 73, that is, 

we can shew that t is a proper representation of the quotient 

resulting from the division of a by &. 

For let X be this quotient. 

Then, by the definition of a quotient, Art. 72, 

bxx=a. 

But, from the natxire of fractions, 

ox-T=a\ 

• . '^ — wC. 

o 
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159. Here we may state an. important Theorem, wliich we 
shall require in the next chapter. 

If a(i=6c, to shew that t= j. 

a 

Since ad^hcy 



ad 


be 


W 


'W 


.a 


c 


"h" 


'd' 



X. THE LOWEST COMMON MULTIPLE. 

160. An expression is a Common Multiplb of two or 
more other expressions when the former is exactly divisible by 
each of the latter. 

Thus 240:^ is a common multiple of 6, 8a^ and 12a;^. 

161. The Lowest Common Multiple of two or more 
expressions is the expression of lowest dimensions which is 
exactly divisible by each of them. 

Thus 18a!* is the Lowest Conmion Multiple of 6a:*, 9^2^ 
and 3a:;. 

The words Lowest Common Multiple are abbreviated 
into L.G.M. 

162. Two numbers are said to be prime to each other 
which have no common factor but unity. 

Thus 2 and 3 are prime to each other. 

163. If a and h be prime to each other the fraction ^ 
is in its lowest terms. 

Hence if a and h be prime to each other, and j-=-3y and 
Ifm be the H.aF, of c and d, 

a= — and 6=-—. 
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164. In finding the Lowest Common Multiple of two or 
more expressions, each consisting of a single teim, we may 
proceed as in Arithmetic, thus : 

(1) To find the L.C.M. of 4a^ and ISoo:', 



2 


4a% 


ISaa^ 


a 


2a\ 


9aa^ 


X 


2a\ 


9x3 




2a2, 


9x2 



L.G.M.»2 xaxxx2a^x 9ic2=36aW 
(2) To find the l.g.m. of db, acy hcy 



a 


dbf aCy he 


b 


by c, be 


c 


1, c, c 




1, 1, 1 



li.C.M.=a xbx c==^ahc, 

(3) To find the L.O.M. of 12^% 146c2 and 86068, 
2 j 12a2c, 14&c2, 36aJ2 
6 " 
a 
b 
c 



6a\ 


76c2^ 


18a&2 


a\ 


76c2, 


3a62 


ac, 


76c2, 


362 


aCf 


7c^ 


36 


a, 


7c, 


36 



L.O.M. =2 x6xax6xcxax7cx 36=252a262c2. 



EXAMPI-ES.--Xliv. 



Find the L.C.M. of 

1. 4cahi and Qahi^. 

2. 3a^ and I2xy^. 

3. 40^6 and 8«W 
4. <w^ ^?^ and a^x^, 

$. 2ax, 4aa^ and x^. 



6. ahy ah and h^c^. 

7. a^a;, a^ and nt^hfK 

9. 5p*^, \QqfT «aaL '^Qrpcff .J 
10. ISow?, n^ou^"^ ^^'^ "^^^ 
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166. The method dL finding the l.o.m., given in the pre- 
ceding article, may be extended to the case of compound 
expressions, when one or more of their factors can be readily 
detennined. Thus we may take the following Examples : 

(1) To find the L.G.M. of a-sc, a^-a^^ and a^-^-ax, 



a-x 


a—Xy a*-jc*, a^ + cux 


a+x 


1, a-\-Xf a^ + ax 




1, 1, a 



L.C.M. «■ (a — sc) (a + as) a = (a* - cc*) a ! 



a 



8_ 



ax^. 



(2) To find the L.C.M. of x^ - 1, »* - 1, and 4ic6 ~ 4jc*, 



o^-i 



jb2-1, a;*-l, 4a^-4a:* 



1, X^+l, 4iB* 

L.C.M. = (a;2 - 1) (jb2 + 1) 4a^ = (a;* - 1) 4a:4 = 4a:8 . 4a4, 

166. ^The student who is familiar with the methods of 
resolving simple expressions into factors, especially those given 
in Art. 126, may obtain the l.c.m. of such expressions by a 
process which may be best explained by the following Ex- 
amples : 

Ex. 1. To find the L.O.M. of a^-a? and a^-a?. 

a^-x^=(a- x) {a+x)y 
a^'-oi^=(a'-x) {a^+ax-\-x^ 

Now the L.C.M. must contain in itself each of the factors in 
each of these products, and no others. 

/. L.C.M. is (a - ic) (a + a;) (a^+ax+ x% 

the factor a—x occurring onoe in each product, and therefore 
oTice only in the L.C.M. 

Ex. 2. To find the l.c.m. of 

a2-62^a2_2a6 + 6^anda2 + 2a6 + 62. 
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the fjEU^T a — 6 occurring iAoiu in one of the products, and a + 6 
occnmng Vmce in another of the products, and therefore each 
of these factors must occur tww» in the l.c.m. 



Examples.— xlv. 

Find the l.o.m. of the following expressions : 

1. fl^and aaj+a;2. 10. Q^—\y^-\-\9ss,^v^-\, 

2. a^-1 anda^-a;. n. a^^a;^ jp3_l and ic^+l. 

3. a^— ft^anda^+fltJ. 12. as^-l, a^-asand jc^-l. 

4. 2x-l and4a;2-l. 13. 2a + l, 4a2-l and Sa^ + l. 

5. a+6anda^+6^. 14. a;+y and2a^ + 2aw^. 

6. a;+l,aj-land«2-i. 15^. (a +6)2 and a»- 63, 

7. fl;+l,a^— landai^+sc+l. 16. a+6, a-6anda2-j2. 

8. fl;+l,a;2+landa3^.i. 17. 4(l+a;),4(l-a;)and2(l-a;2). 

9. 05— 1, aJ*-l anda;3-l. 18. as-l, ac^^ 05^1 and a:^-l. 

19. (a-6)(a-c)and(a-c)(6-c). 

20. (a; + l)(a; + 2), (x + 2)(a; + 3)and(a; + l)(x + 3). 

21. a;2-^2^ (aJ+y)2 and(a;-y)2. 

22. (a+3)(a+l), (a+3)(a~l)anda2_i. 

23. a2(a;-^), x(a;2-y2^anda;+y. 

24. (a;+l)(a;+3), (x+2)(a;+3)(x+4)and(a; + l)(a; + 2). 

25. fl;2_y2^ 3(a;-|/)2 and 12 (a^+f/^). 

26. 6(x2+a:y), 8(an/-y2) and 10(a^--y2), 

167. The chief use of the rule for finding the L.C.M. is for' 
the reduction of fractions to common denominators, and in the 
simple examples, which we shall have to put before the student 
in a subsequent chapter, the rules which we have abeady given 
will be found generally sufficient. But as we may have to find 
the L.C.M. of two or more expresaioiia m -s^An.ODL^Oti'fe ^^o^'ct&sss^ 
factors cannot be determined by inBpection^ '^^ Taxs&\. t^^ss^ "^ 

ceed to dheuss a Rule for finding tlie li.C.ns.. oi X.'^o ex^ 

wblcb 13 appUcahle to every case. 



92 THE LOWEST COMMON MULTIPLE. 

168. Tlie rule for finding the L.G.M. of two expressions a 
and 6 is this. 

Find d. the highest common factor of a and 6. 

Then the l.o.m. of a and 6=^x6, 

h 
or, =jX». 

In words, the L.O.M. of two expressions is found by the fol- 
lowing process : 

Dimde one of the eoDpreBsums ly the H.G.F. and multiply the 
qvLotient by the other expression. The result is the L.C.M. 

The proof of this rule we shall now give. 

169. To find the L.C.M. of two algebraical expressions. 
Let a and b be the two algebraical expressions. 

Let d be their H.O.F., 
X the required L.C.M. 

Now since a; is a multiple of a and b, we may say that 

.'. 7na=nb j 

/.-=- (Art. 159). 
n a ^ ' 

Now since x is the Lowest Common Multiple of a and b, 
m and n can have no common factor ; 

.*. the fraction — must be in its lowest terms ; 
n 

h n 

/. m=T and 71=-^ (Art. 163). 

Hence, since x=:ma, 

b 

a;=Txa. 

a 

Also, since x = tib, 

a=TXO. 
a 
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170. Ex. FmdtheL.0.M.ofa;*-13a; + 42aiidx2-i9a; + 84. 
First we find the h.c.f. of the two expressions to be a; - 7. 

Then ^c.H.-<^:il^±MiL^rl^±84). 

Now each of the fiEustors composing the numerator is divisible 
bya;-7. 

Divide a^-13a;+42 by x-7, and the quotient is a;-6. 

Hence l.c.m. = (a - 6)(a;2 - 19a; + 84) = x^ - 25a;2 + 198a; - 604. 

Examples.— xlvi. 

Find the L.O.H. of the following expressions : 

1. a;2+5a;+6anda2^6a. + 3^ 

2. a*-a-20anda*+a-12. 
3., ai2+3a;+2anda2+4a;+3. 

4. «2+lla;+30anda2+i2a;+35. / 

5. «2-9a;-22 and «2_ 133.^22. 

6. 2a2+3a.^laj^^jp2_a;_2. 

7. a?+a%+ay+y*anda*-y*. 

8. aj*-8a;+16anda2^2a;-15. 

9. 21a:?-26a; + 8and7a3_4a.2_21a; + 12. 

10. a?+a22^+ay*+2/^and»^-»2y + ajt^2_|^ 

11. a3+2a26-a62-263anda3-2a26-a624.263. 

171. To find the l.c.m. of three expressions, denoted by 
ay b, Cy we find m the l.c.m. of a and &, and then find M the 
L.O.H. of m and c. ilf is the L.C.M. of a, h and c. 

The proof of this rule may be thus stated : 

Every common multiple of a and 6 is a multiple of m, 

and every multiple of m is a multiple of a and &, 

therefore every common multiple of m and c is a common 
multiple of a, h and c, 

and every common multiple of a, 6 and c i& ^ ^^ottcca^^'^ 
multiple ofm and c, 

and therefore the l.c.m. of m and c \& \i^^ li.c^'Vi. o\ ojj 
and (^ 
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EXAMPLES.— Xlvii. 
Find the l.c.m. of the following expressions : 

1. a;2-3a;+2, a:>-4a;+3and«5^5a; + 4. 

2. 352^.535 + 4^ a^4.4a; + 3 and ic^ + 7^. + 12. 

3. fl52-9a5 + 20, jB2_i2a; + 35anda;2_iia; + 28. 

4. 6ai2-a;-2,21ic2-17« + 2andl4ic2 + 5x-l. 

5. aj»--l, a;2+2a!-3and6ap«-a:-2. 

6. ^-'^ly^-VQx^r^^9Sl^^-2^-'ix■\'^, 



XI. ON ADDITION AND SUBTRACTION 

OF FRACTIONS. 

172. Having established the Rnles for finding the Lowest 
Common Multiple of given expressions, we may now proceed 
to treat of the method by which Fractions are combined by 
the processes of Addition and Subtbaotion. 

173. Two Fractions may be replaced by two equivalent 
fractions with a Common Denominator by the following 
rule : 

Find the L.O.M. of the denominators of the given fractions. 

Divide the ii.G.M. by the Denominator of each fraction. 

Multiply the first Numerator by the first Quotient. 

Multiply the second Numerator by the second Quotient. 

The two Products will be the Numerators of the equivalent 
fractions whose common denominator is the kcm. of the 
original denominators. 

The same rule holds for three, four, or more fractions. 

174 Ex. 1. Eeduce to equivalent fractions with the 
lowest common denominator, 

2a;+5 , 4flc-7 
— - — and — 7 — . 
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DenominatozB 3, 4. 

Lowest Cominon Multiple 12. 

Qaotienti ^ 3l 

New Nmnetaton 8a;+20, 122;-21. 

8a + 20 1205-21 



Eqmvalent Fractions 



12 ' 12 



EXi 2. Beduce to equivalent fractions with the lowest 
common denominator, 

56+4c 6a-2c 3g-56 
06 ' ofi ^ be ' 
Denominators ab, ac, he. 
Lowest Common Multiple abe. 
Quotients e, h, a. 
New Numerafeoon 5&6+ 4o^, 6a& - 2&c, 3a' - Bab. 

Equiyalent Fractions — ? — ^, — i — , e . 

^ aoc ' abe ' abe 



Examples.— xlviii. 

Beduce to equivalent fractions with the lowest common 
denominator : 



I. 



-r- and -=-' 6. -^=- and ,3-. 

4 5 a^O ao* 

3aj-7 , 4a;-9 ^3,3 

and --"o— . 7« ^i and 



" Q 18 • '' l+a; l-« 

2x~4tf , 2x-By o 2 , 2 

3- K^ and -- ^ 8. _ — 5 and = x. 

4a + 5& , 3a-4& 5 ,6 



2a2 5a * ^' 1-a; l-a;^' 

4a— 5e , 3a-2c a n b 

5. — t and .^ o -. 10. - and -tt — v* 

^ doc 12a2c c c(6+jc) 

II. X— tn-77 — ;and 



(a'-b)(b'C) (a-b)(tt-cY 
1 \ 



J 
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1 75. To shew that t + j = — tj— • 

Suppose the unit to be divided into M equal parts. 
Then t^ will represent ad of these parts, 

and ll wiU represent 6c of these parts. 

Hence -r + t will represent ad + 6c of the parts. 
But y, will represent cmZ + 6c of the parts. 

Therefore ^ + -=^5^±^ 

By a similar process it may be shewn that 

a c ad—hc 
h'd bST' 

176. Since J +2 gj-, 

our Eule for AdddHon of Fractions will run thus : 

^'Eeduce the fractions to equivalent fractions having the 
Lowest Common Denominator. Then add the Numerators of 
the equivalent fractions and place the result as the Numerator 
of a fraction, whose Denominator ia the Common Denominator 
of the equivalent fractions. 

The fraction wiU be equal to the sum of the original frac- 
tions." 

The beginner should, however, generally take two fractions 
at a time, and then combine a third with the resulting fraction, 
as will be shewn in subsequent Examples. 

Also, since ^-^=-^, 
^e Rule for Subtracting one fraction from axiot\ieT \j^\i^, 
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''Beduce the fractions to equivalent fractions having the 
Lowest Common Denominator. Then subtract the Numerator 
of the second of the equivalent fractions from the Numerator 
of the first of the equivalent fractions, and place the result as 
the Numerator of a fraction, whose Denominator is the Common 
Denominator of the equivalent fractions. This fraction will be 
equal to the di£ference of the original fractions.^' 

These rules we shall illustrate by examples of various degrees 
of difaculty. 

Note. When a negative sign precedes a fraction, it is best 
to place the numerator of that fraction in a bracket, before 
combining it with the numerators of other fractions* 

177. Ex. 1. To simplify 

4a;-3y 3x + 7y 5a;-2 y 9flg + 2y 
7 14 21 "*■ 42 • 

Lowest Common Multiple of denominators is 42. * 

Multiplying the numerators by 6, 3, 2, 1 respectively, 

24g-18y 9a;+21y 10a;~4y 9a;+2t/ 
42 42 42 42 

24a;-18y + 9a? + 21y~(10a;-4y)+9a;+2i/ 
"" 42 

24a;--18y+9a;4-21y~10a;+4y+9a;+2y 
" 42 

32a;+9y 
42~- 

Ex. 2. To simplify -^^ 5^+^. 

Lowest Common Multiple of denominators is 105cb. 

Multiplying the numerators by 35, 21, 15a5, respectively, 

70X+35 84a; + 42 16a; 



105a; 105a; 105a; 

. _ 70a; +35 -(84a; + 42) + 15a; ^ 

105x jfl 

_ 70X+35 - 84x - 42 + 15x x -"I " 

lOSa? ""loSx 

/kii.7 
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EXAMPLKS.— XliX. 

48+7 3a;-4 3a~46 2a-6 + c 13 a -4c 

'• ■T""*""i5~' ^* 7 ■" 3 "^""12"' 

4a;-3y 3g+7y 5a;~2y 9ag+% 
3* 7 14 " 21 "^ 42 • 

3a;~2y 6x-7y 8x + 2y 
^ "IS"""*" 10a "*" '25 • 

4a;8-7y« 3a;-8y 5-2y 
5- 3«2 + 6» "^ 12 • 

^ 4a«+862 3a + 26 7-2a 
^' 26^ •*"'~56~"'*"'~9~- 

4a? + 5 3a!~7 9 
7- 3 5a; ■^12a;2' 

ba + 2b 4c-36 6a6~76c 
.3c 2a 14ac 

2a+5c 4ac~3c ^ _ 5ac - 2c^ 



2^2 



a'c 



aBy-4 Py«+7 eg'-ll 
a-6 4a-56 3a-76 

178. Ex. To simplify 

a-_6 0+6 
a + b^a^' 

I1.0.M. of denominators is a^ - 6^. 

Multiplying the numerators by a- 6 and a+6 respectively, 

we get 

a«-2ofe+ y o»+2a6+6g 

a8-62 "*■ a«-6a 
a8-2a6+68+a8+2a6 + 62 
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Examples.— L 
_i_ _j^ JL i_ 1 1 

'• a;-6'*"x + 5- ^' a;-7 a;-3' 3* l+a;"*'l-aj' 

ag + y jg-y 1 2 ^ a (acZ - 6c) a; 

^ aj-y a;+y* ^' 1-a; 1-a^* * c c(c + cte) ' 

' x-^y x-y x-y (x-yy 

^* a;+a (aj + a)^* * 2a(a+a;) 2a(a-a;)' 

179. Ex. 1. To simplify 

3 5 6 



1+y 1-y l+y2- 

Taking the first two fractions 

3 5 

+ 



1+y l~y 
_3-3y 5 + 5y 

we can now combine with this result the Ihird of the original 
fractionsi and we have 

3^5 6 



1+y 1-y l+y2 

^ 8 + 2y 6 
l-y2 l+y2 

^ 8 + 2 y +8y2 + 2 y3 6-6yg 

1-y* 1-y* 

_ 8 + 2y + 8y2 + 2 i /^-6 + 6y^ 
1-^ 

_ %^ + 14yH2a| + 2 

1-y* 
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EZa 2i To Edmplify 

2 2 2 

(a-6) (6-c)'^(a-6) (c - a) "*" (6 - c) (c-a)' 

L.O.M. of first two denominators being (a - 6) (6 - c) (c - a) 
2c-2a 26 - 2c 2 



(a-6) (6-c) (c-a) (a-6) (6-c) (c-a) (6-c) (c-a) 
26-2a 2 



""(a - 6) (6 - c) (c - a) (6 - c) (c - a)* 
L.G.M. of the two denominators being (a -&)(&- c) (c - a) 
2&-2a+2a-2& 



(a-6)(6-c)(c-a) (a-6) (6-c) (c-a) 



=0. 



Examples.— 11. 

1 1 2a 1 1 26 46» 



'• Tnr::+T'~ + i — if* 4 



1 + a^l-a 1-aa* "^ a-b a+6 a2+62 a*+64* 



1 1 2a; 05 y o^ 



g-l a;-2 g-3 
'• a;-2'*"a;-3"*'a;-4* 

o 3 . 4a 6a2 



» - a (aj - a)2 (x - a)** 

_1 1 3 

^' x-l x + 2 (a;+l)(a;+2y 

1 3 



lo. 



(x+l)(x+2) (a; + l)(a; + 2)(a; + 3)' 



{g^ X X 

ac^-l aj-1 jc+r 
1 1 

J2, 



j.^ a — b 6 — c c — g 
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ag-g x-h {a - 6)^ 
^ sc-6 x-a (x-a)(jc-6)* 

os+y 2a; a^-a? 
^5* —jf a;+y y({^-y*)' 

^^- (6-c)(c-a)'*"(c-a)(a-6)'*"(a-6)(6-c)- 
ag gggy 

2 2 2 (a-6)«+(6-c)H(c-ay 
^»- ^T^'^h-e^c-a'^ (a-6)(6-c)(c-a) * 

a+6 2a , aV)-d^ 

1 1 1 

^°' (n+l)(w+2) (»n-l)(n+2)(n+3)"(n + l)(n+3y 

a2-5c 6*-ac c2_^ 

21. X . Tx / . X + /t . -\ /r ■ -V + 



(a+6)(a+c) (6+a)(6+c) (c+6)(c+a)* 

180. Since "r=^> *^^ "zy **> -^^ "^"^^ 

a&_ -oft 
6" -6* 

From this we leam that we may change the sign of tl 
denominator of a fraction if we also change the sign of tl 
nnmeiator. 

Hence if the numerator or denominator^ or both, be expre 
dons with more than one term, we may change the sign ( 
every term in the denonunator if we also change the sign < 
every term in the numerator 

_ —0+6 

or, writing the teims of tlie new fraction bo ^^WVi ^<& y^'s^ 
teime may stand £iBt, 
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181. Ex. To simplify 5fe±^)_5f!^Z^. 



a-x x — a 



Changing the signs of the numerator and denominator of the 
second fraction, 

x{a-\-x) -5aa5+sc2 
ob — x a—x 

_ aa;+a^-(~6aa;+a^) aa;+g^+5aa;-g^ _ 6aa; 
"" a— X ~ a—x "a-x 

182. Again, since - a5= the product of - a and h, 
'and db^ the product of + a and h, 

the sign of a product will be changed by changing the signs of 
one of the factors composing the product. 

Hence {a - 6) f 6 - c) will give a set of terms, 

and (6 - a) (6 - c) will give the same set of terms with dif- 
ferent signs 

This may be seen by actual multiplication : 

(a-6) (6-c)=a6-ac-6^ + 6c, 

(6-a) (6-c)= -a6-Hic+62-6c. *<?>,> 

Consequently if we have a fraction 

1 

(a-6)(6-cy 

and we change the factor a-h into b-a, we shall in effect 
iihomge the sign of every term of the expression which would 
result from iJie multiplication of (a - h) into (6 - c). 

Now we may change the signs of the denominator if we also 
change the signs of the numerator (Art. 180) ; 

1 -1 

••(a-6)(&-c)"'(6-a)(6-c)* 

If we change the signs of two factors in a denominator, the 
B^;n of the numerator will remain \mfll^Tft^,>i^\va 

1 ^ JV 

(a-S)(6-c) Cb-oiic-'^V 
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183. Ex. Simplify 

\ 1 1 

(a-6)(6-c)"*"(6-a)(a-c) (c-a)(c-6y 

First diange the signs of the factor (5 -a) in the eecond 
fraction, changing also the sign of the numerator ; and change 
the signs of the factor {c-d) in the third fraction, changing 
also the sign of the numerator, 

^®^^*^(a-6)(6-c)'*"(a-6)(a-c)""(a-c)(c-6)* 

Next, change the signs of the factor (c-6) in the third, 
changing also the sign of the numerator, 

the result is 7 — twt — r + 



(a - 6) (6 - c) (a - 6) (a - c) (a - c) (6 - c)* 

L.C.M. of the three denominators is (a - 6) (6 - c) (a - c), 
^ a-c -ft+c a-6 

•" (a-6)(6-c)(a-c) "*" (a^'6) (a -~c)~(6^) " (a-6)(a-c) (6-c) 

a-c-6 + c-(a-6) 

(a - 6) (6 - c) (a - c) (a - 6) (6 -c){a-c) 

Examples.— Hi. 

X x-y 3 + 2a; 2~3a; 16a;-a;^ 

oj-y t/-a;* ' 2—x 2 + jc 0^—4 ' 

a; X a? 1 1__ 4 



^' x + l l-JB^ar^-r ^ 6y + 6 2y-2^3-3y2- 

1 2 1 

5* /^_0\ //r»_Q\'^/*«_l\/?l_«w\'^ 



'• (m-2)(m-3)^(m-l)(3-m)^(m-l)(m-2y 

1 1 o«+6^ 2a&^ 20^6 

o _i 1. 1 

^' 4(l+a;) 4(a;-l)^2(TT^' 

1 11 

^* («-y)(y-«) (y-a)(a;-») (»-»)(»-yy 



a{a-^J(a-'C)"bCb-'a)(b'-cy c(ii-^(^-^ 
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184. Ex. To simplify 

a»-lla;+30'^a:2-12a;+35* 

Here^^e denominatois may be expressed in factois, and we 
have 

(a.-6)(a;-6)^(aj-5)(a;-7)' 

The L.O.H. of the denominators is (a; -5) (a; -6) (x-7), and 
we have • 

a;-7 a;-6 



(a;-6)(a;-6)(a;-7)^(a;-5)(x-6)(x-7) 

2a;-13 

°'(a;-6)(x-6)(a;-7y 



Examples.— liii. 



I. b. ^ . ^^ -t 



1 1 

^ a;^-.13a;+42'^a^-16a;+64' 

1 2a? 1 

^ «^+3«+2'^«^+4a;+3'^{?+5a+6' 

w 2m 2mn 
'' n ii»+n'"(m+n)** 

^ 1+a; l~g 2 

5 2 7a; 7g 

'^ 3(l-.«) l+x'*'3x«+3'"S?^* 

^ 1, 1 , 1 , 1 

1+x 
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18fi. We flball o^laiii in tins Cluster the metbod of 
eobing^ fixBt^ EqiHtianfl in wlddi ffirtioiuJ tenns oecor, and 
aeoondl^y PEoUcma leedhig to sodi EgiMtian^ 



186L An 'BqoM&m isvohring ftiftiiiiul tenns maj be 
ledneed to an eqomlent Kqmatian withoiit fiactioiis hf wmU 
tiphfiHg mterg term tf A€ «giialiom hf A€ Lowai Common 
MtMpUcfA$ dmo mimaion qfAefiattiomai tanui 

This prooesB is in aooGordanoe with the principle laid down 
in Ax. m. page 68 ; for if both aides of an eqnation be nralti- 
plied by the same expiesaion, the lesolting productB will, by 
that A-rinmn^ be eqnal to each other. 

187. The following examples will illnstiate the process of 
clearing an Eqnation of Fractions. 

Ex.1. |+g«a 

The L.a]E. of the denominatois is 6. 
Multiplying both sides by 6, we get 

6fl5 6fl5 .« 
—+—=48 

or, 3fl!+ 05=48, 

or, 4a;=48 ; 

/. x=12. 

Ex. 2. |+^=«-2. 

The luOM. of the denominators is 14. 
Multipljdiig both sides by 14, we get 

14a: 14« + 14 ^ 
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or,' 


7a; + 2a; + 2= 14a; -28, 


or, 


7a; + 2a;-14c=-28-2, 


or, 


-5a;=-30. 



Changing the signs of both sides, we get 

5a;=30; 
/. a;=6. 

188. The process may be shortened from the following 
considerations. If we have to multiply a fraction by a multiple 
of its denominator, we may first divide (he multiplier by the 
deiwminator, and then multiply the numerator hy the quotient. 
The result will ba a whole number. 

Thus, -X 12=a;x4=4a;, 

^^x56=--(a;-l)x8=8a;-8. 



Ex. 1. 1 + 1+1=39. 

The L.O.M. of the denominators being 12, if we multiply the 
numerators of the fractions by 6, 4, and 3 respectively, and the 
other side of the equation by 12, we get 

6a; + 4a; + 3a; =468, 

or, 13a;=468; 

.*. a; =36. 

^^"^" X 2S"*"3a;"l2- 

The L.O.M. of the denominators is 12a;. Hence, if we mul- 
tiply the numerators by 12, 6, 4, and x respectively, we get 

96-90 + 28 = 17a;, 

or, 34=l*Ix, 

^^^ 17x=34-, 
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• 




EXAMPLES.- 


-liv. 


1 


I. 1=8. 


2. -r=9. 
4 




3- M=«- 


4. 4-7=3- 


s. 36-^-.a 




^ 2x 176 -4x 
^' 3" 5 • 


2a; . . 7a; . 


__ a 


>l-2. 


x-\ x-2 



8. ^+12=-g-+6. 18. 2 + 3~*4"i- 

1x . 9x ^ n-Sx 29-llx , 28a;+14 

'*»• -S-^^IO"®- ^°' ~6 ^—3—+ "21~- 

6«! _ ►,. 7a! 2a;- 10 „ 

„, __8=74-=^. 21. -^^ 0. 

«.„.«; 3a; + 4 . 4a;-51 - 

12. g-4=24-g. 22. -^+_^=0. 

r/s 3a! .0 6a; 3 ^ 1 _ 

X3. 66-^=48-g-. 23. --3=--l. 

3a; 180-5a; „ 12+a; ^ 6 

14. -X+ 5 =29. 24. 6=-. 



6 -"" "^- « 



a; 



305 .^ x-8 111,^ 

15. T-^^="^- 25. 4^ + 10^ + 20^=40. 

^ a; a; a; 13 , «1 3-a; «5 .^1 

^^- 2 + 3 + 4=r2- ^^- 24«+-2-=¥-^4 

^3 3_1 325 

^7* '^'"a;~a;"'lOO' 

^o ol . 18-a ,1 1 3-2a; 2 
^^- %+-3-=¥ + 3 + -i0- + 5- 

X X &x 2 

7a;+2 3a; 3x + VA iHx 



loB ON I^RA CTIONAL EQUA TIONS. 

189. It must next be observed that in dealing an equation 
of fractions, whenever a fraction is preceded by a negative sign, 
we must place the result obtained by multiplying that nume- 
rator in a bracket^ after the removal of the denominator. 

For example, we ought to proceed thus : — 
«__ I jB+a x-2 aj-l 

Multiply by 70, the l.g.m. of the denominators, and we get 

14a; + 28 = 35a; - 70 - (10a; - 10), 
or 14a;+28=35a;-70-10a;+10, 

from which we shall find a;=8. 

Ex, 2. l!z^-:^±2=i. 

5a; 3a; 

Multiplying by 15a;, the L.G.M. of the denominators, we get 

61-6a;-(20aj+10)=15a;^ 
or 51-6a;-20aj-10«15a;, 
from which we shall find a;=l. 

Note, It is &om want of attention to this way of treating 
fractions preceded by a negative sign that beginners make so 
many mistakes in the solution of equations. 

Examples.— iv. 

. a;+2 >_. 5a; 5a; 9 3-a; 

3-a; -2 ^ „ 5a;-4 „ l-2a; 

2. X— g-^Sg. 5. 2a; g 7 ^. 

6-2a;^-, 6a;-8 ^ a;+2 14 3 + 5a; 

3. — ^+2-a; ^. 6. -2-=-^ 4-. 

5a;+3 3-4a; a;_31 9 -5a; 
^'8 3 '^2"' 2 6 • 

^ x+b x-2 x+9 « a;+2 x 
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% a?~l _ Q a; 4-1 a;-3 _ a;+*30 

^2- 3 n"""^""^' '^' ~2 3~" 13 • 

35+2 aj-2 aj-1 ^ 2a; a;+3 ^ „. 

13. — =— =— s =— . 16. -=- ^— =3a;-21. 

•^527 75 

a; + 9 3a;-6 « 2a; 2a;+7 9a;-8 a;-ll 



14. -4 ^=3-^. 17. 

18. 



5 "■ 7' '^' 7 11 "" 2 

7a;-31 8 + 15a; 7x-8 



19. 



4 26 22 * 

8a;~15 lla;-l _ 7a; + 2 
3 7 "■ 13 • 



7a;+9 3a; + l _ 9x-13 249 -9a; 
^°' 8 7^4 14 • 

«5 . iru. X , X X 10-a; , ^^3 

190. Literal equations are those in which known quantities 
are represented by letters, usually the first in the alphabet 
The following are examples : — 

KXm 1. To solve the equation 

ax+6c=6a;+ac, 
that is, ax-6a;=ac-6c, 

or, (a - h)x= {a - 6)c, 

therefore, x=c, 

KXm 2. To solve the equation 

a^ + 6a; - c = 6^ + ca; - (i, 
that is, ahi-\-bx-hh-cx=c-df 

or, {a^ + h-h^-c)x=C'~dy 

therefore, a;= « . , — ^ — . 



EXAMPLES.— Ivi. 

I. aa;+6x=c. 4. dm-tSx=hc-ott% 

2. 2a—cx=3c—6bx. 5, dbc— a?x— a»— 

J, be+ax-^d^a^h-fx. 6- Saca-6bcd.'*\' 
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8. '-a(?^-y^c-Vohcx=iahc-\-(ma^'-a<h^-\-h^c — mc, 

9. (a+a5+6)(a + &-a;)=(a+a)(6-»)-a6. 

10. (a-a;)(a+a;)=2a2+2aa;-a^. 

11. (a«+a;)2=JB2+4a«+a*. 

12. (a2-ic)(a2+a;)=a* + 2aa;-a;2. 

I-?. +a= . 17. — ^^- ^^max-K . 

^ c c px P 

3a-6flj 1 o ^ I <^ 

14. 0* 2 ^. i8. --6=3-a^ 

4aa;-2& a^-a a-x 2x a 

,;. 6a g ^«. 19. -^-ir=T-i- 

, 6flj+l aCo^-l) 3 db-x^ 4x-ac 

16. oa; =— ^ -. 20. r — = . 

XX c ox ex 

ah-\-x h^-x x—b ab-x 
21. 



22. 



62 a^b a? 62 

3aa-26 aa;~a _aa; 2 
"""36 26" ""T"" 3* 



23. am — o--r-H — =0. 
7n 

2a268 62a; 3a2c_3aca; 6^-20623? 
^"^ (a + 6) a(a+6)'*"a+6"' 6 " (a + b)' 

act? .cuc^ ^ Ob I , J I 

25. T +a+ — =0. 27. — =6c+a+-. 

^ b—cx c ' X X 

oa; a 3a+a; 

29. (a+a;)(6+a;)-a(6 + c)=-g-+a^. 

ace (a +6)2. a; , o, 

30. -J — ^ 6a;=ae-36a. 

^ a a 

291. In the examples already given the I1.0.M. of the 
denominatora can generally "be detenmiied \sy iiia^ection. 
^VJien compound expressions appeax in tAi^ d^iionxm^Xxst^^ \\» 
^omethnea desirable to collect the fracVions *m\» buo^ oi^a 
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on each side of the equation. When this has been done^ we 
can clear the equation of fractions by multiplying the nu- 
meiator on the luft by the denominator on the rigki, and the 
numerator on the right by the denominator on the Ufi^ and 
mitlriTig the products equal. 

For, if -T=-« it is evident that ad=6c. 

4a;+5 13a;-6 2a;-3 



Ex. 



whence we find x^ 



10 7a; + 4~ 5 ' 

4a; + 6 2g--3 _ 13g-6 
10 5 ~ 7a; + 4 ' 

4a; +5-(4a;-6) 13a;-G , 
10 "" 7a;+4 ' 

11^ 13a;-6 , 

*• 10 7a; + 4 ' 

ll.(7a; + 4) = 10(13a?-6); 
104 



53' 



Examples.— ivii. 



I. .„. .-.„. ... 6. ^_^ i-2a;'~^- 

1.13 



3aj + 7 


3a; + 5 


4a;+5 


4a; + 3' 


aj+6 


X 


2x+5 


"2a; -5' 


2a;+7 


4a;-l 


x + 2 


"2a;- r 


5a;- 1 


5a;- 3 


2ic+3~ 


"2x-3' 


1 2 



8. 



a;-l a; + l ^-V 

4a; + 3 _ 8a;+19 7a;-29 
9 "" 18 5a; -12' 



a; a;2-5a;_2 
^* 3"3a^"3* 

-n 3a; + 2 , 2a;-4 _^ 

- 3a;-2 • 4a;-3~"* '^' a;-l "^ a; + 2 " * 

II. i(a; + 3)-l(ll-a;) = |(a;-4)-.^(a;-3). 

(a; + l)(2a;+2) _^^ «?+!_ a^ 
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l6. T^-^-Ti ,-^-ljr7= 



JB-S 2a;-16 24 3a;-24' 
^ /.I 2\ 1 3a;-(4-6a;) 

A 

192. Equations into wMch Decimal Fractions enter do not 
present any serious difficulty^ as may be seen from the follow- 
ing Examples :-^ \ 

ISJU 1. To solve ihe equation 

•5a;=*03x + l*41. 

fuming the decimals into the form of Vulgar Fractions, 
we get 

6x_ Zx 141 
10''lOO'*"lOO' 

Then multiplying both sides by 100, we get 

60a=3a;+141; 
therefore 47a; =s 141 ; 

therefore x=Z» 

Ex. 2. l'2a?- , ^ '4x-^8'd. 

First clear the fraction of decimals by multiplying its 
numerator and denominator by 100, and we get 

l-2a;-i~^==-4fl;+8*9; 

., - 12a; 18a; - 5 4a; .89 

therefore ___ ^=_ + _; 

therefore 6ft»-18a; + 5=20x + 445-, 

therefore 22aj=440 ; 

here fore a; ^20. 
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Examples.— Iviii. 

1. 'Sa;— 2=s'25a; + '2a;-l. 

2. 3-25a;-5-l+a;--75a;=3'9 + -5a:. 

3. •125« + '01a:=13--2a;+-4. 

4. •3a; + l-306a; + -5a;=22'95-'195a;. 

5. •2a;--01a;+-005a:=ll-7. 

6. 2-4x-:??5^=-&«+8-9. 

•5 

7. 2-4a;- 10-75 = -253;. 8. •5«; + 2--75iC»'4»-ll. 

4*05 
9. ^ + 3-875 « 4025. 

„_ 2 + aj/l o\ . 5a;+3 

8-5 -2 .1 l--la; -480; 3-4a; ,^^^ 
II. -5- — =4t . 12. -2j o— =1993. 

2-335 5a; 2a;--3 _ (P'~2 g7 
'3* 1-5 "^'l-SS 9 "" 1-8 "^9* 

24;08^1 .^^^^^.g^^j^^.2^ 
^ jc a; ^ ^ 

•45a;- -75 1-2 '33;- '6 
IS. •5x+ :g =^2- :q~. 

, _ 3-5a; 24 -3a; ^^,_ 
'^- '^-^1:2 8— ='^^^- 

,^ •135X--225 -36 '093; --18 
17. -150; + :^ = ^ ;g . 

193. To shew that a simple equation can only have one root. 

Let a;=a be the equation, a form to wlxich all equations of 
the first degree may be reduced. 

Now suppose a and j8 to be two roots of the equation. 

Then, by Art. 109, 

a=a, 

and /3=a, 

therefore a=fi\ i 

in other words ^ the two supposed roots aace \'ieTL^A.e»^. ] 

[8.A.] ^ j 



XIII. PROBLEMS IN FRACTIONAL 

EQUATIONS. 

194. We shall now give a series of Easy Problems resulting 
for the most part in Fractional Equations. 

Take the following as an example of the form in which such 
Problems should be set out by a beginner. 

" Find a number such that the sum of its third and fourth 
parts shall be equal to 7." 

Suppose X to represent the number. 

Then ^ will represent the third part of the number, 

and 2 '^'^ represent the fourth part of the number. ' 

Hence 5+7 will represent the sum of the two parts. 
But 7 will represent the sum of the two parts. 

Therefore l"^!^"^' 

Hence 4a;+3a;=84, 

that is, 7a; =84, 

that is, a; =12, 

and therefore the number sought is 12. 

EXAMPLES.— liX. 

1. What is the number of which the half, the fourth, and 
the fifth parts added together give as a result 95 ? 

2. What is the number of which the twelfth, twentieth, 
snd fortieth parts added together give as a result 38 ? 

J. What 18 the number of wMch 11:1^ iovix!^ ^^\\. ^^^srr.^ 
tlie £fth part hy 41 
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4. What IB the nnmber of which the twenty-fifth part 
eacoeeds the thirty-fifth part by 8 ? 

5. Divide 60 into two such parts that a seventh part of one 
may be equal to an eighth part of the other. 

5. Divide 50 into two such parts that one-fourth of one 
part being added to five-sixths of the other part the sum may 
be 40. 

7. Divide 100 into two such parts that if a third part of the 
one be subtracted from a fourth part of the other the remainder 
maybe 11. 

8. What is the number which is greater than the sum of its 
third, tenth, and twelfth parts by 58 ? 

9. When I have taken away from 33 the fourth, fifth, and 
tenth parts of a certain number, the remainder is zero. What 
is the number 1 

la What is the number of which the fourth, fifth, and 
fflxth parts added together exceed the half of the number 
by 112 ? 

11. If to the sum of the half, the third, the fourth, and the 
twelfth parts of a certain number I add 30, the sum is twice as 
large as the original number. Find the number. 

12. The difiference between two numbers is 8, and the 
quotient resulting firom the division of the greater by the less 
is 3. What are the numbers ? 

13. The seventh part of a man's property is equal to his 
whole property diminished by £1626. What is his property ? 

14. The difference between two numbers is 504, and the 
quotient resulting &om the division of the greater by the less 
is 15. What are the numbers ? 

15. The sum of two numbers is 5760, and their difference 
is equal i» one-third of the greater. What are the numbers ? 

16. To a certain number I add ita liQAi, qjA ^ik<& \^»?d^S& ^& 

much above 60 as the number itse\£ ia \ife\a^ ^^» YYE^'^afe 
nnmber. 



Il6 PROBLEMS IN FRACTIONAL EQUA TIONS, 

17. The difference between two nnmbers is 20, and one- 
seventh of the one is equal to one-third of the other. What 
are the numbers ? 

18. The sum of two numbers is 31207. On dividing one 
by the other the quotient is found to be 15 and the remainder 
1335. What are the numbers % 

19. The ages of two brothers amount to 27 years. On 
dividing the age of the elder by that of the younger the quo- 
tient is 3^. What is the age of each ? 

20. Divide 237 into two such parts that one is four-fifths of 
the other. 

21. Divide £1800 between A and B^ so that j^s share may 
be two-sevenths of il's share. 

22. Divide 46 into two such parts that the sum of the 
quotients obtained by dividing one part by 7 and the other by 
3 may be equal to 10. 

23. Divide the number a into two such parts that the sum 
of the quotients obtained by dividing one part by m and the 
other by n may be equal to &. 

24. The sum of two numbers is a, and their difference is &. 
Find the numbers. 

25. On multiplying a certain number by 4 and dividing 
the product by 3^ I obtain 24. What is the number ? 

26. Divide j£864 between A^ B, and 0, so that A gets rj 

of what B gets, and (7's share is equal to the sum of the shares 
of A and B, 

27. A man leaves the half of his property to his wife, a 
sixth part to each of his two children, a twelfth part to his 
brother, and the rest, amounting to j£600, to charitable uses. 
What was the amount of his property ? 

28. Find two numbers, of which the sum is 70, such that 
the first divided by the second gives 2 as a quotient and 1 as 

a jiamainder, 

2g. Find two numbers of wHcli tl[i<&^aSi€£«IiQ/&^&^X^^5s^^ 
3 second divided by the Rrst ^^ea 4 aa ^ c^of^KoX. wA 
^nder. 



■az.. 
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3a Divide the number 208 into two parts such that the 
sum of the fourth of the greater and the third of the less is 
leas by 4 than four times the difference between the two parts. 

31. There are thirteen days between division of term and 
the end of the first two-thirds of the term. How many days 
are there in the term ? 

32. Out of a cask of wine of which a fifth part had leaked 
away 10 gallons were drawn, and then the cask was two-thirds 
falL How much did it hold ? 

33. The sum of the ages of a father and son is half what it 
will be in 25 years : the difference is one-third what the sum 
will be in 20 years. Find the respective ages. 

34. A mother is 70 years old, her daughter is exactly half 
that age. How many years have passed since the mother was 
3} times the age of the daughter ? 

35. A is 72, and B is two-thirds of that age. How long is 
it since A was 5 times as old as B ? 

NoTB I. If a man can do a piece of work in x hours, the 
part of the work which he can do in one hour will be repre- 
sented by -. 

Thus if A can reap a field in 12 hours, he will reap in one 
hour Yo 0^ ^^^ field. 

Ex. A can do a piece of work in 5 days, and B can do it 
in 12 days. How long will A and B working together take to 
do the work ? 

Let X represent the number of days A and B will take. 
Then - will represent the part of the work they do daily. 

Now ■= represents the part A does daily, 

^^12 '^P^^^^te the part B does daWy. 
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Hence ^ + v^ '^'^ lepresent the part A and B do daily. 



Consequently ^ + 


1 
12" 








Hence 






I2a;+5a;= 


=60, 


or 








17a; = 

.*. a;= 


= 60; 
60 

"ir 



9 
That is, they will do the work in 3^= days. 

36. A can do a piece of work in 2 days. B can do it in 3 
days. In what time will they do it if they work together ? 

37. A can do a piece of work in 50 days, B in 60 days, 
and (7 in 75 days. In what time will they do it all working 
together ? 

38. A and B together finish a work in 12 days ; A and 
in 15 days ; B and C in 20 days. In what time will they 
finish it all working together ? 

39. A and B can do a piece of work in 4 hours ; A and 

3 1 

in 3^ hours ; B and (7 in 5= hours. In what time can A do 

7 

it alone \ 

40. A can do a piece of work in 2^ days, 5 in 3^ days, 

3 

and C in 3^ days. In what time will they do it all working 

together ? 

41. A does 7 of a piece of work in 10 days. He then calls 

in By and they finish the work in 3 days. How long would B 
take to do one-third of the work by himself ? 

Note II. If a tap can fill a vessel in x hours, the part of 
the vessel filled by it in one hour will be represented by -. 

EXm Three taps running separately 'wiiW. ffi\. a.Nfe^^^Ya.^0, 
^O, and 40 minntea respectively. In^wkattimfc VifiiXXife^ ^^\\. 
ff^Men they all run at the same time*^ 
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Let as xepresent the number of minutes they will take. 

Then - will represent the pare of the vessel filled in 1 
minute. 

Now ^ represents the part filled by the first tap in 1 minute, 
second 



30 
40 



third 



Hence 20'^30"*"40="? 

or, multiplying both sides by 120a;, 

6a;+4a;+3«=120, 
that is, 13a; =120; 

_120 
..a;-- jg-. 

3 

Hence they will take 9=^ minutes to fill the vesseL 

42. A vessel can be fiUed by two pipes, running separately, 
in 3 hours and 4 hours respectively. In what time will it be 
filled when both run at the same time ? 

43. A vessel may be filled by three different pipes : by the 

first in I5 hours, by the second in 3^ hours, and by the third 

in 5 hours. In what time will the vessel be filled when all 
three pipes are opened at once ? 

44. A bath is filled by a pipe in 40 minutes. It is emptied 
by a waste-pipe in an hour. In what time will the bath be 
full if both pipes are opened at once ] 

4$. If three pipes fill a vessel in a^b^ c Tc^LSso^fiSi ^^^^^ 
Beparately, in what time will the veaaeWife ^^"&ftk.^\kSSfiLiiW^ 
are opened at once ? 
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k 

46. A vessel contaming 755 j gallons can be filled by three 
pipes. Tbe first lets in 12 gallons in 3^ minutes, tbe second 

15^ gallons in 2^ minutes, tbe third 17 gallons in 3 minutes : 

in what time will the vessel be filled by the three pipes all 
running together ? 

47. A vessel can be filled in 15 minutes by three pipes, 
one of which lets in 10 gallons more and the other 4 gallons 
less than the third each minute. The cistern holds 2400 gallons. 
How much comes through each pipe in a minute ? 

Note III. In questions involving distance travelled over in 
a certain time at a certain rate, it is to be observed that 

Distance r^ 

That is, if I travel 20 miles at the rate of 5 miles an hour, 
number of hours I take = -=-. 

D 

Ex. A and B set out, one from Newmarket and the other 
from Cambridge, at the same time. The distance between the 
towns is 13 miles. A walks 4 miles an hour, and B 3 miles an 
hour. Where will they meet 1 

Let X represent their distance from Cambridge when they 
meet. 

Then 13-0; will represent their distance from Newmarket. 





tM.y^ JkK* Mi 


L^#»%AU 


■ 




1. TT %MtJL 


•^*"6> 


13-a; 
4 - •• 






A 








Lud since both have been walking 


the 


same 


time, 






X 


13-a; 










3" 


" 4 ' 






or 


4a; = 


= 39 -3a;, 










or 


7a;= 


= 39; 










« 


:. x = 


39 
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4 
That isy they meet at a distance of 5^ miles from Cam* 

hiidge. 

48. A person starts from Ely to walk to Cambridge (which 

4 
is distant 16 miles) at the rate of 4^ miles an hour, at the 

same time that another person leaves Cambridge for Ely 
walking at the rate of a mile in 18 minutes. Where will they 
meet) 

49. A person walked to the top of a mountain at the rate 
of % mUes an hour, and down the same way at the rate of 

3^ miles an hour, and was out 5 hours. How £Eir did he walk 
altogether ? 

5a A man walks a miles in h hours. Write down 

(1) The number of miles he will walk in c hours. 

(2) The number of hours he will be walking d miles. 

51. A steamer which started from a. certain place is fol- 
lowed after 2 days by another steamer on the same Une. The 
first goes 244 miles a day, and the second 286 miles a day. In 
how many days will the second overtake the first ] 

52. A messenger who goes 31^ nules in 5 hours is followed 

after 8 hours by another who goes 22^ miles in 3 hours. When 
will the second overtake the first ? 

53. Two men set out to walk, one from Cambridge to 
London, the other from London to Cambridge, a distance of 
60 miles. The former walks at the rate of 4 miles, the latter 

at the rate of 3- miles an hour. At what .distance from Cam- 

4 

bridge will they meet 1 

54. A sets out and travels at the rate of 7 1£l\1<^ ydl ^ \kKs^£sss« 

IS^ght hours afterwards B seta out itoixv. tYife «»aaa ^^^^^«c^ 

travels along the same road at the "Wtte oi t^xcoXsaVcv'^V^'^Qa^ 

After what time will B overtaTje A \ 
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Note IV. In problems relating to clocks the chief point to 
be noticed is that the minute-hand moves 12 times as fast as 
the hour-hand. 

The following examples should be carefully studied. 

Find the time between 3 and 4 o'clock when the hands of a 
dock are 

(1) Opposite to each other. 

(2) At right angles to each other. 

(3) Coincident. 




(1) Let OJV represent the position of the minute-hand in 
Fig.L 

OB represents the position of the hour-hand in Fig. L 
li marks the 12 o'clock point. 
T 3 o'clock 

The lines OM^ OT represent the position of the hands at 
3 o'clock. 

Now suppose the time to be x minutes past 3. 

Then the minute-hand has since 3 o'clock moved over the 
arc MBN. 

And the hour-hand has since 3 o'clock moved ov» the 
arcTD. 

Hence arc MDN== twelve times arc TD. 

If then we represent MDN by sc, 

Also we shall represent MT by 15, 

and DN \)y 30. 
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Now MDN^MT^- TD + DN, 

thatiB, x=15+^+a0^ 

or 12a5=180+x+3eO, 
or 1Lb=540; 
540 

Hence the time is 49=^ minutes past 3. 

(2) In Eig. II. the description given of the state of the 
clock in Fig. I. applies, except that DN will be repiesented by 
15 instead of 30. 

Now suppose the time to be x minutes past 3. 

Then since 

MDN^MT+TD + DNy 

x=16+^ + 15. 

from which we get 

_360 

Q 

that is, the time is 32^? minutes past 3. 

(3) In Fig. III. the hands are both in the position ON, 

Now suppose the time to be x minutes past 3. 

Then since 

MN^MT+TN, 

IK ^ 

a^=16i-j2' 

or 12a;=180 + a;, 

180 
or 05= — . 
11* 

4 
that is, the time is 16^ minutes past 3. 

55. At what time are the hands of a watch opposite to 
each other, 

(1) Between 1 and 2, 

(2) Between 4 and 5, "^ 

(3) JBetween 8 and 9 1 
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56. At what time are the hands of a watch at right angles 
to each other, 

(1) Between 2 and 3. 

(2) Between 4 and 5, 

(3) Between 7 and 8 ] 

57. At what time are the hands of a watch together, 

(1) Belfween 3 and 4, 

(2) Between 6 and 7, 

(3) Between 9 and 10 ? 

58. A person buys a certain number of apples at the rate 
of five for twopence. He sells half of them at two a penny, 
and the remaining half at three a penny, and clears a penny 
by the transaction. How many does he buy ] 

59. A man gives away half a sovereign more than half as 
many sovereigns as he has : and again half a sovereign more 
than half the sovereigns theu remaining to him, and now has 
nothing left. How much had he at first ? 

60. What must be the value of n in order that 



may be equal to ^ when a is ^ ] 



3n+69a 

-nrViATi /K ifl — ? 

33 



61. A body of troops retreating before the enemy, from 
which it is at a certain time 25 miles distant, marches 18 miles 
a day. The enemy pursues it at the rate of 23 miles a day, 
but is first a day Later in starting, then after 2 days is forced 
to halt for one day to repair a bridge, and this they have to do 
again after two days' more marching. After how many days 
from the beginning of the retreat will the retreating force be 
overtaken 1 

62. A person, after paying an income-tax of sixpence in the 
pound, gave away one-thirteenth of his remaining income, and 
had ;£540 left. What was his original income ? 

63. From a sum of money I take away ;^60 more than the 
Jial^ then from the remainder jE30 mot^ )^ds\.>ik<&M\k^then 

from the second remainder j620 mote VSaaai VJDL^iwafOa.^«A\ 
^d at last onljr £10 remains. Wliat ^a» iVe Gn®2a»JL «vs5xv\ 
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64. I 1x>tight a certain nnmber of eggs at 2 a penny, and 
the same ntunber at 3 a penny. I sold them at 5 for twopence, 
and lost a penny. How many eggs did I buy ? 

65. A dsteniy holding 1200 gallons, is filled by 3 pipes 
A^ByOixi 24 minutes. The pipe A requires 30 minutes more 
than C to fill the cistern, and 10 gallons less ran through C per 
minute than through A and B together. What time would 
each pipe take to fill the cistern by itself? 

66. A^ By and drink a barrel of beer in 24 days. A and 

4 

B drink ^rds of what does, and B drinks twice as much as A» 
o 

In what time would each separately drink the cask \ 

67. A and B shoot by turns at a target. A puts 7 bullets 
out of 12 into the centre, and B puts in 9 out of 12. Between 
them they put in 32 bullets. How many shots did each firel 

68. A farmer sold at market 100 head of stock, horses, 
oxen, and sheep, selling two oxen for every horse. He obtained 
on the sale j62, Is, a head. If he sold the horses, oxen, and 
sheep at the respective prices £22, ;^12, 10«., and £1, 108., how 
many horses, oxen, and sheep respectively did he sell 1 

69. In a Euclid paper A gets 160 marks, and B just passes. 
A gets full marks for book-work, and twice as many marks 
for riders as B gets altogether. Also B^ sending answers 
to all the questions, gets no marks for riders and half marks 

for book-work. Supposing it necessary to get ■= of fuH marks 

in order to pass, fijid the number of marks which the paper 
carries. "^ 

70. It is between 2 and 3 o'clock, but a person looking at 
the clock and mistaking the hour-hand for the minute-hand, 
fancies that the time of day is 55 minutes earlier than the 
reality. What is the true time ? 

71. An army in a defeat loses one-sixth of its number in 
killed and wounded, and 4000 prisoners. It is reinforced by 
3000 men, but retreats, losing a fourth of its number in doin^ 
BO. There remain 18000 men. "Wlvat vi^ >2tvfc Qrcwiea>3biL\^-tRR\ 

72. The national debt of a coxmtry ^«J& mct^aafc^Vj^' 
fourth in a timQ o£ war. During twenty -je^CK* ^^ ^^^^' 
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followed j£25,000,000 was paid off, and at the end of that time 
the interest was reduced from 4| to 4 per cent. It was then 
found that the interest was the same in amount as before the 
war. What was the amount of the debt before the war \ 

73. An artesian well supplies a brewery. The consump- 
tion of water goes on each week-day from 3 a.m. to 6 p.m. at 
double the rate at which the water flows into the welL If 
the well contained 2250 gallons when the consumption began 
on Monday morning, and it was just emptied when the con- 
sumption ceased in the evening of the next Thursday but one, 
what is the rate of the influx of water into the well in gallons 
per hour % 



XIV. ON MISCELLANEOUS FRACTIONS. 

195. In this Chapter we shall treat of various matters con- 
nected with Fractions, so as to exhibit the mode of applying 
the elementary rules to the sunpliflcation of expressions of a 
more complicated kind than those which have hitherto been 
discussed. 

196. The attention of the student must first be directed 
to a point in which the notation of Algebra differs from that of 
Arithmetic, namely lolym a whole mmber and a fraction stamd 
side by side with no sign between them. 

3 3 

Thus in Arithmetic 2= stands for the «tem of 2 and =. 

But in Algebra s^ stands for the product of a; and -. 
SoinAlgebiA 3^ — stands for the product of 3 and ^^JL. j 

C G 

Oat ig, 3^±^:=.?l±^, 
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EXAMPLKS.— IX. 

Simplify the following fractions : 

I. a+a; + 3?. 3. 5^+2^^^ 



X ^ % x-y 

197. A fraction of which the Numerator or Denominator 
is itself a fraction, is called a Complex Fraction. 

1 ? 
Thus -, 4 and ^ are complex fractions. 

h n 

A Fraction whose terms are whole numbers is called a 

Simple Fraction. 

All Complex Fractions may be reduced to Simple Fractions 
by the processes already described. We may take the follow- 
ing Examples : 

a 
.,v h a m a n cm 

n 
a c 

^ ^ m p^Kb^d/ ' \n qJ~ hd ' nq 
n q 

_ ad-'bc ^ nq _ nq (ad - he) 
"" hd mq-np'~hd(inq'-npy 

(3) li|„(i+.)^(i4)-(i+a,)^^ 

"■ 1 ^x-v\ "^^"^ 
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(4) 


1 1 
\-x l+» /I l\/a; 1\ 


X 1 Al-a; l + x/ • Kl-x ' l+a/ 
1-a;' 1+a; 






l + oj-l + a; . a5+iB2+i_a. 


> ', 


~ l-a;a * l-aj2 




2a; l-aj2 2iB 




l-a;a^H-a2 i+a.2' 


(5) 


3 3 3 3 


1+ ^ 1, 3 3(l-x) Z-Zx 
\^ ^ l-aj+3 ' l-a; + 3 ' 4-a; 
l-a; 1-JC 




3 3(4-a;) 12-3a; 
4-» + 3-3a; ^4-«+3-3a; 7-4a;* 



4 — 05 



Examples-— Ixi. 

Simplify the following expressions : 

4 «_y 

5 oj y X 1 - x2 

4. —p — -^. 5. 1- O. J.. 



0-9 



1 X , X 

a 6 — : — + 



a^ Q x + a x-a 2x 

7- — r* ^* — ^c — * 9* r 
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12. 


l+a5+ic2 
a; 05-* 


14. 


2m-3 + — 
m 




2m- 1 " 
m 






a + 6 & 




1 _. 1\ 1 




V ¥\ 


h a + & 




ah ac he 




13. 


-4 ■ 

a 


15- 


ah 





198. Any fraction may be split up into a number of frac- 
tions equal to the number of terms in its numerator. Thus 



a^ + a;2 + a; + l o^ ^ 



X 



1 2. JL Jl 

X x^ nc^ «** 



Examples.— ixii. 

Split up into four fractions, each in its lowest terms, the 
following fractions : 

a* + Sa^ + 2a^ + ba Qa^ - 12^^ + 6a - 3 

'• 2a* • "^ 108 • 

a^be + ah^d + ahc^ + hc(P 18p^+12q^-Z&r^ + 728^ 

abed * ^* Z;pqrs 

aP-^xhf + Zxif-f . 10a;3,25a;2 + 75a;-125 

3- ^Y • ^- 1000 

199. The quotient obtained by dividing the unit by any 
fraction of that unit is called The Reciprocal of that fraction. 
1 7 

Thus -, that is, -, is the Reciprocal of ^. 

6 



200. We have shewn in Art. 158, tWt t\i^ ItwjNKss^ «^^«^v^ 

z . 



^ ia a proper representative of tlie DivmoQ. o^ ^ ^1 ^* ^'^^il 



fff.A,] 
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Chapter IV. we treated of cases of division in which the divisor 
is contained an exact number of times in the dividend. We 
now proceed to treat of cases in which the divisor is not con- 
tained exactly in the dividend, and to shew the proper method 
of representing the Quotient in such cases. 

Suppose we have to divide 1 by l-a. We may at once 

represent the result by the fraction y—— . But we may 

actually perform the operation of division in the following 
way. 

l-a) 1 (l+a + a2 + aS+... 
1-a 



a 








a- 


-a3 








a? 






a2- 


-a3 








a3 








a3. 


-a* 








a* 



The Quotient in this case is interminable. We may caiTy 
on the operation to any extent^ but an exact and terminable 
Quotient we shall never find. It is clear, however, that the 
terms of the Quotient are formed by a certain law, and such 
a succession of terms is called a Series. If, as in the case 
before us, the series may be indefinitely extended, it is called 
an Infinite Series. 

If we wish to express in a concise form the result of the 
operation, we may stop at any term of the quotient and write 
the result in the following way. 

^ =1+ '^ 



1-a ^1-a' 

1 , a2 

l + a+ 



1-a ^ ^1-a' 
= 1 + a + a^ + 



1-a 1 - tt 

1 o ^ <»•* 

= l + a + a2 + a^-VT — -^ 

1-a \ — 0t 
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always being careful to attach to that term of the quotient, at 
which we intend to stop, the remainder at that point of the 
division, placed as the numerator of a fraction of which the 
divisor is the denominator. 



EXAMPLES.— Ixiii. 

Carry on each of the following divisions to 5 terms in the 
quotient. 

1. 2byl+a. 7. 1 by 1 + 2aj - 2052. 

2. mbym+2. 8. 1+icby 1 -as+jc^. 

3. a-5bya+6. 9. 1 + 5 by 1-26. 

4. a^+x^hj a^-x^. 10. a^-6'bya5 + 6. 

5. ojcbya-a;. 11. a^byaj-ft. 

6. 5bya+aj. 12. a^hj (a+xf. 

13. If the divisor be a -a, the quotient (x^'-2ax, and the 
remainder 4a^, what is the dividend ? 

14. If the divisor be m - 5, the quotient m' + 6m^ + 15m + 34, 
and the remainder 75, what is the dividend ? 

201. If we are required to muUvply such an expression as 

Q^ X 1 , 05 1 

-2- + 3 + 4 073-3, 

we may multiply each term of the former by each term of the 
latter, and combine the results by the ordinary methods of 
addition and subtraction of fractions, thus 

x^ X \ 

„ + _ + _ 

2 3 4 

x_l 
2 3 



Ql? X^ X 



4 • 6 • 8 
__^ X 1 

4 ^72"l^ 
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Or we may first reduce the multiplicand and the multiplier 
to edngle fractions and proceed in the following way : 



(7? X 1\ Ix l\ 



6a;^ + 4a;4-3 3a;-2 18^+^6 
12 ^ 6 "* 72 " 

18jb3 x^_6^^^ , x^_ 1 



72 "^72 72 4 ' 72 12 
This latter process will be found the simpler by a beginner. 



Examples.— ixiv. 



Multiply 



a^ a I . a 1 _Lj.JL K JL _L 

^' '5"~6"*"3^4"5* 5- a^'^h^ ^^ a^ b^' 

, llv 1 ^11.1^111 

^ XT?'' X a h c '' a h c 

8. l+la>fia:2byl-Ja;+^aj2-2a^. 

^37,^ 11 
^* 2ic2"'"»'3 *^^»^"a; 2* 

202. If we have to divide such an expression as 

05 or 
by icH — , we may proceed as in the division of whole numbers, 
eaiv/aUjr observing that the order of descending powers of x 

18 

/]f3 /j/<S ftp .^_ ..^ 
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Any isolated digits, as 1, 2, 3 ... will stand between % 



and- 
Thus the expression 

ar* or ar 

arranged according to descending powers of », will stand thus, 

a3 + 3iB2 + 5a; + 4 + -+-2 + 4 

X x^ a^ 

The reason for this arrangement will be given in the Chapter 
on the Theory of Indices. 

Ex. x + -)a^ + 2x + --h-A a;2 + 2 + i 

x/ a; ar ^ x^ 

x^+ X 



2x + ~ 

X 




2x + - 

X 




1 

- + 

X 


1 

a^ 


1 

-+ 

X 


1 



Or we may proceed in the following way, which will be 
found simpler by the beginner. 

^ a:Q4-3a;^ + 3a;2+l ,x^+l 
a^ ' x 

a^ + 3a:*4-3a;2 + l x 



a;* x^-v\ 

^ X^ X^ X* ** 
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Examples.— ixv. 

Divide : 

,1, 1 ,111,111 

3. m3+^bym+-. 6. -,+^+pby -,-^+p. 

o 3a^ . . 77 « 43 9 33 «^^ , a^ 

4 8 4 4 '^ 2 

a3,63fl^5 1.11 3,111 

^ 63 a^ "^ 6 a a^ 0^ c^ aoc "^ a 6 c 

203. In dealing with expressions involving Decimal Frac- 
tions two methods may be adopted, as will be seen from the 
following example. 

Multiply 'la;- '2^ by •03a; + •4i^. 

We may proceed thus, applyiug the Eules for Multiplication, 
Addition, and Subtraction of Decimals. 

•la!-*2y 
•03ic + -42/ 



•003»2 - -ooexy 

+ •04 a;i/-*082/^ 
*063a;2 + 'OS-^i/ - -OSyS * 
Or thus, 

(•l.-2,)(K>3«..4,)=(^-g)(^.g) 

_ a;--2y 3a; + 40y 

10 ^ 100 
_3^jf3^y--80y2 

1000 
= •003a;2 + •034ayy - •0%'y*. 

The latter method will be foimd tUe ftim^Yet iot ^Xi^'^xiSjL^^ 
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Examples.— ixvi. 

Multiply : 

I. -Ik- -3 by •5a;+ 07, 2. •05a;+7 by •2x- 3, 

3. 'Sa; - -2^ by 'Ax + -7^, 4. 4-3a; + 5% by •04a; - •(%. 

5, Find the value of 

a'-&3+c3+3aJc when a=*03, 5=-l, and c='07. 

6. Find the value of 

^ - Zaa? + 3a^ - a^ when a;= '7 and a= •03. 

204. When any expression E is put in a form of which / is 

E 
a factor, then -j is the other factor. 

Thus a^l^ai^^ 

-•(■"i> . 

So ao + ac + o(J=aoc. » 

and «'+2a^+y^=a^.(^ + ^+y') 



EXAMPLES.— IXVii. 

1. Write in factoid, one of which is aios, the series 

Oio; + a jX^ + Oacc^ + a4sc* + . . . 

2. Write in factors, one of which is jcy^, the expression 

icy - ass + y». 

3. Write in factors, one of which is 05^, the expression 

4. Write in factors, one of wlaicla. \ft a -Vb,^^ ^'s:^'SKeiass«i^ 
(a + 6)8-c(a + b)^-d(,tt-vb^-ve. 
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205. We shall now give two examples of a process by 
wMch, when certain fractions are known to be equal, other 
relations between the quantities involved in them may be 
determined. 

This process will be found of great use in a later part of 
the subject, and the student is advised to pay particular 
attention to it. 

(1) If v^ = -^, shew that 

a + 6 c-\-d 



Let 
Then 



Now 
and 





a 


a 
b' 

c 


c — d 
= X. 

= X; 


• 






• 
• 


. a- 


= X6, 






and 


c= 


= \d. 






a + 6 


X6 + 6 


6(X + 


1) 


X+l 


a-h' 


\h- 


-b~ 


"6(X- 


1)' 


'X-l' 


c-vd 


Xd + d 


d{\ + 


1) 


\+l 


c-d~ 


\d- 


■d" 


'd{\- 


1)' 


"x-r 



Hence — -, and —-j being each equal to —— r- are equal to 
one another. 

(2) If- — Y=:j- — = , shew that m + n + r=0. 

Let ™ =X, 

a~b ^ 

'^ -X 

r __ 
c-a~ ' 

r=Xc— "^a*, 
•*• ??i + w + r=Xa— Xb+Xb-Xc-VXc-Xa— ^. 
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Examples.— Ixviii. 

1. If T=;^ prove the following relations : 

/ \ 3a _ 3c . V lla + 6 _ 13a + 6 

^^- 4a-56~4c-5d* ^^^ llc + (i~13c + (i* 

U; tt2_52-c2-d2- W a2 + a& + 62"c2 + c(Z + d[2- 

2. If r=T = , then t + m + /i=0. 

a-o o-c c-a' 

4- It — =— = = , prove that a =o=c. 

c a ' "^ 

5. If ^'="^=^, shet. that 2l=|*'±3^±-^. 

6. it V, 



T, ^, J be in descending order of magnitude, shew 
■ L.j.x is less than t- and greater than ^. 



7. If^=?^ shew that 1^^^=!^^ 

2/1 2^2 7x1 + 91/1 708 + 91/2 

o T* ® ^ 1. . , , a2 + a6 a6 - 6^ 

8. If j=^, Bhew that .^^j^=^- ^^. 

$^ Itl=^ shew that ^-'^V^t* 
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21. Simplify ^^-jp - 2^ _ 4^ + 2 " Y^' 

=3. Simplify /^^+ 1 --l^y /^^_,__i-A . 

TV J XT- 1 r /a;-aV x-2a + h , a + 6 

24. Find the value of ( — r j 07 ' when a;= — ^— , 

\X^~0/ flJ T" Ct — ^L^ iS 

25. toimpmy^^^^^2_^2+(a + 5)2^c2 + (5 + c)^_^2- 

26. Simplify^— ^^^^i^. 
27 SimplifV (^'-1)(^'-1) 

28. Simplify-^ + -2----.-;j-.-^2 + 



a3'»2 aj (a;2 + i)2-a;2 + l a;2(a;2+l) 



2* 



29. Divide — 0--+ o by . 



262 ) a^h 
26 • 



a- T£. f ^ + ^ «-& . 262 ) 

3a SunpLfyJ2^-^-^^-^^^^+^-j,} 
31. Simplify (a^h*cyHi-cyHc-aTHa-i)\ 
^ , l~a;-3a;2 . l+3a)2 + 2g3 

33.- Simplify (g±£:-j^:).e±i-i-;-i). 

3. Simplify(^-l)(^-l).(^-l)(^-^-l). 
JS' Simplify 
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36. Simplify 
1 



2(»-l)2 4(iB-l)"^4(a; + l) (x - 1)2 (a; + 1)" 



37, Prove that 
1 



+ -7 Tw— -\ + 



ahx a(a-&)(a5-a) 6(6-a)(a5-5) x{x-a){x-h)' 

38. If «=a4 6 + c + ... to n terms, sliew that 
s-a s-h . 8-c /111 \ 

a c \a c / 

40. Simplify— ^-r—^^^ 

a + » a^ + sc^ 

41. Divide a^ +^-3(i-a!^) + 4(05+1) by «+l. 

42. If «=« + & + c+ ...to n terms, shew that 

8-a 8 — h 8-c , , 

+ + +...=n-l. 



8 8 8 



43. Divide (^-^-) by (^,+^). 

(05 - 2/)2 > a; -^ 

abed 
46. Simplify 

jj4 :_ 4p3g, ^ gp2g2 _ 4p^3 ^ ^4 * p^ - ^^^q^^-^tj^ - <f 
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48. Simplify 



^ _1_ • ^^1 y(an/2i+x + »y 
1 1 ^ a; 2/ 



49. Simplify , ^ > ^ .^^ ^^w 

{a-y){a-xf'' (a-yf{a-x) 

Sa Simplify ^^^^^ - ^^^_^- 

&c ca 06 
& 



a-f 



^-1 



51. SimplifJ^- p(a«-&^ 



'-F 



XV. SIMULTANEOUS EQUATIONS OF 
THE FIRST DEGREE. 

207. To determine several unknown quantities we must 
have as many independent equations as there are unknown 
quantities. 

Thus if we had this equation given, 

we could determine no definite values of x and y, for 

aj=2) a;=4) a;=3) 

or other values might be given to x and %y (ioiva\a\,CEA.\^ mth 
the equation. In fact we can find as many "paaia oi '^^u'sa* q1 
^andy as we please, which will satiBiy t\i^ e^vxaX^oTi. 



OF THE FIRST DEGREE, 143 

We must have a second equation independent of the first, 
and then we may find a pair of values of x and y which will 
satisfy both equations. 

Thus, if hesides the equation a5+t/=6, we had another 
equation a;-y=2, it is evident that the values of x and y 
which will satisfy both equations are 



y=2p 



since 4 + 2 = 6, and 4-2 = 2. 

Also, of all the pairs of values of x and y which will satisfy 
one of the equations, there is but one pair which will satisfy 
the other equation. 

We proceed to shew how this pair of values may be found. 

208. Let the proposed equations be 

2a; + 7^=34 
6x + 9y = 5l. 

Multiply the first equation by 5 and the second equation by 
2, we then get 

10a;+35y=lV0 
10a;+18y=102. 

The coefficients of x are thus made alike in both equations. 

If we now subtract each member of the second equation 
from the corresponding member of the first equation, we shall 
get (Ax. n. page 58) 

35y-18y=170-102, 
or 17y=68; 

-'. 2^=4. 
We have thus obtained the value of one of the unknown 
symbols. The value of the other may be found thus : 

Take one of the original equations, thus 

2a;+7y=34. 

1»J ow, since y = 4, 7y = 28 ; 

.-. 2a; + 28 = 34; 
.*. x=3. 

Hence the pair of values oi x oa'Qk. "vj ^^kvi^ ^»5o.^ '^ 
equations ia 3 and 4. 
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NoTB. The process of thus obtaining from two or more 
equations an equation, from which one of the unknown quanti- 
ties has disappeared, is called Elimination, 

209. We worked out the steps fully in the example given 
in the last article. We shall now work an^xample in the form 
in which the process is usually given. 



To solve the equations 

Zx+7y=e7 
5a; + 4y=58. 

Multiplying the tist equation by 5 and the second by 3, 

15aj + 35y=335 
16a;+ 12^=174. 

Subtracting, 23y = 161, 

and therefore ^ = 7. 

Now, since 3a; + 7y = 67, 

3a; + 49=67, 
.-. 3aj=18, 

/. x^e. 
Hence a;=6 and y»7 are the values required. 

210. In the examples given in the two preceding articles 
we made the coefficients of x alike. Sometimes it is more con- 
venient to make the coefficients of y alike. Thus if we have 
to solve the equations 

29x + 2y=64 

13x+ 2^=29, 

we leave the first equation as it stands, and multiply the 
second equation by 2, thus 

29a; + 2i/ = 64 

26a; + 2y=58. 

Subtracting, 3x = 6, 

and therefore a = 2. 

Now, since 13a; + 1/ = 29, 

26+i/=29, 

-^61206 x=2 and i/=3 are the values leq^uTei^.. 
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Examples — Ixx. 

I. 2x + 72^=41 2. 5x + 8y=101 3. 13jc4-17y=189 

3x + 4y=42. 9x+2y=95. 2x+ y = 21. 

4. 14a; + 9y=156 5. x+15y=49 6. 15x + 19y=132 

7a; + 2y=58. 3x+ 7y=71. 35x+17y=226. 

7. 6a;+ 4i/ = 236 8. 39a; + 272^=105 9. 72a; + 142/=330 
3a;+152( = 573. 52a5 + 29y = 133. 63a; + 7y=273, 

211. We shall now give some examples in which negative 
signs occur attached to the coefficient of 1^ in one or both of 
the equations. 

Ex. To solve ike equations: 

6x + 35i/=177 
8a;-21y= 33. 

Multiply the first equation by 4 and the second by 3. 

24x+140y=708 
24a;- 63y= 99. 

Subtracting, 203y=609, 

and therefore y = 3. 

The value of x may then be found. 



Examples.— Ixxi. 

I. 2a;+7y==52 2. 7x- 4y=55 3. x+y^96 
3a;-52/=16. 15a;-13t/=109. x-y=2, 

4. 4a;+ 9y=79 5. a;+19y=97 6. 29a;-14y=175 
7x-l7y=40. 7a;-53y = U\. %nx-^^--'^\^ 

7. irix- 213^=642 S. 43x+ 2ij=^^^ S- ^x^>i-*^^*^ 
114x-S2ey=244. 12x- 1711 = 4. V^-^-vi-^"^' 
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212. We have hitherto taken examples in which the 
coefl&cients of x are both positive. Let us now take the foEow- 
ing equations : 

bx-*7y=6 i 

9y-2ic=10. 

Change all the signs of the second eqmtion^ so that we get 

5a;-7y=6 
2a; -9^^= -10. 

Multiplying by 2 and 5, 

10aj-14y=12 
10a;-45y=-50. 

Subtracting, 

-14y + 45y=12 + 50, 
or, 31^=62, 
or, 2^=2. 

The value of x may then be found. 

Examples.— Ixxii. 

I. 4a;-72/ = 22 2. 9a;-5y=62 3. 17a;+32/=57 

7y-3a; = l. 8y-3x=8. 16y-3a5=23. 

4. 7y + 3a; = 78 5. 5a;-3y=4 6. 3a; + 2y=39 

192/-7x=136. 122/ -7a; =10. 32/- 2a; =13. 

7. 52/-2a;=21 8. 92/-'7a;=13 9. 12a;+ 72/=176 

13a; -42/ = 120. 15a;^72/=9. 32/-19a;=3. 

213. In the preceding examples the Values of a; and y have 
been positive. We shall now give some equations in which x 
or 2/ or both have negative values* 

Ex* To solve the equations : 

2a;-92/=ll 
3a; -42/= 7. 

Multiplying the equations by % and ^ teai^ctively^ we get 

6a;-27i/=33 
6a;- 81/^14. 



OF THE PIkST DEGREE, I47 

Subtracting, 

-191/ =19, 

or, 19y=-19, 

or, 2/=-l. 

Now since 91/ = - 9, 

2aj - 9i/ will be equivalent to 2x - ( - 9) or, 2x+ 9. 

Hence, from the first equation, 

2a;+9 = ll, 



EXAMPLES.— Ixxiii 

I. 2a; + 3i/ = 8 2. 5a;-22/=51 3. 3a;-5i/=51 

3a; + 7i/=7. 19a;-3i/ = 180. 2a5 + 7i/ = 3. 

4. 72/-3a; = 139 5. 4a;+ 9i/=106 6. 2a;-72/==8 

2a; + 52/=91. 8a;+17i/=198. 42/-9a;=19. 

7. 17a;+12t/=59 8. 8a; + 3t/=3 9. 69i/~17a=103 

19*- 42/=153. 12ic + 92/=3. 14ic-13t/= -41. 

214. We shall now tale the case of FraciMynal Equations 
involving two unknown quantities. 

Ex. To solve the equations, 

« 1!/-3 


a;— 2 

First, clearing the equations of fractions, we get 

10a;-2/+3=20 
92/=27-x+2, 
from which we obtain, 

10a;-'y = 17 
a; + 9i/=Sift, 
and hence we maj find a; = 2, -y — S. 
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EXAMPLKS.— IXXiV. 

I. 1 + 1=7 2. 10a; + |=210 3. | + 7i/ = 251 

1 + 1=8. 1%-| = 290. | + 7a; = 299. 

4. ^+5 = 10 5. 7x + |=413 6. — J^=10-| 
^+7 = 9i. 39x=142,-1609 ^^=^ + 1. 

'M-2 ic + 2 

7. x-^=5 10. --^ + 8y = 31 

4y-^«3. ^+10x=192. 

8. | + 8=|-12 II. ??-^ + 3aj=2i/-6 

x + y y_ 2x-y 2/ + 3 .2/-ic_ 
-g-~ + 3— -^- + 35. -6~'^~6 ^"^ ^* 

3a;-52^ 2ic + i/ a;-2 lO-a? y — 10 

9- -T- + ^ = -6~ ^^' ~6 3~=~4~ 

x-2y _x y 2y + 4 4a; + y+13 

4 ""2 "^3* 3 ~ 8 • 

X3. 5f^,.3.=4y-2 

6a;-3 3a;- 19 , 3y-x 
14. -2 2~ = ^ 3"" 

2x + y __ 9x-7 __ 3i/f9 _ 4a; + 5?/ 
2 ""8 4"" 16"^' 

4a;+5i/ 
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215. We have now to explain the method of solving Literal 
Equations involving two unknown quantities. 

Ex. To solve the equations, 

ax + by=c 
px + qy=r. 



Multiplying the first equation by p and the second by a, we 



get 

apx-\-hpy^cp 
apx + aqy^ar. 

Subtracting, bpy - aqy =cp'' ar, 

OT,{hp-aq)y=cp-ar; 

cp-ar 
^ op — aq 

We might then find x by substituting this value of y in one 
of the original equations, but usually the safest course is to 
begin afresh and make the coefficients ofy alike in the original 
equations, multiplying the first by q and the second by &, 
which gives 

aqx + hqy=^cq 

bpx + hqy=hr. 

Subtracting, aqx - hpx =^cq- hr, 

or, (aq - hp)x=cq - br ; 
cq-hr 



x= 



aq-hp' 



Ex A MPLKS,— IXXV. 

I. 7nx+ny=e, 2. aa; + 6y=c 3. ajx-hy^m 

px + qy=f, dx-ey=f, cx + ey=n. 

4. ex ==% 5. mx-ny=r 6. x+y^a 

' x-{-y=e, m'x-{-v!y=r\ x-y=h, 

a >i 

7, ax+hy=c 8. a6x + cd'y=^ ^. vTr^^o^^T^ 



2 
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10, 6ca! + 2&-cy=0 II. (&+c)(x + c-6) + a(y + a)=2a3 

a(c3-y) _263 ^y _(ft + 

'^^ 6c - c ^'^''' (b-c)x~ a2 

^ , (8h-2m)hm 

fc^a; - + ^5 + c + m)my^mhi + (6 + 2m)&m. 



216. We now proceed to the solution of a particular class 
of Simultaneous Equations in which the unknown symbols 
appear as the denominators of fractions, of which the following 
are examples. 

Ex. 1. To solve the equations, 

a h 
X y 

=d, 

X y 

Multiplying the first by m and the second by a, we get 

am bm 
— + — =cm 
X y 

am an ^ , 
~x~y~' 

nix- A^ bm an , 

Subtracting, 1 — =cm-ad. 

V if 

bm + an , 

or, =scm-ad, 

y 

or, bm + an={cm-ad)y, 

bm + an 



••• y= 



cm — ad' 



Then the value ofx may be found "by a\i\ia\ivt\3LtvEL^ this value 
oft/in one of the original equations, ox "by msSL\T\% V)[\fc \;ctcb& '^ 
^ntaining y alike, as in the example gWwi Viv K-T^-, 'iX^^ 
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Ex. 2. To solve the equations : 

2 ^_ 4 

a;"'32/~27 

4ic"*"i/~72' 
Multiplying the second equation by 8, we get 

X ^~ 27 





2 8 11 

- + -=—-. 
X y 9 


Subtracting, 


5 8 4 11 
31/ y 27 §• 


Changing signs, 


5 8 11 4 
^y'^y 9 27' 


or, 


5 + 24 33-4 
3y 27 ' 


whence we find 


2/=9, 



and then the value of x may be found by substituting 9 for y 
in one of the original equations, 



EXAMPLKS.— IXXvi. 

1.2,^ 1.2 a b 

I. - + - = 10 2. - + -=a 3. - + -=c 

X y X y ^ X y 

4,3 „ 3 4, b a^ . 

- + -=20. - + -=6. -+-=(i. 

a: y at/ a; y 

4. _ + -=m 5. - + - = 19 6. :5- + F-=7 

^ X y -' X y 3x by 

ct_b_ ?_3_^ 7 1 __ 

at/ ^2/ 6a5 lOt/ 

2 3 _ o ^ ^ 

' ax by Trtx wa^ 

ax by X 'ij 
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217. There are two other methods of solving Simultaneous 
Equations of which we have hitherto made no mention, because 
they are not generally so convenient and simple as the method 
which we have explained. They are 

I. The method of Substitution. 
If we have to solve the equations 

a;4.32/= 7 
2a; + 4t^=12 

we may find the value of a; in terms of i/ from the first equa- 
tion, thus , 

a;=7-32/, 
and siibsiitute this value for x in the second equation, thus 

2(7-3i/) + 42/ = 12, 
from which we find 

We may then find the value of x from one of the original 
equations. 

II. The method of Comparison. 

If we have to solve the equations 

5x + 2y = ie 
7a;-3i^= 5 

we may find the values of x in terms of y from each equation, 
thus 

a;= — ^— ^, from the first equation. 
xss — --^, from the second equation. 

Hence, equating these values of x, we get 

16-2y _ 5 + 3y 
5 " 7 ' ' 
an equation involving only one unknown symbol, from which 
we obtain 

and then the value of x may be iouuOi tern ou^ o\ VX\fc ^tv^\ss\ 
^^uations. 



OF THE FIRST DEGREE. IS3 

218. If there be three unknown symbols, their values may 
be found from three independent equations. 

For from two of the equations a third, which involves only 
two of the unknown symbols, may be found. 

And from the remaining equation and one of the others 
a fourth, containing only the same two unknown symbols, may 
be found. 

So from these two equations, which involve only two un- 
known symbols, the value of these symbols may be found, and 
by substituting these values in one of the original equations 
the value of the third unknown symbol may be found. 

Ex. ^ 6x-6y-h4z^l6 

7a; + 4y-32?=19 
2a;+ 2/ + 62! = 46. 
Multiplying the first by 7 and the second by 5, we get 

35a;-42y + 28» = 105 
35a; + 20y~15;5! = 95. 
Subtracting, 

-622/ + 432i=10 (1). 

Again, multiplying the first of the original equations by 2 
and the third by 5, we get 

10a;~122/ + 8»=30, 
10a; + 5t/ + 302J=230. 
Subtracting, -17y-22i3= -200 (2). 

Then, from (1) and (2) we have 

622/-43«=-10 
17y + 22» = 200, 
from which we can find y=4 and » = 6. 

Then substituting these values for y and z in the first equa- 
tion we find the value of x to be 3. 



I. 



2. 



EXAMPLES.- 


-Ixxvil. 


505 + 72/- 25J=13 

8x + 3y+ 2 = 17 

x-4y + 10z=:23. 


3. 5a;-32/ + 2a=21 
8ic- t/-3a= 3 
2a + 3'ij-«r^^*^^. 


x-'2y + 2z=2. 
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5 «+ y-\- a= 6 8. 4a;-3y+ »= 9 

6a;+ 4t/ + 3»=22 9a;+ t/-5»=16 

15a; + 10y + 6»=53. aj-4i/ + 32i= 2. 

6. 8a; + 4y-3»=6 9. 12a; + 5i/-4»=29 

sc + 3i/- »=7 13a; -2?/ + 52= 58 

4a-5y + 4»=8. 17a;- y- » = 15. 

7. a;+ y+ «=30 10. 2/"^ + ^^=" ^ 
8a + 4y + 2«=50 z-y-x= -'2.b 

27a;+9^ + 3«=64. x-\-y-\-z=Zb. 



XVI. PROBLEMS RESULTING IN SIMUL- 
TANEOUS EQUATIONS. 

219. In the Solution of Problems in which we represent 
two of the numbers sought by unknown symbols, usually x and 
y, we must obtain two ind&peTident equations from the condi- 
tions of the question, and then we may obtain the values of 
the two unknown symbols by one of the processes described in 
Chapter XY. 

EIX- If one of two numbers be multiplied by 3 and the 
other by 4, the sum of the products is 43 ; and if the former be 
multiplied by 7 and the latter by 3, the difference between the 
results is 14. Find the numbers. 

Let X and y represent the numbers. 

Then 3a; + 4i/=43, 

and 7a;-3i/ = 14. 

From these equations we have 

21a; + 281^=301, 
21a;- 9i^=42. 

>Subt2»cting, 37i/=259. 

Therefore l/=*7, 

&nd then the value of x may be io\iiid to "Vi^ b. 

Hence the numbers are 5 and 7. 
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Examples.— Ixxviii. 

1. The sum of two numbers is 28, and their difference is 4, 
find the numbers. 

2. The sum of two numbers is 256, and their difference is 
10, find the numbers. 

3. The sum of two numbers is 13'5, and their difference is 
1, find the numbers. 

4. Find two numbers such that the sum of 7 times the 
greater and 5 times the less may be 332, and the product of 
their difference into 51 may be 408. 

5. Seven years ago the age of a father was four times that 
of his son, and seven years hence the age of the father will be 
double that of the son. Find their ages. 

6. Find three numbers such that the sum of the first and 
second shall be 70, of the first and third 80, and of the second 
and third dO. 

7. Three persons A^ By and G make a joint contribution 
which in the whole amounts to ^400. Of this sum B contri- 
butes twice as much as A and ^20 more ; and G as much as A 
and B together. What sum did each contribute? 

8. If A gives B ten shillings, B will have three times as 
much money as ^. \i B gives A ten shillings, A will have 
twice as much money as B, What has each ? 

9. The sum of ^760 is divided between Ay B, G, The 
shares of A and B together exceed the share of G by ^240, 
and the shares of B and G together exceed the share of ^ by 
;£360. What is the share of each 1 

10. The sum of two numbers divided by 2, gives as a quo- 
tient 24, and the difference between them divided by 2, gives 
as a quotient 17. What are the numbers? 

11. Find two numbers such that when the greater is 
divided by the less the quotient is 4 and the remainder 3, and 
when the sum of the two numbers is increased by 38 and the 
result divided by the greater of the two numbers, the quotient 
is 2 and the remainder 2. 

12. Divide the number 144 into ^.^rt^-^ «oiJa. ^gssiya*^ 'sios&. 
when the frat ia divided by tlie ^^(^011.^ >iJcifc q^^Ns^bs^'-^'^^ 

the remainder 2, and wlien ikie t\i\i^ \a ^^^^'^^^'^^^ 
of Pbe other two parts, the cjaotiexvt \a % wx5^ ^>^^ x«K«a:^ 
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13. A and B buy a horse for jfil20. -4 can pay for it if J5 
will advance half the money he has in his pocket. B can pay 
for it if -4 will advance two-thirds of the money he has in his 
pocket. How much has each] 

14. "How old are you?" said a son to his father. The 
father replied, "Twelve years hence you will be as old as I was 
twelve years ago, and I shall be three times as old as you were 
twelve years ago.*' Find the age of each. 

15. Kequired two numbers such that three times the 
greater exceeds twice the less by 10, and twice the greater 
together with three times the less is 24. 

16. The sum of the ages of a father and son is haK what it 
will be in 25 years. The difference is one-third what the sum 
will be in 20 years. Find their ages. 

17. If I divide the smaller of two numbers by the greater, 
the quotient is '21 and the remainder -OlS?. If I divide the 
greater number by the smaller, the quotient is 4 and the 
remainder '742. Find the numbers. 

18. The cost of 6 barrels of beer and 10 of porter is ^51 ; 
the cost of 3 barrels of beer and 7 of porter is ^£32, 2s. How 
much beer can be bought for ^30? 

19. The cost of 7 lbs. of tea and 5 lbs. of coffee is £1, 95. \d, : 
the cost of 4 lbs. of tea and 9 lbs. of coffee is ^£1, 7s. : what is 
the cost of 1 lb. of each] 

20. The cost of 12 horses and 14 cows is ^380 ; the cost of 
5 horses and 3 cows is ^130 : what is the cost of a horse and a 
cow respectively? 

21. The cost of 8 yards of silk and 19 yards of cloth is 
j£18, 4«. 2d: the cost of 20 yards of silk and 16 yards of cloth, 
each of the same quality as the former, is ^25, 16s. 8c?. How 
much does a yard of each cost? 

22. Ten men and six women earn j£18, 18s. in 6 days, and 
four men and eight women earn j£6, 6s.. in 3 days. What are 

the earnings of a man and a woman daily ? 

^J' A farmer bought 100 acres oi IsmA. ioT M^'ift^^^st^a.t 
^7 an acre and part at £46 an acre, BLo^ tcvsavj ivc^^^ \v^\ 
^each kind ? 
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Note I. A number consisting of two digits may be repre- 
sented algebraically by 10a; + y, where x and y represent the 
significant digits. 

For consider such a number as 76. Here the significant 
digits are 7 and 6, of which the former has in consequence of 
its position a local value ten times as great as its naiwtal 
value, and the number represented by 76 is equivalent to Un 
times 7, increased by 6. 

So also a number of which x and y are the significant digits 
will be represented by ten times x, increased by y. 

If the digits composing a number lOx-^y be inverted, the 
resulting number will be lOy + x. Thus if we invert the digits 
composing the number 76, we get 67, that is, ten times 6, in- 
creased by 7. 

If a number be represented by lOx + y, the sum of the 
digits will be represented hy x+y, 

A number consisting of three digits may be represented 

algebraically by 

lOOx+lOy + z. 

Ex. The sum of the digits composing a certain number is 
5, and if 9 be added to the number the digits will be inverted. 
Find the number. 

Let lOcc + y represent the number. 
Then x+y will represent the sum of the digits, 
and lOy +x will represent the number with the digits inverted. 
Then our equations wiU be 

x + y—b, 
lOx + y + d^lOy + x, 
from which we may find x=2 and y= 3 ; 

.*. 23 is the number required. 

24. The sum of two digits composing a number is 8, and if 
36 be added to the number the digits will be inverted. Find 
the number. 

25. The sum of the two di^ta com^vi«m%^x«ss5sb'ss.Ss^^^ 
and if 64 he added to the numbex V\ie ^\^\»^?n^>>^'^^^^'*^ 
What 18 the number ? 
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26. The sum of the digits of a number less than 100 is 9, 
and if 9 be added to the number the digits will be inverted. 
What is the number ? 

27. The sum of the two digits composing a number is 6, 
and if the number be divided by the sum of the digits the 
quotient is 4. What is the number ? 

28. The sum of the two digits composing a number is 9, 
and if the number be divided by the sum of the digits the 
quotient is 5. What is the number ? 

29. If I divide a certain number by the sum of the two 
digits of which it is composed the quotient is 7. If I invert 
the order of the digits and then divide the resulting number 
diminished by 12 by the difference of the digits of the original 
number the quotient is 9. What is the number ? 

30. If I divide a certain number by the sum of its two 
digits the quotient is 6 and the remainder 3. If I invert the 
digits and divide the resulting number by the sum of the digits 
the quotient is 4 and the remainder 9. Find the number. 

31. If I divide a certain number by the sum of its two 
digits diminished by 2 the quotient is 5 and the remainder 1. 
If I invert the digits and divide the resulting number by the 
sum of the digits increased by 2 the quotient is 5 and the re- 
mainder 8. Find the number. 

32. Two digits which form a number change places on the 
addition of 9, and the sum of these two numbers is 38. Find 
the numbers. 

33. A number consisting of three digits^ the absolute value 
of each digit being the same^ is 37 times the square of any 
digit. Find the number. 

34. Of the three digits composing a number the second is 
double of the third : the sum of the first and third is 9 : the 
fium of all the digits is 17. Find the number. 

3S' -4 number is composed of three digits. The sum of the 
digits ia 21 ; the sum of the first and Bewmd\a ^ea.t/&r than the 
iJiird bjr 3; and if 198 be added lo t\ie tiutxOd^t >i)Si^ ^SB^^ -«r^ 
^ inverted. Find the nmnbex. 
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Note II. A fraction of wliich the tenns are unknown may 

/*• 
be represented by -. 

EIx. A certain fraction becomes ^ when 7 is added to its 

denominator, and 2 when 13 is added to its numerator. Find 
the fraction. 

Let -. represent the fraction 
Then "" ^ 



y + 7 2' 

y ' 

are the equations ; from which we may find x=9 and y=ll. 

9 
That is, the fraction is yr. 

36* A certain fraction becomes 2 when 7 is added to its 
numerator, and 1 when 1 is subtracted from its denominator. 
What is the fraction ? 

37. Find such a fraction that when 1 is added to its 

1 
numerator its value becomes -, and when 1 is added to the 

denominator the value is ^» 

38. What fraction is that to the numerator of which if 1 be 
added the value Will be ^ : but if 1 be added to the denominator, 

the value will be ^ ? 

39. The numerator of a fraction is made equal to its 
denominator by the addition of 1, and is half of the deno- 
minator increased by li Find the fraction 

40. A certain fraction becomes -^'wlcLftii ^ \& \»i^<s^^'2fss^*^is^sb 
numerator and the denotninator, au^ SX. \>fe^QYaRs. -^^ '^^ 
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is added to the numerator and the denominator. What is the 
fraction ? 

7 

41. A certain fraction becomes ^ when the denominator is 

20 
increased by 4, and jr when the numerator is diminished by 

15 : determine the fraction. 

42. What fraction is that to the numerator of which if 1 be 
added it becomes ^, and to the denominator of which if 17 be 

added it becomes ^ ? 

Note III. In questions relating to money put out at 
mwgU interest we are to observe that 

-. ^ ^ Principal X Rate X Time 
Interest = ^ — j^^ , 

where Rate means the number of pounds paid for the use of 
;£100 for one year, and Time means the number of years for 
which the money is lent 

43. A man puts out £2000 in two investments. For the first 
he gets 5 per cent., for the second 4 per cent, on the sum 
invested, and by the first investment he has an income of 
£10 more than on the second. Find how much he invests in 
each case. 

44. A sum of money, put out at simple interest, amounted 
in 10 months to £5250, and in 18 months to £5450. What 
was the sum and the rate of interest ? 

45. A sum of money, put out at simpie interest, amounted 
in 6 years to £5200, and in 10 years to £6000. Find the sum 
and the rate of interest. 

Note IV. When tea, spirits, wine, beer, and such com- 
modities are maxAy it must be observed that 

quantity of ingredients = quantity of mixture, 

cost of ingredients =2 cost of mixture. 

^E^* / mis. vfine which cost 10 B\iW!^m^^ %. %«X\otl n^^ 
another sort which cost 6 febillitigB a ^aWoTv, \.o xcv^^ \<^ 
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gallons, which I may sell at 7 shillings a gallon without profit 
or loss. How much of each do I take ? 

Let X represent the number of gallons at 10 shillings a gallon, 
and y 6 

Then x + y=lOO, 

and 10a; + 6i/=V00, 

are the two equations from which we may find the values of 
X and y to be 25 and 75 respectively. 

46. A wine-merchant has two kinds of wine, the one costs 
36 pence a quart, the other 20 pence. How much of each must 
he put in a mixture of 50 quarts, so that the cost price of it 
may be 30 pence a quart 1 

47. A grocer mixes tea which cost him Is. 2d, per lb. with 
tea that cost him Is. 6d. per lb. He has 30 lbs. of the mixture, 
and by selling it at the rate of Is. 8d, per lb. he gained as 
much as 10 lbs. of the cheaper tea cost him. How many lbs. 
of each did he put in the mixture 1 

Note V. If a men can row at the rate of x miles an hour 
in still water, and if he be rowing on a stream that runs at the 
rate of y miles an hour, then 

x+y will represent his rate down the stream, 
x-y wp 

48. A crew which can pull at the rate of twelve miles an 
hour down the stream, finds that it takes twice as long to come 
up a river as to go down. At what rate does the stream flow ? 

49. A man scuUs down a stream, which runs at the rate of 
4 miles an hour, for a certain distance in 1 hour and 40 minutes. 
In returning it takes him 4 hours and 15 minutes to arrive at 
a point 3 miles short of his starting-place. Find the distance 
he pulled down the stream, and the rate of his pulling. 



50. A dog pursues a hare. The Yiaie g>e\«, ». ^\as\. <i\ ^'^ ^ 
her own leaps. The hare makes aix. \ea.p»'v\iKia^^ ^o^'si^^^ 
4 and 7 of the dog'a leaps are eqrial to 9 ol t\ife Vax^«»- "^"^"^ 
manjr leaps will the hare take "before »\ie is cslw^kA.'V 

r8.A,l ^_ 
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51. A greyhound starts in pursuit of a hare, at the distance 
of 50 of his own leaps from her. He makes 3 leaps while the 
hare makes 4^ and he covers as much ground in two leaps as 
the hare does in three. How many leaps does each make 
before the hare is caught ? 

52. I lay out half-a-crown in apples and pears, buying the 
apples at 4 a penny and the pears at 5 a penny. I then sell 
half the apples and a third of the pears for thirteen pence, 
which was the price at which I bought them. How many of 
each did I buy ? 

53. A company at a tavern found, when they came to pay 
their reckoning, that if there had been 3 more persons, each 
would have paid a shilling less, but had there been 2 less, 
each would have paid a shilling more. Find the number of 
the company, and each man's share of the reckoning. 

54. At a contested election there are two members to be 
returned and three candidates, -4, J5, and G, A obtains 1056 
votes, B, 987, 0, 933. Now 85 voted for B and C, 744 for 
B only, 98 for G only. How many voted for A and (7, for 
A and 5, and for A only ? 

55. A man walks a certain distance : had his rate been 
half a mile an hour faster, he would have been \\ hours less 
on the road; and had it been half a mile an hour slower, he 
would have been 2J hours more on the road. Find the distance 
and rate. 

56. A certain crew pull 9 strokes to 8 of a certain other 
crew, but 79 of the latter are equal to 90 of the former. Which 
is the faster crew ] 

Also, if the faster crew start at a distance equivalent to 
four of their own strokes behind the other, how many strokes 
will they take before they bump them ? 

57. A person, sculling in a thick fog, meets one barge and 
overtakes another which is going at the same rate as the 
ibimei ; shew that if a be the greatest distance to which he 

can Bee, and b, h' the distances that he sculls between the 
times of bis firat seeing and paBsmgt\i^\iaac^'5.^, 
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58. Two traiBS, 92 feet long and 84 feet long respectively, 
are moving with uniform velocities on parallel rails in opposite 
directions, and are observed to pass each other in one second 
and a.haK; but when they are moving in the same direction, 
their velocities being the same as before, the faster train is 
observed to pass the other in six seconds; find the rate in 
miles per hour at which each train moves. 

59. The fore-wheel of a carriage makes six revolutions 
more than the hind-wheel in 120 yards ; but only four revolu- 
tions more when the circumference of the fore- wheel is increased 
one-fourth, and that of the hind-wheel one-fifth. Find the 
circumference of each wheeL 

60. A person rows from Cambridge to Ely (a distance of 
20 miles) and back again in 10 hours, and finds he can row 

2 miles against the stream in the same time that he rows 

3 miles with it. Find the rate of the stream, and the time of 
his going and returning. 

61. A number consists of 6 digits, of which the last to the 
left hand is 1. If this number is altered by removing the 1 
and putting it in the unit's place, the new number is three 
times as great as the original one. Find the number. 



XVII. ON SQUARE ROOT. 

220. In Art. 97 we defined the Square Root, and explained 
the method of taking the square root of expressions consisting 
of a single term. 

The square root of a positive quantity may be, as we 
explained in Art. 97, either positive or negative. 

Thus the square root of 4a^ is 2a or - 2a, and this ambiguity 
is expressed thus, 

V4a?=±^tt. 
In OUT examples in this chapteT ^e ^"aXi \tl «SS. Q,"asafc»» ^'^^ss. 
the square root of a single teim aa a positvoe c^a»J6Jc^- 
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221. The square root of a 'grodjuct may be found by taking 
the square root of each factor, and multiplying the roots, so 
taken, together. 

Thus A/^ =a&, 

222. The square root of a fraction may be found by taking 
the square root of the numerator and the square root of the 
denominator, and making them the numerator and denominator 
of a new fraction, thus 

V4a^_2flt 



4 



25a;V _6an/^ 
49«6 "" *j^ ' 



Examples.— Ixxix. 

Find the Square Boot of each of the following expressions : 



I. 


4x^y^. 


2. 


Sla^fts. 


3. 121^10/112^14. 


4. 


64a*6Wc2 


5- 


7l289a*62ic6. 


6. 169ai668ci2. 




9a2 


8. 


1 


25a*66 


y. 


1662- 


4a2c*' 


^' 121082/^0' 




256*12 




625^2 





10. -F^^TT-r* II' 



289y*; 32462- 

223. We may now proceed to investigate a Rule for the 
extraction of the square root of a compound algebraical 
expression. 

We know that the square of a + 6 is a2 + 2ah + b% and there- 
fore a + 6 is the square root of a^ + 2ah + h\ 

If we can devise an operation by which we can derive a + 6 
from ^2+ 206 + 52, we shall be able to give a rule for the 
extraction of the square root. 

Now the first term of the root is the square root of the first 
term of the square, i.e. a is the square root of a^. 

Hence our rule begins : 

^'Arrange the terms in the order oj mogwI^udA oj tVe, ^rt\Aw»% 
'foneoftJie quantities invoh)&d^ tHcu take tKc square tooI oj ^ 
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firsi term and set down the result as the first term of the root : 
subtract its square from the given expression, and bring down the 
remainder:" thus 

a2 



2a6 + 62 



Now this remainder may he represented thus b (2a + b) : 
hence if we divide 2ab + b'^hj 2a + b we shall ohtain + b, the 
second term of the root. 

Hence our rule proceeds : 

" DovMe the first term of the root and set iown the result as the 

first term of a dimsor:^* thus our process up to this point will 

stand thus : 

a2 + 2a6 + 62^ 



a2 



2a 



2a6 + 62 



Now if we divide 2ab by 2a the result is 6, and hence we 
obtain the second term of the root, and if we add this to 2a 
we obtain the full divisor 2a + 6. 

Hence our rule proceeds thus : 

** Dimde the first term of the remamder by this first term of the 

divisor, and add the result to the first term of the root and also to 

the first term of the dvmor :" thus our process up to this point 

will stand thus : 

a^ + 2ab + b\a + b 



a2 



2a + b 



2a6 + 62 



If now we multiply 2a + 6 by 6 we obtain 2ab + b^j which we 
subtract from the first remainder. 

Hence our rule proceeds thus : 

^^ Multiply the divisiyr by the second term oj lUa too\. atx.^ ^^^^ 
tract the result from the first remainder ;^' ^iJoNJa oxsx ^x'^^^'^^ 
stand thus : 
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ON SQUARE ROOT, 



a2+2a6 + 62(a + & 



a^ 



2a + 6 



2a6 + 62 



If tliere is now no remainder, the root has been found. 

If there be a remainder, consider the two terms of the root 
already found as one, and proceed as before. 

224. The following examples worked out will make the 
process more clear. 



(1) 



a^-^ah + h'^i^a-h 



a' 



2a-h 



-2a5 + 62 

V 



Here the second term of the root, and consequently the 
second term of the divisor, will have a negative sign prefixed, 

, ~2a6 , 

because —^ — = -o. 



2a 



(2) 



9p2 



^ + 4g 



24pgr + 16gf2 
24>g + 16^2 



(3) 



25a^-60a; + 36(5a;-6 
25a2 



10a;-6 



-60a; + 36 
-60aj + 36 



Next take a case in which the root contains three terms. 



a2 + 2a6 + 62_2ac-26c + c2(a + 6-c 



a^ 



2a + 6 



2a6 + 62_2ac-26c + c2 



-2<ic-2bc-V(? 
— 2ac— 2bc-Vc? 
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When we obtained the z^wnd r&mmnder^ we took the double 
of a + &, considered as a single term, and set down the result as 
the first part of the seccynd dimsor. We then divided the first 
term of the remainder, -2ac, by the first term of the new 
divisor, 2a, and set down the result, - c, attached to the part 
of the root already found and also to the new divisor, and then 
multiplied the completed divisor by - c. 

Similarly we may proceed when the root contains 4, 5 or 
more terms. 

Examples.— IxxK. 

Extract the Square Root of the following expressions : 

1. 4a2+12a6 + 962. 6. a*-6a;3+19jB2-30a;+25. 

2. l6k^-24k^P + 9R 7. 9a;* + 12x3 + 10a2 + 4a; + l. 

3. a262+i62a6 + 6561. 8. 4r*-12»-3 + 13r2-6r+l. 

4. 3/«-38i/3 + 361. 9. 4n* + 4n3-7n2- 471 + 4. 

5. 9a262c2-102a6c + 289. 10. l-6a;+13a2-l2a;3+4aA 

1. aJ8-4aj6+10iC*-12x3+9iB2. 

2. 4i/* - 12 fz + 25y28}2 _ 24ytfi + 16»*. 
[3. a^+4ab + 4ly^-h9c^-^6ac -^121)6. 
[4. a^+2a^b + Za*l^-h4aW + Za%*-^2a^+¥. 

6. 4fl^ + 8a{B8+4a2«2+i662a;2^. 160^35+ 1654. 

7. 9 - 24a; + 58x2-1 16x9 + 129a* -.140iB6 + 100a;6. 
[8. 16a* -40a36 + 25a262_80a52aj+ 6462^2 + 64^25^;. 
[9. 9a* - ^4a3p3 - 30a2« + 16ay + 40ap8« + 25^2. 

20. 4y*x2 - 122/V + 17y2a^ - 12ya:6 + 43fi. 

21. 25a^2-30x3y3+29a;22^-12an/5+4^. 

22. 16jb* - 24a% + 25a;2y2 _ iga^ 4. 4^. 

23. 9a2 - 12a6 + 24ac - 1 66c + 462 + I6c2 

24. a*+9x2+25-6a;8 + 10x2-^0x. 

26. 4a?«(i»«-y) + y3(j^_2)-V-'y*^to^-V\> 
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S26. When any fracUonal terms are in the expression of 
which we have to find the Square Koot, we may proceed as in 
the Examples just given, taking care to treat the fractional 
terms in accordance with the rules relating to fractions. 

Q 1 ^ 

Thus to find the square root of a;^ - -x + — . 

«j! 8 . 16 / 4 



9*+ 


16 

81 


-|k+ 


16 

'81 



Since 



8^ 8^2_8 1_4 
9' 9*1 9^2 9' 



Q -to 

Or we might reduce x^-^x -jr-^io a single fmction, which 



81 



would be Q= , 



and then take the square root of each of the terms of the 
fraction, with the following result : 

— ^— , which is the same as aj - ^. 



Examples.— Ixxxi. 



I. 4ae+^*-a462. 



a^ 



16 



a? 



9 



a 



2 



'• ^-2+9- 



5. ac*-2«:3 + 2a;2-a; + 4. 

4 



^ a* 



6. a:* + 2jc3-a:+::. 

4 



7' 4a^''l2ab+aH^^W'^^'Y^ 
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8. a* + 8x2 + 24+^+^. 



^ +4a* + i^6a;2«3a2_2a3a;+^sa;. 



1 4 9 4 . 6 12 
x2 y2 j^a ajy JB» t(» 



n 5 71^ 25 5% 

.2. a»6*-6a6crf+?^/+9c^rf^+^-?^. 



Viaig 



^^^^%« 63, 

"^ |g2 352 g2 25 g2 

4m2 9n2 . 16m 24ri 
n^ m^ th m 

'5' 9 "^ie 25*^4 '6 "^ 15 3 10"^4~5' 

16. 49a*-28a3-17a;2 + 6a; + ^. 

4 

17. 9jB*-3aa3+6ja;3+?^^_a5iB2 + jaj4j. 

18. 9jB*-2ic3-i^ + 2a; + 9. 

9 
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226. The Cube Hoot of any expression is that expression 
whose cvihe or third power gives the proposed expression. 

Thus a is the cube root of a^, 
36 is the cube root of 276^. 

The cube root of a negative expression will 'b^\!kfc^j>^^^'^'5jt 
since 

(-a)3— __(ix —ax -tt=— o?^ 
the cabe root of - a^ is — a. 
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So also 

- 3a; is the cube root of - 27a!', 

and - ^h is the cube root of - ^^W. 

The symbol tj is used to denote the operation of extracting 
the cube root. 



Examples.— ixxxii. 

Find the Cube Boots of the following expressions : 
I. 8a^ 2. 27icV« 3- - 125mW. 

4. -216ai263. 5. 3436i5ci8. 6. - lOOOaSftV*. 

7. -1728m2%24. 8. \%%WW, 

227. We now proceed to investigate a Eule for finding the 
cube root of a compound algebraical expression. 

We know that the cube of a + 6 is a' + Za% + 3a62 + J3^ 
and therefore a + 6 is the cube root of d^ + Za^h + 3a62 + js. 

We observe that the first term of the root is the cube root of 
the &st term of the cube. 

Hence our rule begins : 

^^Arraifige the terms m the order of magnitude of {he indices of 
one of the quantities involved, then take the cube root of the first 
term and set dovm the result as the first term of the root: subtract 
its cube from the given expression, and bring down ihe remainder ;" 
thus 

a^+da% + Zab^+b^(^a 
a3 



3a26 + 3a62 + 53 

Now this remainder may be represented thus, 

6(3a2 + 3a6 + 62). 

hence if we divide 2a^b + Zah'^ + b^ by 3a2 + 3a6 + 62^ we shall 
obtain + 6, the second term of the root. 

Hence out rule proceeds : - / 

'^Multiply the squa/re of the first term oj tine irool'Vy^*^, atwi ^t 
^^^^^^ the result as the first term of a di-oisor:" >i)ax3A ^^^ ^x^s^jfts^ 
o to this point will stand tliUB : 
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a3 + 3a26 + 3a62 + 6H» 



w" 



3a2 



3a26+3a62 + 63 



Now if we divide ZdFb by Zd^ the result is 6, and so we 
obtain the second term of the root, and if we add to Zo^ the 
expression 3a^ + 6^ we obtain the fall divisor Sa^ + 3a6 + 6^. 

Hence our rule proceeds thus : 

" Divide the first term of the remainder by the first term of the 
divisor, and add the result to thefi/rst term of the root. Then take 
three times the product of the first and second terms of the root, 
and also the square of the second term, and add these results to 
the first term of the divisor" Thus our process up to this point 
will stand thus : 

a^ + da^ + Zah^+¥{^a+h 



a^ 



3a2 + 2ah + b^ 



3a26 + 3a&3+63 



If we now multiply the divisor by 6, we obtain 

3a%-^Zah^-hh% 
which we subtract from the first remainder. 

Hence our rule proceeds thus : 

" Multiply the dimsor by the second term of the root, and svib- 
tract the result from the first remainder:" thus our process will 
stand thus : 



a3 + 3a26 + 3a62+ 63(^^ + 5 



a^ 



3a2 + 3a6 + 62 



3a26 + 3a62 + 63 
3a26 + 3a&2 + 63 



If there is now no remainder, the root has been found. 

If there be a remainder, consider the two terms of tK<^\!^'^\» 
abeady found as one, and proceed aa "b^iot^. 



228. The following Examples may xea^ex >i)aa ^-t^^^^ 
clear: 



y^SSS^ 
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Ex. 1. 



a3_i2a2 + 48a-64(a-4 



w" 



3a2 - 12a + 16 



-12a2 + 48(i-64 
-12a2 + 48a_64 



Here observe that the second term of the divisor is formed 
thus: 

3 times the product of a, and —4=3 x a x - 4= - 12a. 
Ex. 2. a:«-6a^ + 15a:4-20a3 + 15a;2-6a; + l(a;2-2x+l 

3a;*-6xS + 4x2 



3a:*-12jB3 

+ 15x2-6a; + l 



- 6«6 + 15a:* - 20a;3 + 15x2 - 6a; + 1 

- 6a;5 + 12x* - 8a;3 



3a* -12x3 + 15^2 _ 6a; + 1 
3a;*-12a;3 4.i5a5_6a.+ i 



Here the formation of the first divisor is similar to that in 
the preceding Examples. 

The formation of the second divisor maj'- be explained thus : 

Regarding a;2 _ 2a; as one term 

3 (a;2 _ 2a;)2 = 3 (a;* - 4a;8 + 4a.2) == 3a;4 _ i2a;3 + I2a;2 

3x(x2-2a;)xl 



3a;2-6a; 



12 



and adding these results we obtain as the second divisor 

3a;*-12a;3+i5a.2_6a. + i. 



Examples.— ixxxiii. 

Find the Cube Root of each of the following expressions : 
I. a8-3a26 + 3a62-63, 2. 8a3 + 12a2 + 6a + l. 

3. a3 + 24a26 + 192a62 + 5 12&3. 

4- a^+ 3a^b -f Za¥ +63 + 3a2c + 6a6c + 362c + 3ac2 + 36c2 + c3. 
5- ^-^a2?^+3a;y«-y3^3a48j3_6an/»+^'y^%-V-^«s?--^^^^. 
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9. a^ - 12a6 + 54a* - 1 12a3 + 108a2 _ 43^ + 8. 

la 8m«-36m6 + 66m*-63m3+33m2-9m + l. 

11. a^ + 6a;2y + i2jc2/2 + 81/3 _3a;2|g_i2a;y«-12i/22; + 3a»2 + 6^2 _j5j3^ 

12. Bm^ •-36m2n + 54m»i2-2Vn8-]2m2r+ 36 W7ir-27tt^ 

+ 6mr2 — 9wr2-r3. 

3 1 

13. m3+3m2-5+— 2 «. 

229. The fowrth root of an expression is found by taking 
the square root of the square root of the expression. 

Thus 4/16a86* = ^U^¥ = ^aV), 

The sMh root of an expression is found by taking the cube 
root of the square root of the expression. 

Thus 4^64^1266 = 4/8a663 = 2a26. 



Examples.— ixxxiv. 

Find the fourth roots of 

1. 16a*-96a8a; + 216a2a;2-216aa3 + 81a^. 

2. l + 24a2+16a*-8a-32a3. 

3. 625 + 2000a; + 2400x2 + 1280a^ + 256a;*. 

Find the sixth roots of 

4. a« - 6a66 + 15a*62 - ma%^ + 15a26* - 606* 4 }fi^ 

5. i»^-f6ir5+16a;*+20x^ + 15x^-V^-VA.. 



XIX. QUADRATIC EQUATIONS. 

230. A Quadratic Equation, or an equation of two dimen- 
sions, is one into which the sqtuire of an unknown symbol 
enters, without or mth the first power of the sjrmboL 

Thus a;2=16 

and a;2 + 6a;=27 

are Quadratic Equations. 

231. A Pure Quadratic Equation is one into which the 
square of an unknown symbol enters, the first power of the 
symbol not appearing. 

Thus, x2=16 is Sipure Quadratic Equation. 

232. An Adpectbd Quadratic Equation is one into which 
the square of an unknown symbol enters, and also the first 
power of the symbol. 

Thus, a;2 + 6a;=27 is an adfected Quadratic Equation. 

Pure Quadratic Equations. 

233. When the terms of an equation involve the square 
of the unknown symbol only, the value of this square is either 
given or can be found by the processes described in Chapter 
XVII. If we then extract the square root of each side of the 

eqaation, the value of the unknown symbol will be determined. 

234. The following are examples ot Wife ^ci\>aJG^wi qI^xsjl^ 
Quadratic :Bquatioiis. 
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Ex. 1. a;2=16. 

Taking the square root of each side 

a;=±4. 

We prefix the sign ± to the number on the right-hand side 
of the equation, for the reason given in Art. 220. 

Every pure quadratic equation will therefore have two rootSy 
equal in magnitude, but with different signs. 

Ex. 2. 4a;2 + 6=22. 

Here * 4a;2 = 22-6, 

or 4a;2=i6^ 

or x^=4; 
:. x=±2. 

That is, the values of x which satisfy the equation are 2 
and -2. 

tty q 128 _ 216 

Here 128 (5x^ - 6) = 216 (3x^ - 4), 

or 64ac2 _ 768 = 648x2 - 864, 
ora;2— 12; 

/. a;=± V12. 



Examples.— ixxxv. 

I. a;2=64. 2. x^^^aW. 3. a;2_ioooo=0. 

4. »2_3=46. 5. 5»2-9 = 2ic2 + 24. 6. 3aa;2=i92aM. 

a;2-12 a;2~4 

7. — -—=—--, II. ma;2 + n=gr. 
'34 

8. (500 +x) (500 -a) =233359. 12. x^-ax+h=ax(x-l). 
8112 45 _ ^"^ 
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Adfected Quadratic Eqmiioiis. 

235. Adfected Quadratic Equations are solved by adding 
a certain term to both sides of the equation so as to make the 
left-hand side a perfect square. 

Having arranged the equation so that the first term on the 
left-hand side is the square of the unknown symbol, and the 
se(k)nd term the one containing the first power of the unknown 
quantity (the known sjnnbols being on the right of the equa- 
tion), we add to both aides of the elation the square of half the 
coefficient of the second term. The left-hand side of the equa- 
tion then becomes a perfect square. If we then take the square 
root of both sides of the equation, we shall obtain troo simple 
equations, from which the values of the unknown symbol may 
be determined. 

• 236. The process in the solution of Adfected Quadratic 
Equations will be learnt by the examples which we shall give 
in this chapter, but before we proceed to them, it is desirable 
that the student should be satisfied as to the way in which an 
expression of the form 

is made a perfect square. 

Our rule, as given in the preceding Article, is this : add the 
square of half the coefficient of the second term, that is, the 

square of „, that is, -^, We have to shew then that 

4 
is a perfect square, whatever a may be. 

This we may do by actually performing the operation of 
extracting the square root of x^ + ox-V-^, aiA o\itaMdn^ the 

*"■ ic + - with no reinainder. 
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237. Let us examine this process by the aid of numerical 
coefficients. 

Take one or two examples from the perfect squares given 
in page 48. 

We there have 

352+180;+ 81 which is the square of a;+ 9, 

aj2 + 34a; + 289 aj+l7. 

x^- 8ic+ 16 X- 4, 

a;2~36a; + 324 a- 18. 

In all these cases the third term is the square of half the 
coefficient ofx. 

For 81= (9)^=(Yy, 

289=(l7)2=(^y, 

324=(18)2 = (^y. 

238. Now put the question in this shape. What must we 
add to a;2+ 005 to make it a perfect square ? 

Suppose 6 to represent the quantity to be added. 

Then jc'^ + ckb + 6 is a perfect square. 

Now if we perform the operation of extracting the square 
root of a;2 + 005 + 6, our process is 

a52 + afl5 + 6( a; + ^ 



a;2 



2X+I 



aa!+6 



OX + -J 
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Hence in order that a^+ax+& may be a perfect square we 
nuuthaye 



a« 



6-^=0, 



a« 



or 6=^, 



or 



~(i)- 



That is, 6 Ib equLvalent to Hie sqwvn of half the coefficient 
qfx. 

239. Before completmg the square we must be careful 

(1) That the square of the uukuown symbol has no coeffi- 
cient Jmt vmty, 

(2) That the square of the unknown symbol hoe a positiw 
sign. 

These points will be more folly considered in Arts. 245 and 
246. 

240. We shall first take the case in which the coefficient of 
the second term is an even number and its sign podtvtje. 

Ex- oiy^-^6x=40. 

Here we make the left-hand side of the equation a perfect 
square by the following process. 

Take the coefficient of the second term, that is, 6. 

Take the half of this coefficient, that is, 3. 

Square the result, which gives 9. 

Add 9 to both sides of the equation, and we get 

a;2 + 6x+9=49. 

Now taking the square root oi\)o\i\i Maa^^^ %^V 



QUADRATIC EQUATIONS, 179 

Hence we have two simple equations^ 

aj+3=+V (1), 

and aj+3= -7 (2). 

From these we find the values of a, thus : 

from (1) x= 7 - 3, that is, aj=4, 

from (2) aj= - 7 - 3, that is, aj= - 10 

Thus the roots of the equation are 4 and - 10. 

Examples.— ixxxvi. 

I. «2 + 6a5=72. 2. iB2+i2x=64. 3. a;2^i4a5=x5. 

4. ic2^46a5=96. 5. cc2 + 128x=393. 6. a2 + 8ic-65=0 
7. fl;2 + 18a; -243=0. 8. a;2 + 16a; -420=0. 

241. We next take the case in which the coefiicient of the 
second term is an even number and its sign negative, 

Ex. a;2-8a;=9. 

The term to be added to both sides is (8-i-2)2, that is, (4)^, 
that is, 16. 

Completing the square 

a;2-8a;+ 16=25. 

Taking the square root of both sides 

a;-4=±5. 

This gives two simple equations, 

flJ-4=+5 (1), 

a;-4=-5 (2), 

From (1) a;=5 +4, .*. aj=9 •, 

from (2) «= -5+4, .*. x= — \. 

Thus the roots of the equation, are 9 axA —V 
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EXAMPLES.— IXXXVii. 

I. ib2-6»='7. 2. fl52-4aj=5. 3. a;2-20x=21. 

4. ic2-2a;=63. 5. sc2- 12a; +32 = 0. 6. a;^- 14a; + 45=0. 

7. a;2- 234a; +13688=0. 8. (a; - 3) (a; -2) = 3 (5a; + 14). 

9. a;(3a;-17)-a;(2a; + 5) + 120=0. 

10. (a;-5)2 + (a;-'7)2=a;(a;-8) + 46. 

242. We now take the case in which the coefficient of the 
second term is an oM numher. 

Ex. 1. a;2_7aj^8. 

The term to be added to both sides is 

<7..)..G)'=f. 

Completing the square 

^ >, 49 o 49 
4 4 

2 y 49 81 
or, a;2-7a; + --7-=--7-. 
' 4 4 

Taking the square root of both sides 

V ^9 
^-2=±2- 

. This gives two simple equations, 

7 9 
^-2=^2 • <^)' 

7 9 
^-2="2 (2). 

T7. /1X 9 7 16 

From (1) ^=2 "^2' ^^' ^""T' •'* ^"'®' 
/>oin C^; a;= - 1+-, or, x=^, :. x= -\. 
'IS tile roots of the equatLou ace ft ^^^ -'^^ 



QUADRA TIC EQUA TIONS, i8l 

The coefficient of the second term is 1. 
The term to be added to both sides is 

(l-2)-(iy=^; 

4 4 

2 1 169 

or, a;2-a; + -= — ; 

1_.13 
Hence the roots of the equation are 7 and -6. 



EXAMPLKS.— Ixxxviii. 
I. a;2 + 7ic=30. 2. a;2-lla;=12. 3. x^ + ^=^^'^. 

4. a;2-l3a;=140. 5. x^^.^.^ 5, a:2_a;=:72. 

lo 

7. a;2 + 37x=3690. 8. a;2=56+a;. 

9. a;(5-a;) + 2ic(x-7)-10(a;-6)=0. 
10. (5a;-21)(7a;-33)-(l7a; + 15)(2a;-3)=448. 

243. Our next case is that in which the coefficient of the 
second term is a fraction of which the numerator is cm even 
nurriber. 

Ex. 02-^=21. 

o 

The term to be added to both sides is 

(^^y=«4y=(iy=(i)' 

or, a?-^+^=^. 
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2 .23 

O D 

Hence the values of a; are 5 and - -=-. 

o 



EXAMPLES.— IXXXiX. 
9 2 35 « 4 3 ^ 28a; 1 ^ 

9 26 16 ^ O ^ ^ AK 

7. a:2_ aj4. -0. 8. ix^-^=46, 

244. We now take the case in which the coefficient of the 
second term is a fraction whose rvumerator is cm odd nvmber, 

13. „ 7 136 

Ex, * 3^"'"3"* 

The tenn to be added to both sides is 

a-»)=C54)"-a)"=s^ 

• n&J^ 49^136 49 

3 7 49 1681 
^ ^-3^ + 36=^6"' 
7__.41 

17 
Hence the values of « are 8 and - -^. 

o 



Examples.— xc. 

I. Q^-^=%, 2. a;2__a;=98. 3. g^^hi-^^Q^ 

4. a!^+^=76, 5. a?-|D=lS. 6. '^^-^x^Q^o. 

7. a;3-^_34=0. %• -^--^^-^ 
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245. The square of the unknown symbol mast not he pre- 
ceded hy a negatim sign. 

Hence, if we have to solve the equation 
we change the sign of every term, and we get 

Completing the square 

a;2-6a; + 9 = 9-9, 
or aj*-6a;+9=0. 
Hence as -3=0, 

or a;=3. 

Note. We are not to be surprised at finding only one 
value for x. The interpretation to be placed on such a result 
is, that the two roots of the equation are equal in value and 
alike in sign. 

246. The square of the unknown symbol must have no 
coefficient hut unity* 

Hence, if we have to solve the equation 

5a;2-3a;=:2, 
we must divide all the terms by 5, and we get 

^ 5 5- 

2 
From which we get a;=l and 35= -g. 

247. In solving Quadratic Equations involving literal co- 
efiicients of the unknown symbol, the same rules will apply as 
in the cases of numerical coefficients. 

Thus, to solve the equation 

X a 
Clearing the equation of fractions, we get 

therefore -a* — Sicw(i= -^o?, 

or ac?+2ax»^*. 
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Completing the square 

whence a; + a= ± sl^.a; 

therefore »= - a+ /^^S . a, or «= — a - /JZ,a, 

The following are Examples of Literal Qiwdratic Equations, 



Examples.— xci. 

I. Qi^ + ^ax=a\ 2. a^-4aa5=7a2. 3. a;2+3ma;=— r-. 

4 

2 571 _37i2 g^ ^ ^ 

4. a; -—a;— 2". 7- ^^^^yj (a.-a)2-"- 

5. a;2^.(^_X)a;=a. 8. adx-acoi^^'bcx-hd, 

OLC 

6. a2^. ^^_5ja._(j5. p. ca;+— jT=(a + 6)a^. 

aV 2aa; . 62 

,« Zahi 6a2+a6-262 523. 

11. aox^H s 3 . 

c (? c 

12. (4a2-9c(i2)a2 + (4a2c2+4a6(22)a; + (ac2+6d2)2=0. 

248. If both sides of an eqnation can be divided by the 
unknown symbol, divide by it, and observe that is in that 
eye one root of the equation. 

Thus in solving the equation 

a5-2a:2=3a;, 

we may divide by as, and reduce the equation to the form 

ai2-2a;=3, 

from which we get 

05=3 ora;=-l. 

Then the Gvree loots of the original equation are 0, 3 and - 1. 

We BhaH now gire some MiflceWaiieox]LB 'lxasK^\^ ^'^ ^^asA.- 
'aUc SqnationeL 
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Examples.— xcii. 

I. »2^7a; + 2 = 10. 2. aj2-5a5 + 3=9. 3. a;2-lla;-7=5. 
4. x2-13a;-6=8. 5. 0^24.72.-18^=0. 6. 4a;-^^=-^=22. 

7. a^-9a;+20=0. 8. 5x-3^=^^. 

05-3 2 

9. jB2_6a;-14=2. 10. -^-^Z^ ^2. 

"• 5T7-ra=^- '^- '^-l^-llx. 13- a?-14=iae. 
14. ia!"-rf!+7|=8. IS. 3a;-— -26. 16. 2««=18!B-40. 

ZOO 0? 

^ 4 + 3a; 15-a; 7a;-14 o o « o>i o^ 

^7- -10—7:16-^ 20~- '^- 3a^=:24a:-36. 

3a;-6 6g; ^1 7 2a;-5 _ 3a;-7 

^^* 9a; "'3a;-25"'3' ^^4 a; + 5 ~ 2x ' 

4a;- 10 7 -3a; 7 / oxa . >. ^>i 

21. = ==. 22. (a; -3)2+ 4a; =44. 

23. — ^=V ^— . 24. 6a;2+a;=2. 25. a5*-2«'=9. 

26. a:2-a;=210. 27. -^+?=3. 28. ^-11=| 

X4-1 a; 00 

29. — ^=- + ^^^. 30. 15a;2-7a;=46. 

^ a;-l 2 a; '^ / 

1 2 3 4a; 20-4a; _.,^ 

3^- ^:^";Hr2'"5- 32. 5 _^ ^ -15. 

10 14-2a; _22 a; ^ 7 

^3' a; " a;2 -9- ^^ x+eo 3a;-5* 

12 . 8 _ 32 ^ X 7-x_^9 

35* 5-x'*'4-a;"a; + 2* 3^* 7-a;'*" x "To* 

37. a;2 + (a + 6)a; + a6=0. 38. a;2-(6-a)x-<iA=-<^. 

39. a;2«2aa;4-a2..j2=o. 40. x^-^a^-oF^x-o^^^- 



XX. ON SIMULTANEOUS EQUATIONS 
INVOLVING- QUADRATICS. 

249. Fob the solution of Simnltaneotis Equations of a de- 
gree higher than the first no fixed rules can be laid down. We 
shall point out the methods of solution which may be adopted 
with advantage in particular cases. 

250. If the simple power of one of the unknown symbols 
can be expressed in terms of the other symbol by means of one 
of the given equations, the Method of Substitution, explained 
in Art. 217, may be employed, thus : 

Ex. To solve the equations 

x+y=60 

xy=eoo. 

From the first equation 

35=60 -y. 

Substitute this value for x in the second equation, and we 
get {60'-y).y=eOO. 

This gives 60y - y^= 600. 

From which we find the values of y to be 30 and 20. 

And we may then find the corresponding values of a; to be 
20 and 30. 

251. But it is better that the student should accustom 
himself to work such equations syrn/metricallyy thus ; 

To solve the equations 

x + y=bO (1), 

x'y=600 C^), 

From (1) ai2 + 2x1/ 4- -y^ =^t>00. 

From (2) 4x|/ =^400. 
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Subtracting, x^-2xy + y^'= 100, 

.-. x-'y=±lO, 

Then from this equation and (1) we find 

a;=30 or 20 and y=20 or 30. 

Examples.— xciii. 

I. a;+y=40 2. x+y=l^ 3. a;+y=29 

jBy=300. ajy=36. xy^lOO, 

4. aj-y=19 5. 05-^=45 6. a!-i(=99 

ay = 66. 05^=250. ajyslOO. 

252. To solve the equations 

x-y=l2 (1), 

a;2+y2=74 (2). 

From (1) jB2-2ajy+y2=i44 (3). 

Subtract this from (2), then 

2xy=-70, 
:. 4an/=-140. 

Add this to (3), then 

x^-\-2xy + y^=^4, 
:. a;+y=±2. 

Then from this equation and (1) we get 

»=7 or 5 andy= -5 or- 7. 

EXAMPLES.— XCiv. 
I. X'-y=4 2. x-y==lO 3. a;-2^=l4 
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253. To solve the equations 

a;3+t/3=35 (1)^ 

a; + i(=5 (2). 

Divide (1) by (2), then we get 

«2_a5y + y2=,7 (3)^ 

From (2) a;2 + 2a;2/ + i(2=25 (4), 

Subtracting (3) from (4), 

3ay.= 18, 
.-. 4icy=24. 

Then from this equation and (4) we get 

.*. 05-1/= ±1; 
and from this equation and (2) we find 

x=3 or 2 and ^=2 or 3. 

EXAMPLES.— XCV. 

I. a?+y8=91 2. sB3+y3=341 3. a^+t/^^ioQg 

aj+y=7. a;+i/=ll. a; + y=12. 

4, a?-i/3==56 5. iBS_y3=98 6. a:3_y3^279 

x-y=2, x-y=2, a;-y=:3. 

264. To solve the equations 

s+re ^ ^')' 

From (1), by squaring it, we get 

1 2 1 _25 . . 

^+^ + 7"36 ^'*^- 



From this subtract (2), and we have 

2_^12. 

4 a4 
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Now subtract this from (3), and we get 

1 1_ 1 
*• a; 2/""-6* 

and from this equation and (1) we find 

a3=2 or 3 and 2^=3 or 2. 



Examples.— xcvi, 

1 l_^ 1 1_3 1 1_ 

111 11 ol /:llo* 
4. = ,o 5. = 2^5 6. =3. 

l.-l=-L I._Jl=8? —-—=21 

a;2 " 2/2 144* aj2 y^ 4' a;2 y2 



255. To solve the equations 

a;2+3an/=7 (1), 

ajy + 4i/2 = l8 (2). 

If wo aM the equations we get 

a;2 + 4a^ + 41/2 = 25. 

Taking the square root of each side, and taking only the 
positive root of the right-hand side into account, 

a5+2t/=5; 
.-. x=b-^y. 

Substituting this value for x in (2) we get 

(5 -2i/) 2/ + 41/2 =18, 
an equation by which y may be detein^^^ 

Note. In some examples we tomb^ »ublTac.t ^^ ^fc^R^sr 
equation from the first in order to get a. -^ctiect ^iK^«t^« 
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256. To solve the equations 

^-f^m (1), 

a;2+ajy+y2=13 (2). 

Dividing (1) by (2) we get a;-y=2 (3), 

squaring, ix^-2xy+y^=4 (4). 

Subtract this from (2), and we have 

3xy=9; 
:. 4xy=l2. 

Adding this to (4), we get x^ + 2xy + y^=16; 

.*. »+y=±4. 

Then from this equation and (3) we find 

05=3 or -1, andi/=l or -3. 

257. To solve the equations 

a;2+2/2=66 (1), 

a»/=28 (2). 

Multiplying (2) by 2, we have 

x2+y2=65) 
2aji/=56j' 

;. rB? + 2ajy+y2=i21) 
sc2-2«y+y2^ 9)' 

.-. a;+y=±ll (A), 

a-y=± 3 (B). 

The equations A and B famish four pairs of simple 
equations, 

a; + y=ll, a;+y=ll, a;+y=-ll, a;+y=-ll, 
aj-y=3, a;-y=-3, a;-y=3, a;-y=-3. 

from which we find the values of x to be 7, 4, - 7 and - 4, 
and the coiresponding values of i/ to be 4, 7, - 4 and — 7. 

£58. The artifice, by which th^ boVoAaoil ot the equations 
given. In tbia article is effected, \a a"5i^'^ca\i\^ \ft <a»fts^ \xi^\sM3a. 
'^nations are homogeneous and of the zokm wdAx. 



or -r-T 
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To solve the equations 

051/ -1/2 = 2. 

Suppose y—mx. 

Then x^ + map =15, from the first equation, 
and mas^ - 17^=2, from the second equation. 

Dividing one of these equations by the other, 

x^-hmx^ _15 

g2(l+m) ^15 
a;^ (m - m^) 2' 

1 + m 15 
or 2="H"' 

From this equation we can determine the values of m. 

2 
One of these values is », and putting this for m in the 

2 
equation x^ + msc^ = 15, we get x^-\-^stP^ 15. 

From which we find a; = ± 3, 
and then we can find y &om one of the original equations. 

259. The examples which we shall now give are intended 
as an exercise on the methods of solution explained in the 
four preceding articles. 

EXAMPLES- — XCVii- 

I. a:3_|^=:37 2. x^ + 6xy = 144: 3. a^+an/sSlO 

.a2 + fl53/ + t/2=37. easy + 361/2 =432. y^-^xy =231. 

4. a;2 + 2/2=68 5. aP'¥f=lb2 6. 4a;2+9iBi/=i90. 

an/ = 16. x^-xy-hy^=l9. 4x-6y=l0, 

7. x^+xy + y^=Z9 8. a;2+in/=66 9. ^'h4xy=20. 

33/2-5an/=25. xy — y^=b. 5xy + 2y^=l2, 

10. fl52-flj2/ + 2/2-_7 ji^ a;2_25y_35 j2. 3a;2 + 4a5^^ -V ^2 ^^V. 
3a;2 + 13a:y + 8y2=ri6'2. a3i/ + 'j^^=ia. ^x^n'^^^'^^* 

/J. 0:3+^3^2728 14. a2^9ayg=,:i40 \V •:^^'>?'^^'^ 

^2;^- ay +3/2^124. 7x|/ -11^=111. xxj--^-^'^- 1 



XXI. ON PROBLEMS RESULTING IN 
QUADRATIC EQUATIONS. 

« 

260. The method of stating problems resulting in Quad- 
ratic Equations does not require any general explanation. 

t 

Some of the Examples which we shall give involve one 
unknown symbol, others involve two. 

Ex. 1. What number is that whose square exceeds the 
number by 42? 

Let X represent the number. 

Then ic2=a;+42, 

or, a:2_jp_.42j 

therefore a;^ - 05 + -r = — r- ; 

And we find the values of a; to be V or - 6. 

Elx. 2. The sum of two numbers is 14 and the sum of 
their squares is 100. Find the numbers. 

Let X and y represent the numbers. 
Then a; + i/=14, 

and 0^+1/2=100. 

Proceeding as in Art. 252, we find 

iC=8or6, 0^=6 01%. 

•"-e the numbers are 8 and 6. 
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EXAMPLKS.— xcviii. 

1. What number is that whose half multiplied by its third 
part gives 864? 

2. What is the number of which the seventh and eighth 

parts being multiplied together and the product divided by 

2 
3 the quotient is 298^ ? 

o 

3. I take a certain number from 94. I then add the 
number to 94. 

I multiply the two results together, and the result is 8512, 
What is the number ? 

4. What are the numbers whose product is 750 and the 
quotient of one by the other 3-? 

5. The sum of the squares of two numbers is 13001, and 
the difference of the same squares is 1449. Find the numbers. 

6. The product of two numbers, one of which is as much 
above 21 as the other is below 21, is 377. Find the numbers. 

7. The half, the third, the fourth and the fifth parts of a 
certain number being multiplied together the product is 6750. 
Find the number. 

8. By what number must 11500 be divided, so that 
the quotient may be the same as the divisor, and the re- 
mainder 51 ? 

9. Find a number to which 20 being added, and from 
which 10 being subtracted, the square of the first result added 
to twice the square of the second result gives 17475. 

10. The sum of two numbers is 26, and the sum of their 
squares iS{436. Find the numbers. 

11. The difference between two numbers is 17, and the • 
sum of their squares is 325. What are the numbers ? 

12. What two numbers are they wKoaft '^xci^'cX.Na* '^^ «»Ssw 
the sum of whose squares is 514 \ 

I J. Divide 16 into two parts b\xc\i >?t\«.'t Ni^v^-o: -gt.^^i»s.' 

added to the sum of their sqnaxes ma^ "be '2.Q>^. ^ 

/■a4 7 ^ ^ 



/ 
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14. What number added to its square root gives as a 

result 1332 1 

3 

15. What number exceeds its square root by 48^? 

16. What number exceeds its square root by 2550 ? 

17. The product of two numbers is 24, and their sum 
multiplied by their difference is 20. Find the numbers. 

18. What two numbers are those whose sum multiplied 
by the greater is 204, and whose difference multiplied by the 
less is 35 ? 

19. What two numbers are those whose difference is 5 
and their sum multiplied by the greater 228 ? 

20. Find three consecutive numbers whose product is 
equal to 3 times the middle number. 

21. The difference between the squares of two consecutive 
numbers is 15. Find the numbers. 

22. The sum of the squares of two consecutive numbers is 
481. Find the numbers. 

23. The sum of the squares of three consecutive, numbers 
is 265. Find the numbers. 

Note. If I buy x apples for y pence, 

- will represent the cost of an apple in pence. 
If I buy X sheep for z pounds, 

- will represent the cost of a sheep in pounds. 

Ex. A boy bought a number of oranges for I6d, Had he 
bought 4 more for the same money, he would have paid 
one-third of a penny less for each orange. How many did 
he buy 1 
5j Let X represent the number of oranges. 



' Ifi 
Then — will represent the cost of an orange in pence, 

X 

TT 16 16 1 

Hence — =— -7+~, 

X 07 + 4 3' 



or 16 (3a; + 12) = 48a; + a;2 + 4x, 
or a;2 + 4x=\^^, 
from which we find the values oi x \io \>«i \'i ^t -\^. 
Therefore he bought 12 oranges. 
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24. I buy a number of handkerchiefs for £3. Had I 
bought 3 more for the same money, they would have cost one 
shilling each less. How many did I buy % 

25. A dealer bought a number of calves for £80. Had he 
bought 4 more for the some money, each calf would have cost 
£\ less. How many did he buy ] 

26. A man* bought some pieces of cloth for £33. 15«., 
which he sold again for £2. 8«. the piece, and gained as much 
as one piece cost him. What did he give for each piece ? 

27. A merchant bought some pieces of silk for £180. 
Had he bought 3 pieces more, he would have paid £3 less for 
each piece. How many did he buy ? 



28. For a journey of 108 miles 6 hours less would have 
sufficed had one gone 3 miles an hour faster. How many 
miles an hour did one go % 

29. A grazier bought as many sheep as cost him £60. 
Out of these he kept 15, and selling the remainder for £54, 
gained 2 shillings a head by them. How many sheep did 
he buy ? 

30. A cistern can be filled by two pipes running together 
in 2 hours, 55 minutes. The* larger pipe by itself will fill it 
sooner than the smaller by 2 hours. What time will each 
pipe take separately to fill it ] 

31. The length of a rectangular field exceeds its breadth 
by one yard, and the area contains ten thousand and one 
hundred square yards. Find the length of the sides. 

32. A certain number consists of two digits. The left- 
hand digit is double of the right-hand digit, and if the digits 
be inverted the product of the number thus formed and the 
original number is 2268. Find the number. 

33. A ladder, whose foot rests in a given position, just 
reaches a window on one side of a street, and wkei^L ^ssk^^^ 
about its foot, just reaches a window on. >^ei o^^ec ^^.^'i. '^'Ciw^ 
two positiona of the ladder be at xi^Yit aTi^^"^ V.o ^a.<5Q. ^*«oi 

and the heights of the windows \>e 36 axid ^n ifc^'^* ^^'SJ^^^*'*' 
nnd the width of the street and the len^^x oi ^Xle^^^^^'^ 
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1 
34. Cloth, being wetted, shrinks up ^ in its length and 



irx in its width. If the surface of a piece of doth is di- 



3 

minished by 5^ square yards, and the length of the 4 sides 

by 4^ yards, what was the length and width of the cloth % 

35. A certain number, less than 50, consists of two digits 
whose diflference is 4. If the digits be inverted, the difference 
between the squares of the number thus formed and of the 
original number is 3960. Find the number. 

36. A plantation in rows consists of 10000 trees. If^here 
had been 20 less rows, there would have been 25 more trees in 
a row. How many rows are there ? 

37. A colonel wished to form a solid square of his men. 
The first time he had 39 men over : the second time he in- 
creased the side of the square by one man, and then he found 
that he wanted 50 men to complete it. How many men were 
there in the regiment ? 



XXII. INDETERMINATE EQUATIONS. 

261. Whi n the number of unknown symbols exceeds that 
of the iadependent equations, the number of simultaneous 
values of the symbols will be indefinite. "We propose to ex- 
plain in this Chapter how a certain number of these values 
may be found in the case of Simultaneous Equations involving 
two unknown quantities. 

Elx. To find the integral values of x and y which will 
satisfy the equation 

3x + 7i/=10. 
Here 3x=lO-7y; 

if a: and y are integexs,^^ mwsX. «\^o\ife «D.\xv\fc^t, 
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1— V 
Let — --^=?M, then 1 -y=3m; 

/. y=l-3m, 
and a5=3-2i/+m=3-2 + 6m+m=l + 7m; 

or the general solution of the equation in whole numbers is 

05= 1 + Vm and y = 1 - 3m, 

where m may be 0, 1, 2 or any integer, positive or 

negative. 

If m=0, a= 1, y= I 

if m=l, x= 8, y= -2 

if m=2, 35=15, i(= -5 

and so on , from which it appears that the only positive inte- 
gral values of x and y which satisfy the equation are 1 and 1. 

262. It is next to be observed that it is desirable to divide 
both sides of the equation by the smaller of the two coefficients 
of the unknown symbols. 

Ex. To find integral solutions of the equation 

7a; + 5i/=31. 

Here by=^l-*7x; 

.*. y=6--x + — -— . 

Let — r — =m, an integer. 

Then 1 - 2a; = 5m, whence 2a; = 1 - 5m ; 

1-m o 
.. x= —^ 2m. 

Let — ^— =w, an integer. 

Then 1 - m=2n, whence m= 1 - 2n. 

Hence x^n-^m^n-^ + 471=^571-2; 

y=36-a;+m=6-5w + 2 + l-2?i=9-Vn. 

Now if n=0, a;=-2, i/= 9; 

if w=l, x=: 3,11== ^\ 

if n=2, aj= 8, 'yst-ti^ 
and 80 on. 
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263. In how many ways can a person pay a bill of ;£13 
with crowns and guineas 1 

Let x and ^ denote the number of crowns and guineas. 

Then 6a; 4-211/= 260; 

.-. 6x=260-21y; 



a;=52-42/-|. 



Let ^=Wr, an integer. 



Then y=6m, 

and jc=52-4y-m=52-21?/i. 

K m=0, a;=52, y= 

m=l, a;=31, y= 5 
m=2, 05=10, 2/ = 10: 
and higher values of m will give negative values of x. 

Thus the number of ways is three, 

264. To find a number which when divided by 7 and 5 
will give remainders 2 and 3 respectively. 

Let X be the number. 

(C — 2 
Then — =— ■=» an integer, suppose m ; 

and —V— «■ an integer, suppose n. 

Then a«7m+2 and a5=6w+3; 

.-. 7m+2=5w+3j 

.'. 5n=7m- 1, whence n=mH ^^ 

5 

Y , 2m - 1 . , 

Let — = — =^Pf an integer. 

M J- 1 

Then 2m = 5p + 1, whence m= 2p +^^^— . 
Let £--— =gf, an integer. 

aj».7m+2«35q[-'^'i. 
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Hence if 


gr = o, aj=-12 


if 


g'^l, «= 23 


if 


2=2, a;= 58 


and so on. 





Examples.— xcix. 

Find positive integral solutions of 

I. 5a; + 7y=29. 2. 7a;+19y=92. 

3. 13x4- 191/ = 11 70. 4. 3a: + 5y=26. 

5. 14c-5y=7. 6. 11a; + 151/ =1031. 

7. 1 lie + 71/ =308. 8. 4j;-192/=23. 

9. 20ic-92/=683. 10. 3a; + 7?/= 383. 

II. 27a; + 42/ = 54. 12. 7a; + 92/=653. 

13. Find two fractions with denominators 7 and 9 and 

.1. • 57 

their sum ^i^r. 

DO 

14. Find two proper fractions with denominators 11 and 

82 



13 and their difference 



143* 



15. In how many ways can a debt of £\, 9«. be paid in 
florins and half-crowns ] 

16. In how many ways can ^£20 be paid in half-guineas 
and haK-crowns % 

17. What number divided by 5 gives a remainder 2 and 
by 9 a remainder 3 ? 

18. In how many different ways may £\\, ISa. be paid in 
guineas and crowns ? 

19. In how many different ways may £4. lis. 6<i.V^ ^^^ 
with half-guineas and half-crowns \ 

20. Shew that 323a; -527]/ =1000 caxmoV ^i^ ^M-s.^^^^^ 
Integral values of x and y. 
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21. A farmer buys oxen, sheep, and hens. The whole 
number bought was 100, and the whole price £100. If the 
oxen cost £5, the sheep j£l, and the hens Is. each, how many 
of each had he ? Of how many solutions does this Problem 
admit? 

22. A owes B 4s. lOd; if A has ouly sixpences in his 
pocket and B only fourpenny pieces, how can they best settle 
the matter ? 

23. A person has £\% 4s. in half-crowns, florins, and shil- 
lings ; the number of half-crowns and florins together is four 
times the number of shillings, and the number of coins is the 
greatest possible. Find the number of coins of each kind. 

24. In how many ways can the sum of £h be paid in 
exactly 50 coins, consisting of half-crowns, florins, and four- 
penny pieces ? 

25. A owes B a shilling. A has only sovereigns, and B has 
only dollars worth 4s. 3(i. each. How can A most easily pay HI 

26. Divide 25 into two parts such that one of them is 
divisible by 2 and the other by 3. 

27. In how many ways can I pay a debt of £% 9s. with 
crowns and florins % 

28. Divide 100 into two parts such that one is a multiple 
of 7 and the other of 11. 

29. The sum of two numbers is lOO. The first divided by 
6 gives 2 as a remainder, and if we divide the second by 7 the 
remainder is 4. Find the numbers. 

30. Find a number less than 400 which is a multiple of 7, 
and which when divided by 2, 3, 4, 5, 6, gives as a remainder 
in each case 1. 



XXIII. THE THEORY OF INDICES- 

265. The number placed over a symbol to express the 
power of the symbol is called the Index. 

Up to this point our indices have in all cases been Positive 
Whole Numbers. 

We have now to treat of Fractional and Negative indices ; 
and to put this part of the subject in a clesirer light, we shall 
commence from the elementary principles laid down in Arts. 
45, 46. 

266. First, we must carefully observe the following results : 

For a^xa^=a.a.a,a,a=a^y 

and (a3)2=a'.a3=a.a.a.a.a.a=a^. 

These are examples of the Two Rules which govern all 
combinations of Indices, The general proof of these Eules we 
shall now proceed to give. 

267. Def. When m is a positive integer, 

a™ means a . a . a with a written m times as a fi^tor. 

268. There are two rules for the combination of indices. 
Rule I. a"xa"=a"^. 

Rule II. {ary^ar*. 

269. To prove Eule I. 






J 
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Therefore 

ft"xa" = (a.a.a to m factors) x (a, a, a ...... to n 

^a,a,a to (m + w) factors, 

=a"*+", bv the Definition. 

To iwcwe Rule II. 
(a")"=a* ,a* ,a* to n factors, 

^{a,a,a to m factors) (a. a. a ... to m fjEu^ton) ... 

repeated n times, 

^ a . a . a to mn factors, 

s=a""*, by the Definition. 

270. We have deduced immediately from the Definition 
that when m and n are positive integers a" x a* =»•»+•. When 
m and w are not positive integers, the Definition has no mean- 
ing. We therefore extend the Definition by saying that a* and 
a", whatever m and n may be, shall be such that a* x a*=o^^ 
and we shall now proceed to shew what meanings we assign to 
a*, in consequence of this definition, in the following cases. 

271. Case I. To find the meaning of a», p and q hein^ 
positive integers, 

a«xa»==a» «, 

E p. P- f J.E E P+P^P. 

a^xa'' xa''=a'' <'xa*=a«^ '' ^; 
and by continuing this process, 

a^xa'' X to g[ factors = a'^ * ' 

But by the nature of the symbol f/ 

Sfo^x UlaFx to gffactors=a^; 

p p 

/. a'xa^x to q factoT8= ya? x yo? x .«A<i q.Wx«sw^*^ 

p 

.-. a«= A/of. 
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272. Case II. To find the meaning of a'', 8 being a posi- 
^, tive number, whole or fractional. 

We must first find the meaning of a^. 

AVe have 



Now 



a*xaO=a*+o 




=»*•; 




.-. aO=l. 


a* 


xa"*=a*-' 




=aO 




=1; 


• 


a' 



273. Thus the interpretation of a"* has been deduced from 
Kule I. It remains to be proved that this interpretation 
agrees with Rule II. This we shall do by shewing that Rule 
II. follows from Rule I., whatever m and n may be. 

274. To shew that (a'*Y=a**''for all valves ofm and n, 

(1) Let 71 be a positive integer : then, whatever m may be, 

(a'*)'*=a"* .a"* .a^ to n factors 

(2) Let n be a positive fraction, and equal to -, p and q 
being positive integers*; then, whatever be the value ofm, 

(a'*)«x(a")»x to 2 factors =(a~)«^?"^"**''*^ 

=ar, by (1). 

Buta* xa* X to g factors =a« « 

.-. {ary = a « •, 

that is, («•»)•= a'**. 
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(3) Let n= — «, « being a positive number, whole or feac- 
tional : then, whatever m may be, 

=-L, ^y (1) ^^ (2) of this Article ; 
that is, (»"•)"= ^ 



I 



a 

275. We shall now give some examples of the mode in 
which the Theorems established in the preceding articles are 
applied to particular cases. We shall commence with exam- 
ples of the combination of the indices of two single terms. 

276. Since af* x of = ar+*, 

(1) of xaf'^=iB*+*"""=aj'. 

(2) afxa;=af+^ 

(3) a'*+*-^.a^-H^.a:*-*^=a^-***"*^*^*'**+*===a*+^ 

(4) a"*-". }f-* X a"-*. 6'-". c 

r=l.l.C 

= c. 

277. Since (05*)*= of**, 

(1) (ic6)8=a^x3=ai8. 

(2) (iB*)i=a;*''i=a;2. 

(3) (a««)*=a*"'*=a2«. 

278. Since :«»= i/^, 

(1) x^^^¥. 

(2) x^^Jtl'^^ 
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Note. When Examples are given of actual numbers raised 
to fractional powers, they may often be put in a form more fit 
for easy solution, thus : 

(1) 144^=»(144*)3=(V144)3= 123= 1728. 

(2) 125^ == (1254)2 =, ( ^125)2 := 52 == 25. 

279. Since (cr)»=ar», 

(1) } (a?")" }' = (ar»)' = qT^, 

(2) ) (a-*)— I' = (a"") " = a""'. 

(3) { (a;-")" Y = (aJ""*") " = «""""• 



280. Since «-»= 



a;"' 



we may replace an expression raised to a negative power by 
the reciprocal (Art. 199) of the expression raised to the same 
positive power : thus 

(1) <.->=!. (2) a-«=-^\. (3) a-^=4. 

a 



EXAMPLKS.— C. 

(1) Express with fractional indices : 

I. ^/T^+iJx' + U^y* 3- 4/?4(4/a)6 + aVa^ 

(2) Express with negative indices so as to remove all powers 
from the denominators : 

x^ 3aj 4 gy 1 . » 

(3) Express with negative indices ao ^a\.o ^ercLO^^ ^i^ ^a^«« 
from the numerators : 
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^' x^'^Zx'^6' • ^' 3z '*"""^"*"~T~' 



(4) Express with root-symbols and positive indices : 

Q 1 Q X 335*" X " 

I. 2x^ + 3x^y^+x-^y'^. 3- ^+-l|+ — IT- 



X ^ Sx"^ X ^ 

^ + — 3+ — 

y ^ y ^ ^y 

1 2 X"^ x~^ x~^ 

2. x 8 + 2^ 3+«-3. 4- "T"^ v^"*"!^' 

281. Since aJ"-fa;"=^=a;"». a;-"=x"-", 

(1) a^-^a;S=iB8-3=aj6, 

(2) iB8-f-a;8=a;3-8=a;-6=~. 

(3) aJ* -^ a;""" = a:!«-<«-") = aj«-«»+n _ ^.n^ 

(4) a»-ra^=a*-(H^)=a*-*-*=a-*=— . 

(5) a;^-^a;3=a;5"i=a;i 

(6) x^-i-x^=-x^~^=x^'^=x~^=x~^=^~l' 

aj3 

282. Ex. Multiply a^ - a^' -^^ a' - 1 by a' + 1. 

a^-a^ + a^-l 
a'+l 






a^'-l 



EXAMPLES.—Ci. 

Multiply 

J. a?*- - 2aa^' + 4a* ^y x*^ -V^ax^* v 4tt\ 
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5. a'" + 6"-2c'by 2a'»-6 + c^ 

7. fl5**-a;''2/" + y^by ar*» + a:y + 2/**. 

8. a'^+P - 6"'' + C by a'^-'' + 1^-'^ + ci-". 

9. Form the square of ar^ + a;'' + 1. 
10. Form the square of ic* - of + 1. 

283. Ex- BiMe, x^-lhj^xf- 1. 









aj'-l 



Examples.— cii. 

Divide 

1. a5*~ — i/*« by as" - xf^. 3. a** - 1/*' hy 7f-f, 

2. a:*" + i/*'bya;" + 2/". 4. a^*^ + 6^*^ by a'^ + 6^ 

5. a^ - 243 by a;" - 3. 

6. a*~ + 4a*"ar^ + 16a;*"by a^ + 2a'*x" + 4ar^. 

7. 9a;'' + 3a;*p+14a:*' + 2 by 1 + Sa;" + a;*". 

8. 146*"c'» - 136*"c^ - 55""» + 46*"c*'" by 6^ + fe^c** - 26*"*c*. 

9. Find the square root of 

a*- + 6a*" + 15a*" + 20a'^ -V Iba?* -V ^oT ^ \ . 

JO. Find the square root of 

a*" + ^ + c*' + 2a'*b'' -V- ^a'^cf -v ^^""cT . 
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Fractional Indices. 
284. Ex, Multiply a* - ah^ + 6^ &y a^ + 6^. 

a^-ah^ + h^ 
ai + fti 

a -a%^ + a^h^ 

-^ah^-ah^ + b 
a +h 



Ex AMPLES-— Ciii. 

Multiply 

I. a;»-2a;3 + l by a;^-l. 

3* a^ - a;3 by a» + a^x^ + x^. 

4. a^ + 6^ + c^ -a^fti-a^c^-^M by ai + fti+oi 

5. 5a;* + 2a;2yi + 3ic*2/^ + 7y* by 2ic* - 3^. 

6. m^ + m%* + m '^n* -f m%^ + n* by m^ — n* 

7. m^ - 2dim^ + 4€^hjm^ + 2dim^ + 4d^. 

8. 8a^ + 4a?6^ + 5aH^ + 96^ by 2a^ - 36^ 

I 

FoTm the square of each of the following expressions : 
9. 05^ + a^. 10. as* -a* 11. a^+y*. 

12. a-hi^. 13. x^-^o^-V^. \V 'SlS -ViaJ A^4. 

^ i, i 



\6. o^-v-'i.'^-^ 
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285. Ex. BividA a-hhy i/a- i/b. 
Putting a* for i/a, and 6* for 4/6, we proceed thus : 
ai -hi)a-hl^J + aibi -\-ahi + hi 

ah^-b 
a^b^^aibi 

ah^ - b 

EXAMPLKS.—Civ. 

Divide 

I. x-yhy 7^-y^, 7. a; - Sly by a;* - 3y*. 

. a-bhy a^ + b^, 8. 81a-166 by 3ai-26i 



2 



3. x-yhy 0^ -y^, 9. a-xhj x^ + a^, 

4. a + ftbya^ + fti jo. m-243bym*-3. 

5. a; + 2/by a;5 + y6, n. a;+17a;2 + 7o by a;2 + 7. 

6. m-wbym*-n». 12. a;^+ic^-12 by a;^-3. 

13. b^-Zb^ + Zb-b^hyb^-l. 

14. a + 2/+A;-3a;%^»^ by as^ + y^ + ^^t 

15. jc - 6a;^ ~ 46a;^ - 40 by a;^ + 4. 

16. m + m%^ + n by m^ - rtfiri^ + n* 

17. 2}-42[)* + 6j>2 -4^4 + 1 by |)2_2p*-Vl. 

jg. x+y by x^ - x^y^ + 35*1/^ — x^'i/* -V ir • 
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Negative Indices, 
286. Ex. Multiply x'^ + x'hf'^ + x'hf^ +yr^ by ar^- y-\ 

a;-i - y-^ 

a** + x'hf^ + ic"^"2 + x"^"' 



Examples. — cv. 

Multiply 

I. a-i + 6-ibya-i-6-i. 2. x-^-^-h'^hj xr^-h-^ 

3. a:'+a+x"^H-a~'by cc-a:"^ 4. x^-l+a^'by 35*4 l+ar*. 
5. a-^+h-^hja-^-h'^ 6. a-i-b-i + c"* by a-i + ftr-i+c-i. 
7.1+ db'^ + a*6~* by 1 - a^"^ + d^b'^, 

8. a86-2 + 2 + a-«68 by o»6-2 _ 2 - a-^ja. 

9. 4x-' + 3*-^ + 2x-i + l by X-2-X-1+1. 
la |x-3+a2ri-|by2x-2-x-i-i 

287. Ex. Divide a«+ 1 +«-« 6y a; - 1 +x-^ 
X- 1 + X-V xs+ 1 +X-3 (^x + 1 +X-1 
a^-x + l 



x+x-2 

X-1 + 


x-1 


1- 
1- 


X-1+X-* 
X-1+X-* 



KoTE. The order of the powers of a is 

o*, a\ a\ a% a'\ a"', a"^ 

a series wbifh may be written thxis 

a^ o , «> ^1 ^' a^"<? 
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EXAMPLKS.— CVi. 

Divide 
I. a;2-a5~2 by as+oj"^. 2. a^-J^^by a— 6""^. 

3. rr? + inr^ by m + w^, 4. c^ - (Z~^ by c - d~^. 

5 . aj^j/"^ + 2 + jc''-^^ by fljt/"^ + a;""^. 

6. a-* + a-26-2 + 5-4 by a-2 _ ct-ift-i + 6-2. 

7. a^3 _ a--^3 _ 3a5y-i 4. 3jc-iy by ai/"^ - a;~^. 

4 8 4 4 

'r-2 
by^-ari + 3. 

9. a^ft"^ + (1-3^3 by (1^5-1 ^ ^-15^ 
10. a-3 + 6-3 + c-3 - 3a-i6-Vi by ar^ + 6"^ + (T^. 

288. To shew that (ahy=^a\ h\ 

(^aby =^ah,ah. ah. . .to n factors 

—(a. a. a ... to n factors) x (6 . 6. 6 ... to n factors) 
=a*.h\ 

We shall now give a series of Examples to introduce the 
various forms of combination of indices explained in this 
Chapter. 

Examples.— evil. 

I . Divide s^ - 4xy + 4x^y + 4y2 by x^ + 2x^y^ + 2i/. 



2. Simplify } (a^)3 .(a^^^^. 3. Simplify (x^^ . a^^) 
4. Simplify j^-,-^—^ ^+^\ 



1^ 

8*— a 
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5. Multiply |ar-2 + 4aj-i - 1 by 3ar^ - %x'^ - i 

jg(»+* /jp«-* 2if~^ 

6. Simplify ' ' . 7. Divide sc*" - 2/** by aJ» + y*. 

8. Multiply (a^ + 6fy by a^- 6* 

9. Divide a-hhj ija- f/k 10. Prove that (a2)"»=(a")2. 

1. If a"" =(«"*)'*, find m in terms of n. 

2. Simplify 0-^*+^ . 0^+*-* . rc*-*^ . a^-*. 

3. Simplify (5!)%(-^)'". 14. Divide 40. by ^. 

5. Simplify [K«-)--}']-f[K<»")"}^]- 

6. Mtdtiply a" + ft* - 2e" by 2a" - 36. 

7. Multiply a'-'lf-' by a"-"6»-"c. 

8/shewtlmt-J«i^=-^. 

9. Multiply aj» + a® + 1 bya^-rc^ + l 
and their product hj x^-x^-\-l. 

20. Multiply a* - Ja**-^ sc + ca!*^^^ by a" + 6a*-i aj ~ ca"*-^, 

2 1 . Divide a«^»-« - 2^2«(p-i) ^y j^f-i) + ^^d^ 

1 1 

22. Simplify { (a")**""* | "*+i. 

23. Multiply a^ + aj2'i/*' + aj'y^p + ^^Sp i)y j^f _ y^^ 

24. Write down the values of 625* and 12-2. 
2S> JtfuItipl7af*-«»-|^*-^\)yx*-ar. 



XXIV. ON SURDS. 



289. All numbers which we cannot exactly determine, 
because they are not multiples of a Primary or Subordinate 
Unit, are called Surds. 

290. We shall confine our attention to those Surds which 
originate in the Extraction of roots where the results cannot 
be exhibited as whole or fractional numbers. 

For example, if we perform the operation of extracting the 
square root of 2, we obtain 1'4142..., and though we may 
carry on the process to any required extent, we shall never be 
able to stop at any particular point and to say that we have 
found the exact number which is equivalent to the Square 
Root of 2. 

291. We can approximate to the real value of a surd by 
finding two numbers between which it liesy differing from each 
other by a fraction as small as we please. ' 



Thus, since V2 = 1-4142 

y/2 lies between jz: and yr-, which differ by j^ ; 

also between ^r^rpr and rr^rp:, which differ by ^t^ ; 

also between ^ and |^ wHch diflfer by ^. 

And, generally, if we find the square too\. oi '^ \.ck •«. ^«JsaRftS8k 
of decimals, we shall find two nuiri\)era\>e,\rw^^"CL^\s^^4'^^^ 

differing from each other by the ixactioii ^^. 
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292. Next, we can always find a fraction differing from the 
real value of a surd by less than any assigned quantity. 

For example, suppose it required to find a fraction diffe> 
ing from ^2 by less than =^. 

Now 2(12)2, that is 288, Hes between (16)^ and (17)^ 
;. 2 lies between (tq) and (to) ; 

/. »J2 lies between -^ and j^ ; 

/. ^2 differs from ^ by less than j^. 

293. Surds, though they cannot be expressed by whole or 
fractional numbers, are nevertheless numbers of which we may 
form an approximate idea, and we may make three asse^ons 
respecting them. 

(1) Surds may be compared so far as asserting that one is 
greater or less than another. Thus ^Z is clearly greater than 
V2, and 4^9 is greater than 4^8. 

(2) Surds may be multiples of other surds : thus 2 ^^2 is 
the double of ^2, 

(3) Surds, when multiplied together, may produce as a 
result a whole or fractional number : thus 

^2x V2=2, 
, V3 "/S V3 3 

294. The symbols ^a, ^a, i/a, J^a, in cases where the 
second, third, fourth, and n^ roots respectively of a cannot be 
exhibited as whole or fractional numbers, will represent surds 
of the second, third, fourth, and u**| orcZer. 

These symbols we may, in aGGOt^^aac^ vrvJOa. ^^ ^toi^o^ 
'^Id down in Chapter XXIII., Te^lac^ M (^ , ^ , ^ , ^ , 
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295. Surds of the same order are tliose for which the root- 
Bymbol or surd-index is the same. 

Thus V^, 3 tJi^h), 4 Mj(mn)y r^ are surds of the same order. 

Like surds are those in which the same root-symbol or surd- 
index appears over the same quantity. ■ 

Thus 2 ^a, 3 V^^ 4a2 are like surds. 

296. A whole or fractional number may be expressed in 
the form of a surd, by raising the number to the power denoted 
by the order of the surd, and placing the result under the 
symbol of evolution that corresponds to the surd-index. 

Thus a>= sla\ 

h 






297. Surds of different orders may be transformed into surds 
of the same order by reducing the surd-indices to fractions 
with the same denominator. 

Thus we may transform i/x and ify into surds of the same 
order, for 

and 4/2/=2/*=2/*=W, 

and thus both surds are transformed into surds of the twelfth 

order. 

Examples.— cViii, 

Transform into Surds of the same order : 
I. ^x and i/y, 2. 4/4 and 4^2. 3. V(18) and 4^(60). 
4. y2 and ;/2. 5. ^a and J^b, 6. 4/(a + 6) and jj{a^b\ 

298. If a whole or fractional number be multiplied into a 
surd, the product will be represented by placing the multiplier 
and the multiplicand side by side with no sign, or with a dot 
(.) between them. 

Thus the product of 3 and ^'l is Te^Te,^TL\fe^\s^ "^ A'^-, 

: of 4 and 5^/2 >s^'^^k^'^. 

ofaand ^/c Xs^aJ*^^ 
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299. Like surds may be combined by the ordinary pro- 
cesses of addition and subtraction^ that is, by adding the 
coefficients of the snrd and placing the result as a coefficient 
of the surd. 

Thus Va+ V»=2 tja^ 

Xfjc- fjc={x-l)^c, 

30(). We now proceed to prove a Theorem of great im- 
portance, which may be thus stated. 

The root of any eocpression is the same as the product of the 
roots of the separate factors of the ecppression, that is 

,J{ah)= »Ja, ^Jhj 

;^(j>qr):=VP'V^'Vr: 

We have in fact to shew from the Theory of Indices that 

(a6)"=a".6'\ 

1 ? 

Now j (a6) » } " = {ahy = ab, 

11 11 ? » 

and )a». 6" }•»=(»")». (6»)«=a". 6'*=a . &; 

1 11 

.-. )(a6)"("=|a''.6»}»; 

111 

.-. (a6)»=a».6''. 

301. We can sometimes reduce an expression in the form 
of a surd to an equivalent expression with a whole or frac- 
tional number as one factor. 

Thus V(72) = V(36 X 2) = ^(36) . ^2 = 6 ^2, 
^(128)= 4^(64 xa^= J^(54>.Xl^-^y^, 
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EXAMPLES.— CiX. 

Keduce to equivalent expressions witli a whole or fractional 
number as one factor : 

I. V(24). 2. V(50). 3. V(4«^. 

4. V(125a*(^3), 5. V(322/»3), 6. V(lOOOa). 

7. V(720c2). 8. 7.V(396a;) 9. 18. ^(^a^) 

10. ^'\W' i^- \'^(^^+2a2a;+aa;2), 

12. V(a3-2a^V + »i/2). 13. V(50a2_iooa6 + 5062). 

14. V(63c42/-42cV + 7y3). 15. 4^(54^662). 

16. 4^(160a^0- 17. >v^(108m9wio). 

18. >5^(1372aiS6i6). 19. 4^(x* + 3a32/ + 3a;V + ajy3), 

20. 4/^(a4 - 3a36 + ^a%^ - ab^), 

302. An expression containing two factors, one a surd, the 
other a whole or fractional number, as 3^2, af/Xy may be 
transformed into a complete surd. 

Thus 3 V2 = (32)i V2 = V^ • V2 = V(18), 

a >yaj=(a3)i ^x^ ^a\ ^x= y{a^, 



Examples.— cx. 

Reduce to complete Surds : 
I. 4V3. 2. 3V7. 3. 54^9. 

4. 24^6. ^5. 3j|. 6. 3V«. 

7. 4aV(34 ' 8. 2aa5^(g). 

U-^^/ * U2-2a;y + t/2^ * 
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303. SurdB may be corrvpared by transforming them into 
surds of the same order. Thus if it be required to determine 
whether ^2 be greater or less than i/Zy we proceed thus : 



4^3=x3i=3*= ^32= 4^9. 
And since ^^9 is greater than 4^8, 
4^3 is greater than V2. 



EXAMPLKS.— CXi- 

Arrange in order of magnitude the following Surds : 

1. V3and ^4. 6. 2^87 and 3^33. 

2. VlO and 4^15. 7. 2 4^22, 3 ^7 and 4 V2. 

3. 2V3and3V2. 8. 3 ^19, 5 4^18 and 3 4^82. 

4- ^Jh''^^|{^)' 9. 2 4^14, 5 4^2 and 3 4^3. 

5. 3V'7and4V3. 10. i ^2, | a/3 and i V4. 

304. The following are examples in the application of the 
rules of Addition, Subtraction, Multiplication, and Division to 
Surds of the same order. 

1. Find the sum of Vl8, V128, and V32. 

V(18) + V(128) + V(32) = V(9 X 2) + V(64 x 2) + V(16 x 2) 

= 3V2 + 8V2 + 4V2 
= 15 V2. 

2. From 3 V(75) take 4 V(12). 

3 V(75) - 4 V(12) = 3 V(25 x 3) - 4 V(4 x 3) 

=^,b. ^^-4.^. ^/3 
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3. Multiply V8 by V(12). 

V8x V(12)=V(8xl2) 
= V(96) 
«V(16x6). 

4. Divide V32 by V18. 

V(32) V(16x2) _4V2 4 
^(18)" V(9x2) 3V2"3* 



Examples.— cxii. 

Simplify 

1. V(2'7) + 2V(48) + 3V(108). 

2. 3 V(IOOO) + 4 V(60) + 12 V(288). 

4. 4^(128) + ^(686) + ^(16). 

5. 7 4/(54) + 3 4/(16) + ^y (432). 

6. V(96)-V(54). 

7. V(243) - V(48). 

8. 12 V(72) - 3 V(128). 

9. 5 4/(16) -2 4/(54). 
10. 7 4/(81) - 3 4/(1029). 



1. V6 X V8. 

2. V(14) X V(20). 

3. V(50) X V(200). 

4. 4/(3a26) X 4/(9a62). 

5. 4/(12a&) X 4/(8a263). 

6. V(12)~V3. 

7. V(18)^V(50). 

8. i/(a^h)-^ i/iab'). 



[9. 4^(a^6)-7- 4^(a&^. 
20. ^(x^ + a^)-^ ^{x-h2xhf + a^^. 

305. We now proceed to treat of the Multiplication of 
Compound Surds, an operation whicb will be frequently re- 
quired in a later part of the subject. 

The Student must bear in mind the two following Rules : 

Rule I. Vax V&= V(a^)j 
Rule II. ^ax ^a = a, 
which will be tfue for aU values of a aiv^b. 
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EXAMPLES.— cxiii. 

Multiply 

1. ^Jxhj^y, 9. Mjxhj-^x. 

2. ^(x-y)hj^y. 10. A/(a5-l) by- V(^-l). 

3. V(aJ+2/) byA/(^+y). II. Z^xhj "4^/x. 

4. iJ{x-y)hj,J{x-{-y), 12. -2^ahj -Z^a, 

5. e^xhjZ^x. 13. ^Jix-l)hj - ^x. 

6. 7V(aJ + l)by8V(«+l). 14. -2^(^ + 7) by -3 Va:. 

7. 10Va;by9V(a;-l). 15. - 4 V(a^ ~ 1) by - 2 VC^^ - 1). 

8. V(3a;) by V(4a;). 16. 2 V(a^-2a + 3) by -3 V(a2-2a+3). 

306. The following Examples wiU illustrate the way of 
proceeding in forming the products of Compound Surds. 



Ex. 1 . To multiply ^a; + 3 by /Jx + 2. 

a/« + 3 
Va; + 2 







- 


x + Z^x 
+ 2Va; + 6 

x + b^x-¥Q 






Ex. 


2. 


To 


multiply 4 v^ic + 3 Vy by 

4Va; + 3Vy 
4^x-Z^y 

16a; + 12 V(a2/) 
-l^^ixy)- 

16a;-9y 


4Va?- 


-3Vy. 



Ex. 3. To form the square of ^f{x - 7) - ^fx, 

;v/(x-7)- ^fx 
^f{x--)-^'x 



2x-1-^N^^-'^^^ 
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Ex AMPLES.— CXiV. 

Multiply 

I. V^ + 7byV^+2. 2. V«-5byV^+3. 

3. V(a + 9) + 3byV(a + 9)-3. 

4. V(a-4)-7byV(a-4) + 7. 

5. 3V«-VbyVaJ + 4. 

6. 2V(a;-5) + 4by3V(aJ-5)-6. 

7. V(6+a;)+ Va5byV(6+a;)- ^x, 

8. V(3^ + 1 ) + A/(2aJ - 1) by ^Zx - ^{2x - 1). 

9. ^a+ Aj(a-x) by V«- Aj(a-x), 

10. V(3 + aj) + a/^J ^y a/(3 + x). 

11. *Jx-¥ /Jy+ fjzhy^x- ^y+ ^z. 

12. x/a+ ^(a-x)+ Jx hj^a- /J{a-x)-^ ^x. 

Form the squares of the following expressions : 

13. 21+V(«^-9)- 17- 2Vic-3. 

14. V(a3 + 3)+ a/(^+8). 18. j>f{x + y)- Aj(x-y), 

15. x/ic+ V(a5-4). 19. V«. V(«^+l)- V(«~l)- 

1 6. VC^ - 6) + V^. 20. ^(^ + 1) + V^ . ^(^ - !)• 

307. We may now extend the Theorem explained in 
Art. 101. We there shewed how to resolve expressions of 
the form 

into factors, restricting our observations to the case of perfect 
squares. 

The Theorem extends to the difference between amy two 

quantities. 

Thus 

^^-y=(a;+ ^y) (x- J-yV 
l-a;«:(l+ /s/x)Cl- pJxV 



# 



±it 
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308. Hence we can always find a multiplier which wiU 
free from surds an expression of any of the/otw forms 

I. a-V ^h or 2. fja^r jjh, 
3. a- fjb or 4. V»- ^b. 

For since the first and third of these expressions give 
as a product a^-ft, which is free from surds, and since the 
second and fowrth give as a product a - 6, which is free from 
surds, it follows that the required multiplier may be in all 
cases found. 

Ex. 1. To find the multiplier which will free from surds 
each of the following expressions : 



The multipliers will be 
I. 5- V3- 2. V6- V5. 

The products will be 
I. 25-3. 2. 6-5. 

That is, 22, 1, - 1, and 5. 



3. 2+V5. 4. V7+va 



3. 4-5. 



4. 7-2. 



a 



Ex. 2. To reduce the fraction f~jc ^ *^ equivalent 
fraction with a denominator free from surds. 
Multiply both terms of the fraction by 6 + ^c, and it !»• 



comes 



ah + aijc 



which is in the required form. 



EXAM1?L£S»— CXV« 

Express in factors : 
I. c-(Z. 2. c^-d. 

4. 1-2/- S- ^-'^'^^ 

10. p^ -4r. 11. p-^- 



3. c-d^. 
^. 5tn,2— 1.' 
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Reduce the following fractions to equivalent fractions with 
denominators free from surds. 

^^' a- JV ^^ ^a-^b' 5* 3-2V2* 

'^- 2-V2- ^7. 2^7;^. i». g:;:^. 

10 ^^y^ 22 V(m 2 + 1)-V( m2-1) 

^' Va-Vx* ^^' V(m2 + 1)+V(m2-1) 

^ V(a+a;)+ V(a-a; ) «+ ^( a^-a;^) 

>J(a + x)^ ^{a^xy ^^' a-^{a^-x^y 

^09. The squares of all numbers, negative as well as posi- 
tive, are positive. 

Since there is no assignable number the square of which 
would be a negative quantity, we conclude that an expression 
which appears under the form a/( - a^) represents an impossible 
quantity. 

310. All impossible square roots may be reduced to one 
common form, thus 

V(-a2)=Vj«^x(-l)t=V«2»V(-l)=^V(-l) 
^{-x)^^\x x(-l)\=^^x .V(-l). 

Where, since a and aJx are possible numbers^ the whole 
impossibility of the expressions is reduced to the appearance of 
V( - 1) as a factor. 

311. Def. By js/{ - 1) we understand an exptession Which 
\vhen multiplied by itself produces - 1. 

Therefore 

)V(-i)f^=-i, 
W(-i)t'=W(-i)!».s/(-i)=(--i-VJ'.-^^ — •i^-'^ 

and so on. 
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EXAMPLES.— CXVi. 

Multiply, observing that 

fj -ax. »J -b= - ^ah. 

1. 4+ V(-3)by4-V(-3). 

2. V3-2V(-2)by V3 + 2 V(-2). 

3. 4V(-2)-2V2byiv(-2)~3V2. 

4. V(-2)+ ;^(-3)+ V(-4)by V(-2)- V("3)- ^(-4). 

5. 3V(-a)+V(-6)by4V(-a)-2V(-6). 

6. a+ Mj{'-a)hj a- tj{-a), 

7. aV(~a) + 6V(-&)byaV(-a)~&V(-&). 

8. a + ^V(-l)bya-y8V(-l). 

9. 1- V(l-«^byl+V(l-e2). 

lo. epV(-i)^.g-pv(-i) ijy gpV(-i)_ g-pV(-w 

312. We shall now give a few Miscellaneous Examples to 
illustrate' the principles explained in this Chapter. 



Examples.— cxvii. 

2. Provethatjl+ V(-1)P+!1-V(-1)P=0. 

4. Provethat)l+ V(-l)P-)l-V(-l)P=x/(-16> 

5. Divide a5* + a* by x^+ kJ2ax-\-a\ 

6. Divide m* + n* by m^ - kj^mn + 71^. 
7. Simplify /v/(a?+2x^*Vttfy^^ Nf(x3-2x2i/ + a.-2/2). 

8. Simplify --^^^--^^^ 
9 and 5»4. 
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9. Find the square 



of aJ\ - V(c^). 



10. Find the square of av^ - —^ 

11. Simplify 

1 2. Simplify , > ' • 

«M* '■•A .t/~"li y5"~i x '~ X I 

13. SunpHy--^|-^^ + --^^. 

14. Form the square of J^j + 3J - W(| - sY 

1 5 . Form the square of m/{x + a) - jj(x - a). 

16. Multiply y(a*-^6»"^ic^) by yCa-S'^ic"-*). 

1 7. Raise to the 5*^ power - 1 - a V( - 1). 

1 8. SimpUfy 4^(81) - 4/( - 512) + 4^(192). 

19. Simplify— f^^ 3^3 1 

20. Simplify -^ ) )y(3p V - 6dfx^ + 441;?2a. . io29p2) p. 



21. 



Simplify 2(» - 1)^( - 2^4_6»»+6»*-2J - 



1 „„„. a/(28w*) 



22. Simplify 2(» - 1) V(63) + ^ V(112) - ^^^ 

+ V|lV5(«-l)V}xA_2^(g) 

23. Wliat is the difference between m 

112 J 4^165 + V(129) I X • 4^ \65 - JO^^'^\'^ 

fs.A. 7 
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313. "We have now to treat of the metliod of finding the 
Square Root of a Binomial Surd, that is, of an expression of 
one of the following forms : 

where m stands for a whole or fractional number, and ,Jn for 
a surd of the second order. 

314. We have first to prove two Theorems. 

Theorem I- If Mja=m+ ijn, m mvst be zero. 

Squaring both sides, 

a^m^ + 2m/Jn-\-n; 

, a — m^ — n 

that is, ^n, a surd, is equal to a whole or fractional numher, 
which is impossible. 

Hence the assumed equality can never hold unless m==0 in 
which case V^= fjn. 

Theorem II. Ifh^ »Ja=m-h ^n, then must h^mya'd 

For, if not, let h—m+x. 

Then m + x+ ^a^m-v s/fh 

or «+ \/^= »Jni 

which, by Theorem I., is impossible unless a;=0, in which case 
6=m and tja^ njn, 

315. To find the Square Root ofa-h ijh. 

Assume ijia-^- njh)= V^+ ^y. 

Then c&+ ^h=x + 2Mj{xy)+y; 

;.x-V'y=a q^ 

2j(xyV 4^ J19^. 

from which we have to ^nd x oa^ 'U* 
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Now from (1) a;^ + 2aw/ + o/^ = a^, 

and from (2) 4xy—h; 

Also, a;+t/=a. 

From these equations we find 

a,=^±--^) and 2,=^^^fci) ; 

Similarly we may show that 

316. The practical use of this method will be more clearly 
seen from the following example. 

Find the Square Root of 18 + 2 ^(77). 

Assume Vi 18 + 2 aJ(77) } = V»+ Vy. 

Then lQ+2^{7r)==x + 2jJ(pcy) + y; 





/. a;+y=18 ) 
2V(a«/)=2V(V7)r 


Hence 


a;2+2«2/+y2=324) 
4an/=308r 




/. a^-2xy+y^=l6; 




:, a;-y=±4; 


also. 


x+y^l8. 


Hence 


a?=ll or 7, and t/=7 ot \1. 



That is, the square root requiied la ^/^^V) -V J"! 
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Examples.— cxviii. 

Find the square roots of the following Binomial Snxds : 

I. 10 + 2V(21). 2. 16 + 2^(55). 3. 9-2^(14). 

4. 94-42^5. 5- 13-2^(30). 6. 38-12^(10). 

7. 14-4^6. 8. 103-12V(11). 9- 75-12^(21). 

lo. 87-12V(42). II. 3|-V(10). I2. 57-12^(15). 

317. It is often easy to determine the square roots of 
expressions such as those given in the preceding set of 
Examples &i/ inspection. 

Take for instance the expression 18 + 2 V(77). 

What we want is to find two numbers whose sum is 18 and 
whose product is 77 : these are evidently 11 and 7. 

Then 18+2 V(77)=ll+7 + 2 V(ll x7) 

= U(11)+V7P. 

That is V(ll)+ V7 is the square root of 18 + 2 V(77). 

To effect this, resolution by inspection it is necessary th4U ihi 
coefficient of the surd should be 2, and this we can always ensuie. 

For example, if the proposed expression be 4+ V(15) ve 
proceed thus : 

4+^(15)=.i±2vll5) 6 + 3 + 2^(5x3) 

2 2 



_/ V5+V3 y. 
"\ J2 J* 



V2 
.'. ■ .a is the square root of 4+ V(15). 

Again, to find the Square Root of 28 - 10 ^/S. 
28-10V3 = 28-2V(75) 



\ 



XXV. ON EQUATIONS INVOLVING SURDS. 

318. Any equation may be cleared of a single surd, by 
transposing all tbe other terms to the contrary side of the 
equation, and then raising each side to the power correspond- 
ing to the order of the surd. 

The process will be explained by the following Examples. 

Ex. 1. ^x=4. 

Raising both sides to the second power, 

a;=16. 

Ex. 2. 4^0; =3. 

Eaising both sides to the third power, 

a; =27. 

Ex.3. V(a;2 + 7)-a;=l. 

Transposing the second term, 

V(a;2 + 7)=l+a;. 

Raising both sides to the second power, 

.*. a; =3. 

EXAMPLKS.— CXiX. 

I. aJx—7, 2. Va5=9. 3. a;2 = 5. 

4. 4^0; =2. 5. a;i=3. 6. ,yx-4. 

ja (x-9)i=12. II. 4^(4a-16')=^. -^-i- ^^.O -"Si. J^^^** 
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13. 4^(2a; + 3) + 4=7. 17. V(4?^ + 5iB — 2)=2x + l. 

14. h + c^x=^a. 18. V(9«*-12a5-51)H-3==3«. 

15. V(a^-9) + »=9. 19. ^^ix^-ax+by-a^z. 

16. V(3c^~ll)=^-1« 20. V(25x*-3ma; + n)-5x=fli. 

319. When two surds are involved in an equation, one at 
least may be made to disappear by disposing the terms in 
such a way, that one of the surds stands by itself on one side 
of the equation, and then raising each side to the power cor- 
responding to the order of the surd. If a surd be still left, it 
can be made to stand by itself, and removed by raising each 
side to a certain power. 

Ex. 1. V(a;-16)+ m/x=8. 
Transposing the second term, we get 

V(a-16)=8- V«- 

Then, squaring both sides (Art. 306), 

a;~16=64-16Vic+»; 
therefore 16 V« = 64 + 16, 

or 16VaJ=80, 

or ^x=6; 

.'. a; =25. 

Ex. 2. ^(x - 5) + V(»+ 7) =a 

Transposing the second term, 

V(aJ-5) = 6- V(a; + V). 

Squaring both sides, a; - 5=36 - 12 V(^ + '7)+x + 7 ; 
therefore l2fJ(x+*I)=Z6+x + 7-x+5, 

or 12V(»+V)=48, 

or V(a5+'7)=4. 

both sides, » -v*! =1^ •, 
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Examples.— -cxx. 

1+ A/(3a; + l)=/^(4a;+4). 
1- V(l-3a;)=2/^(l-a;). 
a- ij(x-a)= s/x, 

aJx-\- ^{x-m)=-^, 

V(x-1)+ V(aJ-4)-3=0. 

320. When surds appear in the denominators of fractions 
in equations, the equations may be cleared of fractional terms 
by the process described in Art. 186, care being taken to 
follow the Laws of Combination of Surd Factors given in 
Art. 305. 



I. 


V(16+a;)+ aJx=8. 


6. 


2. 


V(a;-16) = 8- ^x. 


7. 


3- 


mJ{x+16)-¥ mJx=16. 


8. 


4. 


A/(a;-21)= VaJ-1. 


9- 


5- 


V(a;-1) = 3- V(aJ + 4). 


10. 
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EXAMPLES.— CXXi. 

'id OQ 

35 
2. jjx+ AJix- 21) =—j-, 4. ^{X''16)+ ijx. 

5. ^^^ ^r(^-^)-;J(^y 

6. ^x+^{Za+x)- ^"^ 



V(i»-15)* 



V(3a+a;) 



=0. 



7. 



^{ax) + h 6- a 



a;+6 6- tjia^)' 



8. (l+Vaj)(2-Va^)=i^^. 



^* Va+4 Va;+12* 

fJx-8 _ s/x-4: 
Vaj-6" /iya; + 2* 



321. The following are examples of Surd Equations result- 
ing in quadratics. 

Ex. L 2^aj4.^^b. 

Clearing the equation of fractioixs, ^-V^^^^ J** 
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Squaring both sides, we get 4ic2 ^ 8x + 4 = 25a; ; 

whence we find a;=4 or -r* 

4 

Ex.2. V(»+9)=2V«-3. 

Squaring both sides, a; + 9 = 4a; - 12 /v^x + 9 ; 
therefore 1 2 a/^ = 3a;, 

or 4V«=a5. 

Squaring both sides, 1 6x = a;^. 

Divide by a;, and we get 16= a;. 

Hence the values of a; which satisfy the equation are 16 
and (Art. 248). 

21 
Ex. 3. a/(2x + 1) +2 Va?.= ;y(2^iy 

Clearing the equation of fractions, 

2a; + l+2V(2x^ + a;) = 21; 
therefore 2 ^{^ + a;) = 20 - 2a;, 

or V(2a;2 + a;) = 10-a;. 

Squaring both sides, 2a;2 + a; = 100 - 20a; + a;^, 
whence a; =4 or -25. 

322. We shall now give a set of examples of Surd Equa- 
tions some of which are reducible to Simple and others to 
Quadratic Equations. 



Examples.— cxxii. 

1. 4a;-12Va;=16. 4- A/(6aJ-ll)= V(249-2a;^ 

2. 45-14VaJ= -a;. 5. V(6-a;)=2- ^(2a;~i). 
J. 5VC7+2a;2)«5V(4x-3). 6. x-^H/(4-3a;) + l2=o. 

7. V(2aJ + 7) + aJC^ - "V«^ = nI ^^-^ ^^^^ 
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9. Va:-4=-^^3j-^. 14. V(a; + 4)+ A/(2a;-l)=6. 

10. Jx^\\^-~~—, 15. V(13a;-1)- ;^(2x-l) = 5. 

11. V(a; + 5).V(aJ + 12) = 12. 16. V(7x + 1)- A/(3a;+l) = 2. 

12. V(a; + 3)+ A/(« + 8) = 5Va;. 17. \/(4+a;)+ Va5=3. 

525 

13- V(25 + a;)+ V(25-a;) = 8. 18. VaJ+ V(aJ + 9975)=-7= 

vau 

■'• ^|{h^y^(i-^)-^|(f)■ 

». ^(,.-l)+6._^,. 

21. Vl(«-a)^ + 2a6 + 62}=a;-a+6. 

22. V{(a; + a)2 + 2a6 + 62}=5_a-a;. 

aj — 1 5 

24- ^^_;^ =a? + j' 26. V(aj+4)+ V(aJ + 5)=9. 

25. V(4+a;)- V3= Va. 27. VaJ+ V(a;-4) = -^.v 

28. a;2=21+ V(a;2-9). 

29. sf{50 + a) - V(50 - a) = 2. 



30. V(2»+4) 



-V(i-^«)=^- 



31. V(3+.)+V.=^;^. 

1 1 1 

3^- "7FiT)+ V(a;-1)- »/(??-V^* 



5r+ J(4x-x'^ ^v 



XXVI. ON THE ROOTS OF EQUATIONS 



323. We have already proved that a Simple Equation a\ 
have only one root (Art. 193) : we have now to prove that 
Quadratic Equation can have only two roots. 



324. We must first call attention to the following fact : 

If m7i=0, eitiher m=0, or n—0. 

Thus there is an ambiguity : but if we know that m cannc 
be equal to 0, then we know for certain that n=0, and if w 
know that n cannot be equal to 0, then we know for certai] 
that m=0. 

Further, if Irrm^O, then either i=0, or m=0, or n=0, am 
80 on for any number of factors. 

Ex. 1 . Solve the equation {x - 3) (a; + 4) = 0. 
Here we must have 

a;-3=0, or 05 + 4=0, 
that is, 35=3, or x= -4. 

Ex. 2. (x - 3a) (5a; - 26) =0. 

Here we must have 

x-Sa=0, OT.Sx— 26=0, 

that 18, x=3a, OT x= -^. 
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\ 



Examples.— cxxiii. 

I. (aj-2)(a;-5)=0. 2. (a;-3)(a; + 7)=0. 3. (a; + 9) (a; + 2) =0- 

4. (a; -5a) (a;- 66) =0. 6. (19a; - 227) (14a; + 83) =0. 

5. (2a; + 7) (3a;- 5) =0. 7. (5a; -4m) (6a; -1 In) =0. 

8. (a;2 + 5aa;+6a2)(a;2-7aa;+12a2)=0. 

9. (a;2-4)(x2_2aa;+a2)=0. 

10. a;(a;2-5a;)=0. 

11. (aca;-2a + 6)(6ca;+3a-6)=0. 

12. (ca;-d)(ca;-e)=0. 

« 

325. The general form of a quadratic equation is 

aa;2+6a; + c=0. 

Hence a(a;2H — a;+-)=0. 

Now a cannot =0, 

.-. a;«+-a;+-=0. 
a a 

h c 

Writing p for - and q for -, we may take the following 

as the type of a quadratic equation of which the coefficient of 
the first term is unity, 

x^+px + q=0, 

326. To show that a quadratic equation has only two roots. 

Let a;2+jw;+ g=0 be the equation. 

Suppose it to have three different roots, a, &, c. 

Then a2+ap+g=0 (1), 

h^+hp-¥q=0 (2), 

c2 + cp + 2=0 (JV 

Subtracting (2) from (1), 
or, (a-6)(a + b-V3o)=0. 
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Now a - & does not equal 0, since a and & are not alike, 

.*. a + &+y=0 (4). 

Again, subtracting (3) from (1), 

a2-c2 + (a~c)jp=0, 
or, ^a-c)(a + c+2?)=0. 

Now a — c does not equal 0, since a and c are not alike, 

.*. a + c+2?=0 (5). 

Then subtracting (5) from (4), we get 

& - c = 0, and therefore 6 = c. 

Hence there are not more than two distinct roots. 

327. We now proceed to show the relations existing be- 
tween the Roots of a quadratic equation and the Coefficients 
of the terms of the equation. 

328. a2+^ + gr=o 

is the general form of a quadratic equation, in which the co- 
efficient of the first term is unity. 

Hence ^-^fx^-q^ 

Now if a and ^ be the roots of the equation, 

«=-i+V(?-0 (1). 

p= -V nI^S-'^I (^ 

Ad^dug (1) and (2), \ve g^^ > 

tt+p--P '^ 



X'. 
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Multiplying (1) and (2), we get 

or a^=^-^ + g, 

or a^=gr (4) 

From (3) we learn that the sum of the roots is equal to the 
coefficient of the second term with its sign changed. 

From (4) we learn that the 'product of the roots is equal to 
the last term, 

329. The equation x^ -\' 'px -k- q=^0 has its roots real and 
different, real and equal, or impossible and different, according 
as J92 is > = or < 4g. 

For the roots are 



-lW(?-4""-^— t— *^' 



First, let 1^ be greater than Aq, then V(P^ -^ is a possible 
quantity, and the roots are different in value and both reaL 

Next, let^2_4g,^ then each of the roots is equal to the real 
quantity -^. 

Lastly, let p^ be less than 4q, then ^{p^ - 4^') is an impos- 
sible quantity and the roots are different and both impossible. 

Examples.— cxxiv. 

I. If the equations 

ax2+6a5+c=0, and a'x^ + ft'ic + c'sO, 

have respectively two roots, one oi "wbic^ \a ^^e^ t^^s^'^^^js^^ 
the other, prove that 

(aa' - cO^ « (ay - bcT) Qifb -V c^. 
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2. If a, jS be the roots of the equation o/:^ + fee + c = 0, prove 
that 

a2 + ^=^2ac^ 



aca^ 



a" 

3. If a, jS be the roots of the equation aas^ + 6a; + c = 0, prove 
that 

+ (2ac - 6^) 05 + ac = ac (a; - ^ V JB — ^ j. 

4. Prove that, if the roots of the equation aa^ + &x + c = he 
equal, aa;2+ 6a;+ c is a perfect square vrith respect to jb. 

5. If a, ^ represent the two roots of the equation 

a;2-(l + a)a; + |(l + a+a2)=0, 
show that a^+p^=a. 



330. If a a^d jS be the roots of the equation x^ +^+5=0, 
then a;2 +px + j = (a; - a) (a; - j8). 

For since p= -(a + /3) and g=a/3, 

x^-^-px + q^^x^-^a + ^x+ap 
=(a;-a)(a;-j3). 

Hence we may form a quadratic equation of which the roots 
are given. 

Ex. 1. Form the equation whose roots are 4 and 6. 
Herea-o=a;-4 and x-jS=a;-5; 

.*. the equation is (a; - 4) (a; - 5) = ; 
or, a2-9a; + 20=0. 

1 
Ex. 2, Form the equation whose roots are ^ and - 3l 

Here a;-a=a;-^ and a;-j8=a; + 3; 

/. the equation, ia ( x - -xj (x + 3) = ; 

or, {%C-V){^^r'^^^\ 

or, 2x^ -V 5x — ^=^Q» 
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Examples.— cxxv. 

Form the equations whose roots are 

I. 5 and 6. 2. 4 and -5. 3. -2 and -7. 

12 ^ 

7. m+wandm-n. 8. - and ^. 9. -^and-. 

a p pa 



331. Any expression containing x is said to be a Function 
of X. An expression containing any symbol x is said to be a 
positive integral function of x when all the powers of x con- 
tained in it have positive integral indices. 

3 1 

For example, 6x^ + 2x^ +^x^ + j^^ + Z is a positive integral 

function of x, but 6x^+Zx^ + l and 6x^-2x-^ + 3x^ + 1 are 

not, because the first contains x^, of which the index is not 
integral, and the second contains x~^f of which the index is not 
positive. 

332. The expression 53^+4252+2 is said to be the expres- 
sion corresponding to the equation 5a;^ + 4a;^ + 2=0, and the 
latter is the equation corresponding to the former. 

333. If a be a root of an equation, then » - a is a factor 
of the corresponding expression, provided the equation and 
expression contain only positive integral powers of sc. This 
principle is useful in resolving such an expression into factors. 
We have already proved it to be true in the caa^ oi ^ <a^^iSissiG^^ 
equation. The general proof of it ia uoV. «vx\\siX^^ i^"^ '^^^^B 
at which the learner is now supposed to \i^ ^tk:^^^^*^™ 
will illuatxate it by some Examplea. 
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£x. !• Eesolve 2a;^ - 5(z; + 3 into factors. 

If we solve the equation 2x2- 535 + 3=0, we g]iall find that 

3 
its roots ai^e 1 and ^. 

Now divide 2a;2-5a;+3 by a-l ; the quotient is 2a:-3 
thatis2(a;-|); 

.*. the given expressions 2 (aJ - 1) (« - « )• 

Ex. 2« Resolve 23:^ + sc^ - Use - 10 into factors. 

By trial we find that this expression vanishes if we put 
jc= - 1 ; that is, — 1 is a root of the equation 

2x3 + 02-112;- 10=0. 

Divide the expression by x + 1 : the quotient is Sas* - « - 10 ; 
/. the expression = (2x2 - x - 10) (x + 1) 

=2(x2-|-5)(x + l). 

X 

We must now resolve x2---6 into factors, by solving the 
corresponding equation x2 - ^ - 6 =0. 

and g 

/. 2x»+x2-llx-10=2(x + 2)(x-|)(x+l) 

= (x + 2)(2x-5)(x+l). 

Examples.— cxxvi. 

Besolve into simple factors the following expressions : 

I. x3-llx2 + 36x-36. 2. x3- 7x2+ 14a; -8. 

3. x3-5x2-46x-40. 4. 4x3 + 6x2 + 0?- 1. 

5. d2:3+llx2-9x-14, e>. oc^-vyS + aS-San/j?. 

;r. a3_J3_c3_3abc. ^. ^^-X^-^'J^X^'^V 



5 

The roots of this equation are - 2 and 5 ; 
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334. If we can find one root of such an equation as 

2ic3+a;2-iiaj-io=0, 
we can find all the roots. 

One root of the equation is - 1 ; 

.-. (a; + l)(2a;2-a;-10)=0; 

.-. a; + l=0, or2a;2_a;-10=0; 

5 
.*. a;= -1, or -2, or ^, 

Similarly, if we can find one root of an equation involving 
the 4*'' power of jc, we can derive from it an equation involving 
the 3** and lower powers of sc, from which we may find the other 
roots. And if again we can find one root of this, the other 
two roots can be found from a quadratic equation. 

335. Any equation into which an unknown symbol or ex- 
pression enters in two terms only, having its index in one of 
the terms djovihU of its index in the other, may be solved as a 
quadratic equation. 

Ex. Solve the equation fic^ - 60;^ = 7. 

Regarding ^ as the quantity to be obtained by the solution 
of the equation, we get 

therefore o^ - 3 == ± 4 ; 

therefore o^ = 7, or a:^ _, _ j ^ 

Hence a= 5/7 or a;= 4/ - 1, 

and one value of y - 1 is — 1. » 

336. In some cases by adding a certain quantity to both 
sides of an equation we can bring it into a form capable of 
solution, thus, to solve the equation 

a;2 + 5a; + 4 = 5V(a^ + 5a; + 28), 

add 24 to each side. 

Then a;2 + 5a; + 28 = 5 V(a^ + 5a;+28) + 24; 

or, a;2 + 5a; + 28 - 5 ^J{x^ + 5a; + 28)=24. 

This is now in the form of a quadrate ^q^^^a-ot^, *^^ ^^^^ 
known quantity being ^{x^-\-bx^-^%\ aa^ c-om-^^"^^^"?* "^^ 
square we have 
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whence ^(a:^^ 5a. + 28) = 8 or -3; 

/. a;2 + 5a; + 28 = 64or9; 

from which we may find four values of x, viz. 4,-9 and 
5+ V(-51) 

2- 2 • 

« 

Examples.— cxxvii. 

Find roots of the following equations : 

I. x*-12a;2=i3. 2. Qt^+l^ki^ + 24.^0. 

3. iB8 + 22x* + 21=0. 4. ai*"+3aJ*=4. 

5. «^-|a^=f|. 6. a5-|K*-|. 

7. ar2 + 3ari=^. 8. ar^-ar*=«2a 

9. x2-2a; + 6(a^-2a; + 5)^=ll. 

10. a;2«a; + 5V(2a;2-5aj + 6)=^i??. 

11. a^-2V(3a;2-2aa; + 4)f4=y(a;+~+l). 

12. ax + 2is/(a;2— aic + a2)=a52 + 2a. 

337. Every equation has as many roots as it has dimen- 
sions, and no more. This we have proved in the case of 
simple and quadratic equations (Arts. 193, 323). The general 
proof is not suited to this work, but we may illustrate it bv I 
the following Examples. * I 

Ex. 1. To solve the equation a:^ ... 1 = 0. 
One root is clearly 1. 
Dividing hy aj-1, we obtain xHxAr\=^,Ql^V\Oti^^xs*Ai 
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Hence the f/ircc roots are 1, -^ — and —■ — . 

Ex. 2. To solve the equation ic* - 1 =0. 
Two of the roots are evidently + 1 and - 1. 

Hence, dividing by (a; -!)(« + 1), that is by a;^ - 1, we obtain 
.t;2 + 1 =0, of which the roots are V— 1 Mid - tj — 1. ' 

Hence the/owr roots are 1, - 1, V— 1, and ^ ^J —\. 

The equation cc^ — 6a^=7 will in like manner have «w; 
roots, for it may be reduced, as in Art. 335, to two cubic 
equations, o^ - 7 = and a' + 1 = 0, 

each of which has ihrtt roots, which may be found as in 
Ex. 1. 



XXVII, ON RATIO. 

338. If a and B stand for two unequal quantities of the 
same kind, we may consider their inequality in two ways. We 
may ask 

(1) JBi/ what quantity one is greater than the other ? 

The answer to this is made by stating the difference be- 
tween the two quantities. Now since quantities are represented 
in Algebra by their measures (Art. 33), if a and h be the 
measures of A and B, the difference between A and B is 
represented algebraically by a - 5. 

(2) By how many times one is greater than the other ? 

The answer to this question is made by stating the number 
of times the one contains the other. 

Note. The quantities must be of the same hind. We can- 
not compare inches with hours, nor lines with surfaces. 

339. The second method of comparing A and B is called 
finding the Katio of -4 to B, and we give the following defi- 
nition. 

Dep. Ratio is the relation wldch. oue c^«»}ti^73 >a^«x^ "^ 
another of the same kind witli respect to t'he tl^xxq^^"^ ^^ "^^^^^ 
'be one containa the other. 
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347. We may observe that Art. 346 is merely a repetition 
of that which we proposed as an Example at the end of the 
chapter on Miscellaneous Fractions. There is not indeed any 
necessity for us to weary the reader with examples on Eatio: 
for since we express a ratio by a fraction, nearly all that we 
might have had to say about Eatios has been anticipated in 
OUT remarks on Fractions. 

348. The student may, however, work the following Theo- 
rems as Examples. 

(1) If a : & be a latio of greater inequality, and x a positive 
quantity, the ratio a - fc : 6 - a; is greater than the ratio a : 6. 

(2) If a : & be a ratio of less inequality, and x a positive 
quantity, the ratio a+cc : 6 +05 is greater than the ratio a ; 6. 

(3) If a : 6 be a ratio of less inequality, and x a positive 
quantity, the ratio a-a : 6-a; is less than the ratio a : S. 

349. In some cases we may from a single equation involv- 
ing two unknown symbols determine the ratio between the 
two symbols. In other words we may be able to determine the 
relative values of the two symbols, though we cannot determine 
their absolute values. 

Thus from the equation 4aj=3y, 

X 3 
we get -=T- 

Again, from the equation Sx^=2y^, 

we get — o = o ; and therefore - = -^. 
^ r 3' y V3 

Examples.— cxxix. 

Find the ratio of a; to y from the following equations : 
I. 9x=^Gy. 2. ax:=hy, 3. o^ — hysscx+d^ 

4. x^+2xy=6y^. 5. x^-12xy=13yK 6. ic2 + mccy=ny. 

7. Find two numbers in the ratio of 3:4, of which the 
Bum is to the sum of their squares : : 7 : 50. 

8. Two numbers are in t^i^ TaXivo oi ^ \'l , ^\i.^ ^Vssa. 12 i» 
added to each the res\xltmgnuifi)aeTa^-t^VQ.>2c^^\aX\^^^ 

Find the nmnbers. 
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9. The sum of two numbers is 100, and the numbers are 
in the ratio of 7 : 13. Find them. 

10. The difference of the squares of two numbers is 48, 
and the sum of the numbers is to the difference of the num- 
bers in the ratio 12 : 1. Find the numbers. 

11. If 5 gold coins and 4 silver ones are worth as much as 
3 gold coins and 12 silver ones, find the ratio of the value of a 
gold coin to that of a silver one. 

12. If 8 gold coins and 9 silver ones are worth as much as 
6 gold coins and 19 silver ones, find the ratio of the value of a 
silver coin to that of a gold one. 



350. Eatios are compounded by multiplying together the 
fractions by which they are denoted. 

Thus the ratio compounded of a : 6 and c idiB ac : hd. 



Examples.— cxxx. 

Write the ratios compoimded of the ratios 

1. 2:3 and 4 : 5. 

2. 3 : 7, 14 : 9 and 4 : 3. 

4. a^-l^ + 2hc-c^ :a^-h^-2bc-c^ and a + h + c:a+b-c, 

5. m^ + n^ : m^-w^ and m-n : m + 71. 

6. x^ + bx+e : y'-^-^Jy + 12, and y^ -Zy : x^ + Zx. 



351. The ratio a^ ih^h called the Duplicate Ratio of a : &. 
Thus 100 : 64 is the duplicate ratio of 10 : 8, 
and 36ic2 : 26y^ is the duplicate ratio of 6x : 6y, 

The ratio a^ : J^ is called the TRiPiiicx.TiE.'^h!i\Ci q?1 a \>i. 
Thus 64 : 27 h the triplicate ratio oi 4 •. ^, 
and B43x3 ; I331y^ is the triplicate xatlo o^l^ 
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352. The definition of Ratio given in Euclid is the same as 
in Algebra, and so also is the expression for the ratio that one 
quantity bears to another, that is, A : B, But Euclid cannot 
employ fractions, and hence he cannot represent the value of a 
ratio as we do in Algebra. 



XXVIII ON PROPORTION. 

353. Proportion consists in the equality of two ratios. 

The algebraic test of Proportion is iliat the two fracHom 
representing the ratios must he equal. 

Thus the ratio a : 6 will be equal to the ratio c : rf, 

.p a c 

'^ r d' 

and the fou/r numbers a, 5, c, d are in such a case said to be in 
proportion. 

354. If the ratios a : h and c : d form a proportion, we 
express the fact thus : 

a : 6=c : d. 

This is the clearest manner of expressing the equality of the 
ratios a : h and c ; d, but there is another way of expressing 
the same fact, thus 

a :h :: c: dj 
(vhich is read thus, 

a is to & as c is to (f. 

The two terms a and d are called the Extremes. 
, h and c the Means. 

355. When four nurribers are in proportion, 

product of extremes=^product ofmeans^ 

Let a, b, (j, d be in pxo]portioiu 
-«, a c 
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Multiplying both sides of the equation by hd, we get 

ad = he. 

Conversely, i£ad=hc we can show that a :h=c:d. 

For since ad=hc, 

dividing both sides by hd, we get 

ad__hc 
hdTd' 

ft /• 
that is, r~^> ^•®* * • ^^^ • ^' 

356. liad=hc, 

n h 

Dividing by cd, we get -— ^, i.e. a : c==b: d; 

d c 
Dividing by a6, we get t-=-, i.e. d : h=c : a ; 

Dividing by ac, we get -=-, i.e. d\ c=h : a. 

357. From this it follows that if any 4 numbers be so 
related that the product of two is equal to the product of the 
other two, we can express the 4 numbers in the form of a pro- 
portion. 

The factors of one of the products must form the extremes. 

The factors of the other product must form the means. 

358. Three quantities are said to be in Continued Pro- 
portion when the ratio of the first to the second is equal to 
the ratio of the second to the third. 

Thus a, &, c are in continued proportion if 

a : 6=b : c. 

The quantity h is called a MEA.T5 P^0YOiKn.o^fe-^ ^'^'^^^'^^ 
a and c. 
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Four quantities are said to be in Continued Propoition 
when the ratios of the first to the second, of the second to 
the third, and of the third to the fourth are all equaL 

Thus a, 6, CjdoxQm continued proportion when 

a : 6=6 : c=^c : d. 



359. We showed in Art. 205 the process by which when 
two or more fractions are known to be equal, other relations 
between the numbers involved in them may be determined. 
That process is of course applicable to Examples in Ratio and 
Proportion, as we shall now show by particular instances. 



Ex. I. If a : 6=c : dy prove that 

a2 + 62.a2_52==c2+d2:c2-d2. 



Since 



1. J ^ ^ 



Let r=X. 




Now 
and 

Hence 
that is, 



Theng=X; 

.'. a=X6. and c=\d. 

a2 4.52 _ x262 + 62 _ 62(\2+l) _X2 + l 
a^-62~X26a-62""62(\2-l)-x2-r 

C2 + (;2_X2(^2 + (;2_ ^2(X2 + 1) _X2+1 
c2-d2-X2(i2^d2-^2(X2_l)-X2-r 

a2+62 C^ + d^ 



a^ + h^ia^-h^^^c^+d^'.c^-d^. 



Ex. 2. If a : 6 : : c : <i, prove that 



Let r = ^. 




Then^=\; 
a 



;, a«=Xb, axvOi c=^>»^» 
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Now -=Tj=j> 

i/{c^+d'r VQ^^d^-^d*) i/¥.i/(\^+i) ildF^d' 

Hence ?-J^(?!±^. 

nence c" 4/(c* + (i*)' 

that is, a: CM 4^(a* + 6*) : .{/(cHd*). 

Elx. 3. If a : 6i=c : d=6 :/, prove that each of these ratios 
is equal to the ratio a + c-^ex h + d +/. 

Let ^=X, 2=X, ^=X. 

Then a=X6, c^\d, e=X/. 

Tx a + c + 6 a c 6 

Hence j_^_^=_=_=^, 

that is, a + c + e: 6 + (i+/=a: 6==c: (i=6 :/. 

Ex. 4. If a, 6, c are in continued proportion, show that 

Let Y=^. Then-=X. 
h c 

Hence a=X6 and 6=Xc. 

gg + 62 _ X262 + 62 _ 52(x2 4. 1) _ 62(x2 + 1) yz^^ac a 

^°^62+c2"" 62 + c2 ""X2c2 + c2"c'^(X2+l)"c2'"?"c* 

Ex. 5. If 16a+6 : 15c+(i=12a+6 : I2c+dy prove that 

a : 6=c : (i. 
/Since 15a+b : 15c + d=l^a-vh -A^c-vA-* 

and since product of extremes =pxod\xc\. olia^s^K^^ 
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(15«+6) (12c + d) = (15c + (0 (12a +6), 
or, 180ac + 126c + \^ad + 6d = 180ac + 1 2a<i + 156c + M, 
or, 126c + 15a(Z = 12ad + 156c, 

or, 3a(i=36c, 

or, ad=6c. 

"Whence, by Art. 355, a : 6=c : a. 

Additional Examples will be found in page 137, to which 
we may add the following. 

EXAMPLKS. — CXXXi. 

1. If a : 6=c : (?, show that a + 6 : a=c + rf :c. 

2. If a: 6=c:<f,showthata2-62:62=c2-d2:£P. 

3. If oi : 6^=0, : 6„ show that ^^+^ ^gi^ 
■^ i 1 --Ti « mi6i+mj6, 6^ 

4. If a : 6 :: c : d, show that 

3a2+a6 + 262 : 3^2-262 :: 3c2 +cd + 2(^2 : 3c2_ 2(^2. 

5. If a : 6=c : d, show that 

a2+3a6 + 62 : c2+3cd + (£2=2a6 + 362 : 2c(i + 3(i2, 

6. If a : 6=c : d=c :/then a: h^^mc-ne : md-nf, 

7. If —a, —6, any parts of a, 6, be taken from a and h 

respectively, show that a, 6, and the remainders form a propor- 
tion. 

8. If a : 6=c : d=sc : /, show that 

ac ; hd=la^+mc^ + ne^ : l¥+md^-hnf^, 
9. If Oi : 6x=aa : 62=04 -. b^, a'i^ioNT \)aa.\» I 

Oi^ + Oa^ + o,? ;b,^+b^^-Vb? v. a? -.^J. 
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10. If ax : 6i = a2 : \^a^\ 63, show that 

11. It -5- — r— To = -«-; — J . JO , show that either r = 1 or t = -• 

12. If a2+52:a2-&2=c2 + d2.c2_^2^ show that 

a : 6=c : c2. 

13. If a : 6=0 : d^ show that 

(a+c)(a2 + c2) _ (b + d){h^ + dP) 
(a -c) (a2 - c-^) "(b-d) (S^ - rfzy 

14. If dj : 6i=a2 : 62, show that 

ai:6i=V(ai' + a22): V(V+W. 

On the Geometrical Treatment of Proportion, 

360. The definition of Proportion (viz. the equality of 
ratios) is the same in Euclid as in Algebra. (Eucl. Book v. 
Def. 6 and 8.) 

But the ways of testing whether twp ratios are equal are 
quite different in Euclid and in Algebra. 

The algebraic test is, as we have said, that the two fractions 
representing the ratios must be equal. 

Euclid's test is given in Book v. Def. 5, where it stands 
thus : 

" The first of four magnitudes is said to have the same ratio 
to the second which the third has to the fourth, when any 
equimultiples whatsoever of the first and third being taken 
and any equimultiples whatsoever of the second and fourth : 

" If the multiple of the first be less than that of the second, 
the multiple of the third is also less than that of the fourth : 
or, 

*' If the multiple of the first "be equal \.o ^iWt. Ql'Ctifc ^^^^"^^^ 
the multiple of the third is also eqv\a\ \.o t\\a.\. ol^^'vc^iaJ^ 
or. 
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" If the multiple of the first be greater than that of the 
second , the multiple of the thiid is also greater than that of 
the fourth." 

We shall now show^ first, how to deduce Euclid's test of tiie 
equality of ratios from the algebraic test, and secondly, how to 
deduce the algebraic test from that employed by Eudid. 

361. I. To show that if quantities be proportional accori- 
ing to the algebraical test they will also be proportioDal 
according to the geometrical test. 

If a, h, c, d be proportional according to the algebraical 
test, 

a c 



b''d' 



tn 



Multiply each side by — , and we get 

ma_'mc 
nh ""rM? 

Now, from the nature of fractions, 
if ma be less than nl, mc will also be less than ndL and 
if ma be equal to 7i5, mc will also be equal to nd and 
if m^ be greater than w6, mc will also be greater than wL 

Since then of the four quantities a, 6, c, d equimultiples hiTC 
been taken of the first and third, and equimultiples of the 
second and fourth, and it appears that when the multiple d 
the first is greater than, equal to, or less than the multiple of 
the second, the multiple of the third is also greater than, 
equal to, or less than the multiple of the fourth, it follows ^ 
a, by c, d are proportionals according to the geometrical test 

362. II. To deduce the algebraic test of proportumali^ 
from that given by Euclid. 

Let a, 6, c, d be proportional according to Euclid* 

Then if y- is not equal to -^^ 



t 
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Take m and n such that 

ma is greater than n&, 

but less than ti(6+a;) (2). 

Then, by Euclid's definition, 

mc is greater than ind (3). 

But smce, by (1), ;^-)=^, 

and, by (2), ma is less than n(& + a;), 

it follows that mc is less than ind (4), 

The results (3) and (4) therefore contradict each other. 

Hence (1) cannot be true. 

Therefore ^ m equal to -5. 

We shall conclude this chapter with a mixed collection of 
Examples on Eatio and Proportion. 



Examples. — cxxxii. 

1. If a - 6 : 6 - c : : 6 : c, show tnat 6 is a mean proportional 
between a and c. 

2. If a : 6 : : c : (i, show that 

a^ . ,., f? 



a3+52._!:r_=:c2+rf2. 



a + 6 'c + c?* 

and a : 6 : : 4^(77^1* + wc*) : 4/(wi6* + wrf*). 

3. If a : 6 :: c : <i, prove that 

ma+ nb~ 7nc + nd' 

4. If 5a+36: 7a+36::56 + 3c: 76+3C, 
6 is a mean proportional between a and c. 

5. If 4 quantities be proportional, and tli^ ^T!i^» \fc ^^^^ 
greatest, the fourth is the least. 

Ifa+d, m+n,m-n,a-h be fov\t buc\\ cv\itm\NXAfc>s^n ^'^^ "^^ 
' i* fprcater than n. 
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6. Solve the equation 

JB-I : a-2=2a;+l : a; + 2. 

7. If — |r— =— T— , show that the ratios a : 6 and c ; daie 
also equaL 

8. In a mile race between a bicycle and a tricycle, their 
rates were proportional to 5 and 4. The tricycle had hatft- 
minute start, but was beaten by 176 yards. Find the rates rf 
each. 

9. l{a\h\\c\d and a is the greatest of the four quanti- 
ties, show that a^-{-d?\a greater than 6^ + A 

10. Showthatif^^^^=j2^-2,thena:6::c:d 

11. If a; : y :: 3 : 2 and a; : 25 :; 24 : y, find x and y. 

12. If a, 6, c be in continued proportion, then 

(1) a : a+6 :: a-6 : a-c; 

(2) '(a2 + 62) (62 + c2) = (06 + lc)\ 

13. If a : 6 :: c : d, show that -t~ '=-77— * 

and hence solve the equation 

ah — hc — dx _a — h—c 
hc+dx ~~ h+c 

14. If a, 6, c are in continued proportion, show that 

a + mhia-mb ::h + inc:h- mc, 

15. If a : 6 :: 5 : 4, find the value of the ratio 

1 3 

16. The sides of a triangle are as 2^ : 3- : 4, and the pen* 

meter is 205 yards: find the wdfts, 

ly. The sides of a tnaiig\e ate ^^\^\^^^C5V!\ ^^^' 
■<ir IB 480 yards ; find tiie Bidea. 
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18. Assuming a + 6 :j9 + g ::^-g ; a- &, prove that the sum 
of the greatest and least terms of any proportion is greater than 
the sum of the other two. 

19. A waterman rows 30 miles and hack in 12 hours, and 
he finds that he can row 5 miles with the stream in the same 
time as 3 against it. Find the rate of the stream. 

20. There are three equal vessels A, B, G ; the first con- 
tains water, the second hrandy, the third hrandy and water. 
If the contents of B and G he put together, it is found that the 
mixture is nine times as strong as if the contents of A and G 
had heen put together. Find the ratio of the hrandy to the 
water in the vessel G. 

21. A factor huys a certain quantity of wheat which he 
i sells again so as to gain 5 per cent, on his outlay, and thus 

clears £16. Had he sold it at a gain of bs. a quarter he would 
^ have cleared as many pounds as each quarter cost shillings. 
How many quarters did he huy, and what did each quarter 
cost him ? 

22. A man huys a horse and sells it for j£l44, garoing as 
much per cent, as the horse cost him. What was the price of 
the horse ? 

23. I huy goods and sell them again for £96, gaining as 
much per cent, as the goods cost. What is the cost price ? 

24. A man hought some sheep and sold them again for j£24, 
gaining as much per cent, as the sheep cost him. What did he 
give for them ? 

25. A certain crew, who row 40 strokes per minute, start 
at a distance equivalent to four of their own strokes hehind 
another crew, who row 45 strokes to the minute. In 8 minutes 
the former succeed in humping the latter. Find the ratio 
between the lengths of the strokes of the two hoats. 

26. The time which' an express train takes to travel a 
journey of 180 miles is to that taken hy an. o^dixiiKC^ Nsscca. -^ 

9 : 14. The ordinary train loses aa mwck \ima izt^CL ^"^-^^^kSi^ j 
as it would take to travel 30 miles -m^lioxiJc «feygv^^' . , 
Gxpreaa tram only loses half as mucla. \imift »» ^^ o>i5osst 
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manner, and it also travels 15 miles an hour qnicker. Sup- 
posing the rates of travelling uniform, what are they in miles 
per hour 1 

27. An article is sold at a loss of as much per cent, as it 
is worth in pounds. Show that it cannot be sold for more 
than ;£25. 



XXIX. ON VARIATION. 

363. If a sum of money is put out at interest at 5 per cent, 
the principal is 20 times as great as the annual interest, what- 
ever the sum may be. 

Hence if a; be the principal, and y the interest, 

a;=20y. 

Now if we change x we must change y in the same propor- 
tion, for so long as the rate of interest remains the same, x 
will always be 20 times as great as y, and hence if a; be 
doubled or trebled, y will also be doubled or trebled. 

This is an instance of what is called Direct Vabiatiof, 
of which we may give the following definition. 

Def. One quantity y is said to vary directly as another 
quantity x, when y depends on a; in such a manner that any 
increase or decrease made in the value of x produces a propor- 
tional increase or decrease in the value of y, 

364. If x^my, where m is a constant quantity, that is, a 

quantity which is not altered by any change in the values of x 

andi^, 

y will vary directly as x. 

For any increase made in the value of x must produce a 
proportional increase in the value oi oj. T\iMAM x\i^ ^tcpoML^^ 
S/mnat aho be doubled, to pieaexve t\i^ ^^^\:^ 0I x vfia.^ iw^, 
aince m cannot be changed. 
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' 865; Suppose a man can reap an acre of com in a day. 
Then 10 men can reap 60 acres in 6 days, 
and 20 men can reap 60 acres in 3 days. 

So that to do the same amount of work if we dmhh the 
number of men we must ImiVo^ the number of days. 

This is an instance of what is called Inverse Variation, 
of which we may give the following definition. 

Def. One quantity y is said to vary iv/versely as another 
quantity x, when y depends on oj in such a manner that any 
'increase or decrease made in the value of x produces a propor- 
tional decrease or increase in the value of y, 

366. . If 05= — , where m is constant, 

y 

y will vary inversely as x. 

For any irwrease made in the value of x must produce a pro- 
portional DECREASE in the value of y. Thus if a; be doubled, 

y must be halved, to preserve the equality of x and — . 
For 2aj= =^. 

y y 

2 

367. If 1 man can reap 1 acre in 1 day, 
' 5 men can reap 20 acres in 4 days, 

and ... 10 men can reap 80 acres in 8 days. 

That is, the number of acres reaped will depend on the 
, product of the number of men into the number of days. 

This'is'an example of joint variation, of which we may give 
, the following definition. . 

Def. One quantity x is said to vary jointly as two others 
y and ?, when any change made in x produces a proportional 
change in the product of y and z, 

368. One quantity x is said' to ^orj to^^W^ ^^ "^ «s^ 
inve^ely aa z wiien x varies as -. 
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369. Theorem. If x varies as y when z is constant^ and 
as z when y is constant^ then when y and z are both vaiiable, 

OS varies as yz. 

Let x=:m,yz. 

Then we have to show that m is constant. 

Now when z is constant, 

X varies as y ; 
.'. mz is constant. 

Now » cannot involve y, since s is constant when y changes, 
and therefore m cannot involve y. 

Similarly it may be shown that m cannot involve z ; 

/. m is constant, 

and X varies as yz, 

370. The symbol oc is used to express variation ; thus xozy 
stands for the words x varies as y, 

371. Variation is only an abbreviated form of ezpiessing 
proportion. 

Thus when we say that x varies as y, we mean that x bean 
to y the same ratio that any given value of x bears to the 
corresponding value of y, or 

aj : y =a given value of x : the corresponding value of y. 

And similarly for the other kinds of variation, as will be 
seen from our examples. 

Ex. 1. Ifxocy and yocz, to show that xocz. 
Let x^my, and y^nz. 

Then substituting this value of y in the first equation. 

x=m'rwi •, 
ond therefore, since mn is constasA, 

XOC», 
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Ex. 2. If ajoc 1/ and a; oc », then will ascc VW* 
Let a5=my, and a;=?wi. 

Then x^^mnyz; 

Now VC^'*) is constant ; 

Ex. 3. If y vary as x, and when 05=1, y = 2, what will be 
the value of y when 05=2 ? 

Here y :x^ b. given value of y : corresponding value of x ; 

A y : 05=2 : 1 ; 
.*. y=2a;. 
Hence, when a; = 2, y = 4. 

Ex. 4. If A vary inversely as B, and when il = 2, 5 = 12, 
what will B become when A =91 

Here A : ^= a given value of A : j-, = j-=. • 

B ° corresponding value of B 

. A_2 
" 12"J5' 



Hence, when A =9, 



9^2 
12 "J5' 



\, 24 8 „2 
«vhence 'W'^Z^ 3' 

Ex. 5. If -4 vary jointly as 5 and (7, and when -4 =6, 5 =6, 
ind 0=15, find the value of A when 5=10 and C7=3. 

Here 

4 : 50= a given value of A : correspoTi6aii^'v«Xx3j^ oIBCjs 

/. ^:50=6:6xl5; 

/. 90il = 6B0. 
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Hence, when 5=10 and 0=3, 

90-4=6x10x3; 

••^■"go"" 

Ex. 6. K « vary as x directly and y inversely, and if when 
»=:2, 05=3 and y=4, what is the value of z when £c=15 and 

„ X . , . corresponding value of a; 

Here z : -=a given value of z : — j^-^ — ? «— ; 

y ° corresponding value of y 



X 

:. z : -: 

y 


= 2-?. 


. 3^ 
•• 4 


2a; 


mdy= 


8, 


Zz 

4 


30 

8' 


/. »= 


120 ^ 
24 ~^- 



EXAMPLES.— cxxxiii. 



1. If -4 oc .^ and Bcc j^ then will -4 oc (7. 

2. If -4 cx:5 then will -p^-p' 

3. If ^ oc JB and OocD then will ACocBD. 

4. If ajcjct^, and when a= 7, y =5, find the value of x when 

S. Jf;^;oc4andwheIlx-=I0,a|=^,to.^^V^^^^^&^'^•^^V^ 
»4. 
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6. If xccyzy and when a;=l, y=2, 2=3, find the value of y 
when a;=4 and 2=2. 

7. If fljoc^, and when a5=6, 2/=4, and »=3, find the value 
of 05 when y=5 and 2=7. 

: 8. If 305 + 5y cc 505 + Zy, and when a; = 2, y = 5, find the value 
- of-. 

y 

I 9. If -4ocJ? and JJ^ocO^, express h^w A varies in respect 



u 



ofd 

10. If 2 vary conjointly as x and y, and 2=4 when a;=l 
and 2^=2, what will be the value of x when 2=30 and y =3 ? 

11. If AccB, and when -4 is 8, J5 is 12 ; express A in 
tenns of B, 

1 2. If the square of x vary as the cube of y, and a= 3 when 
i/=4, find the equation between x and y, 

13. If the square of x vary inversely as the cube of y, and 
05=2 when i/=3, find the equation between x and y, 

14. If the cube of 05 vary as the square of y and a? =3 when 
2/ =2, find the equation between x and 3^. 

15. If a;cx:2 and voc-, show that 050c-. 
•^ ^2' ^ 

16. Show that in triangles of equal area the altitudes vary 
inversely as the bases. 

17. Show that in parallelograms of equal area the altitudes 
vary inversely as the bases, t 

18. If y = j? + g + r, where ^ is invariable, g varies as a, and 
T varies as a^, find the relation between y and a, supposing 
that when a;=l, y=6; when 05=2, y=ll ; and when 05=3s 
2/=18. 

jg. The voluine of a pyramid vaxi^a ^o\si>i\:5 ^^ ^^ ' 
its base and its altitude. A pyiajxiid, ^^x<&\>«a& ^"^ ^ 
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feet square and the height of which is 10 feet, is found to con- 
tain 10 cubic yards. What must be the height of a pyramid 
upon a base 3 feet square in order that it may contain 2 cubic 
yards? 

2o. The amount of glass in a window, the panes of which 
are in every respect equal, varies as the number, length, and 
breadth of tie panes j ointly. Show that if their number varies 
as the square of their breadth inversely, and their length varies 
as their breadth inversely, the whole area of glass varies as the 
square of the length of the panes. 



XXX. ON ARITHMETICAL PROGRESSION. 

372. An Arithmetical Progression is a series of 

numbers which increase or decrease hy a constant difference. 

Thus, the following series are Arithmetical Pbogbesbioks : 

2, 4, 6, 8, 10; 
y, 7, 5, o, 1. 

The Constant Difference being 2 in the first series and - 2 
in the second. 

373. In Algebra we express an Arithmetical Progression 

thus : taking a to represent the first term and d to represent 
the constant difierence, we shall have as a series of numbers in 
Arithmetical Progression 

a, a + (Z, a + 2d, a + 3(Z, 
and so on. 

We observe that the terms of the series differ only in the 
coefficient of d, and that each coefficient of c? is always less by 1 
than the number of the term in which that particular coefficient 
stands. Thus 

the coefficient of d in tloie ^t^ \.OTai\& 'i, 

mt\ie4^^ "^^ 

. iutihebX*^ ^^ 
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Consequently the coef&cient of d. in the v^ term will be 
n-1. 

Therefore the w* term of the series will bea + (w - 1) d. 

374. If the series be 

rfj a+(i, a + 2d, 

and » the last term, the term next before % will clearly be « - c^, 
and the term next before it will be a - 2(Z, and so on. 

Hence, the series written backwards wiU be 

%^z-d^ z-2d, a + 2d, a-\-d, a. 

375. To find the sum of a series of nvmbers in Arithmetical 

Progression, 

Let a denote the first term. 

... d the constant difference. 

... z the last term. 

... n the number of terms. 

... s the sum of the n terms. 

Then s=a+(ci + d) + (a + 2(Q+ +(»-2(Q + (2J-d) + ». 

Also s=« + (s{-<i)+ (a-2c?)+ +(a+2(Q + (a + (Q + a, 

the series in the second case being the same as in the first, but 
written in the reverse order. 

Therefore, by adding the two series together, we get 

2s=(ci + 2!) + (a + i?;) + (a + ») + +(flt + ») + (a + 2;) 4.(^ + 2;); 

and since on the right-hand side of this equation we have a 
series of n numbers each equal to a+», we get 

2s=n (« + »); 

n, . 

This result may be put in another form, because in the 
place of » we may put a+ (n- 1) d, by Article 373. 



Hence «==5Ja + a+(Ti-l)d\, 

that is, =|{2a + (n-l^d\. 
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376. We have now obtained the following reaults : 

2=a + (n-l)(i (A), 

«=i(^+«) (B), 

s^l\2aHn-l)d\ ! (C). 

From, one or more of these equations we have in Examples 
to determine the values of a, dy n, 8 or z. We shall now pio- 
ceed to give instances of such Examples. 

Elx. 1. Find the last term of the series 

7, 10, 13, to 20 terms. 

Taking the equation «=a+ (n- 1) d, 
for a put 7 and for n put 20, and we get 

2=7 + (20-l)i, 
or, «=7 + 19(2. 

Now d is always found by taUng the first term from the second, 
and in this case, 

(i=10-7=3; 

.-. »=7 + 19x3=7+57=64. 

EXi 2. Find the last term of the secies 

12, 8, 4, to 11 terms. 

In the equation a=a+(n-l)(2, 

put a= 12 and w= 11. 

Then a=12 + 10d. 

Now d=8-12=-4. 

Hence » = 12 - 40 = - 28. 

Examples.— cxxxiv. 

jPincI the last term of each, oith^ following series : 

I. 2, 5, 8 to VI tcxTfts. ^ 

2. 4,8,12 tobOtexms. ^ 
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^ 29 15 ^ ,^^ 

3. 7, -J-, -^ to 16 terms. 

1 e 

4. 2» "^' "2 ^ ^^ terms. 

5. %\\ toiatenns. 

6. -12, -8, -4 to 14 terms. 

7. -3, 5, 13 to 16 terms. 

ii-l n-2 n-3 . . , 

8. , , ...:.. to n terms. 

9^ (^ + 2/)^ ic2+i/2, (a;-y)2 to n terms. 

a- 6 4a- 36 7a-56 . . 

10. — 5, j-, r- to n terms. 



377. Ex. 1. Find the sum of the series 

3, 5, 7 to 12 terms. 

til 
In the equation «=-)2a+(n-l)(i( 

A 

put 3 for a and 12 for 71, and we get 

19 

«=^)6 + lli(. 
Now cZ=5-3=2, and so 

«=^{6 + 22[=6x28 = 168. 

Ex. 2. Find the sum of the series 

10, 7,4 to 10 terms. 

«=|)2a+(u-l)d[; 
put 10 for a and 10 for n, then 
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Now (2= 7 - 10= - 3, and therefore 



«=^|20-27[=5x(-7)=-35. 



EXAMPLES. 

Find the sum of the following series : 

1. 1, 2, 3 to 100 terms. 

2. 2, 4^ 6 to 50 terms. 

3. 3, 7, 11 to 20 terms, 

4- T« «» T to 15 terms. 

4' 2 4 

5. -9,-7,-5 ..„.. to 12 terms. 

6. \,\,\ tontenns. 

7. 1, 2, 3 to n terms. 

8. 1, 4, 7 to n terms. 

9. 1, 8, 15 to n terms. 

n-ln-2n-3 , , 

10. , , to % terms. 

378. Ex. What is the Constant Difperenob when the 
first term is 24 and the tenth term is - 12? 

Taking the equation (A), 

«=a + (n-l)(i, 
and regarding the tenth as the last term, we get 

- 12=24 -V (10 -1^<£, 
or -36=»9d, ^ 

silence we obtain d=» -4» 
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Examples. — cxxxvi. 

What is the Constant Difference in the following cases 1 

I. When the first term is 100 and the twentieth is - 14. 
2 X fifty-first is -a;. 

3 -\ .«?-.^V4 

4 -\ twenty-fifth is -2l| 

5 -10 sixth is -20. 

6 150 ninety-fiist is 0. 

379. Ex- What is the First Term when 

the 40th term is 28 and the 43rd term is 32 ? 

Taking equation (A), 

and regarding the last term to be the 40thy we get 

28=a + 39f? (1). 

Again^ regarding the last term to be the 43rd, we get 

32=a + 42(« (2). 

From equations (1) and (2) we may find the value of a to 
be -24. 

EXAMPLES.— CXXXVii. 

I. What is the first term when 
(i) The 59th term is 70 and the 66th term is 84 ; 

(2) The 20th term is 93 - 356 and the 21st is 98 - 376 ; 

(3) The second term is ^ and 1\lg t>^>2tL Y^fe''^\ 

(4) The second term is 4 and t\ie ^n>C^^a -^^'V 
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2. The sum of the 3rd and 8th terms of a series is 31, and 
the sum of the 5th and 10th terms is 43. Find the sum of 
10 terms. 

3. The sum of the Ist and 3rd terms of a series is 0, and 
the sum of the 2nd and 7th terms is 40. Find the sum oi 
7 terms. 

4. If 24 and 33 be the fourth and fifth terms of a series, 
what is the 100th term ? 

5. , Of how many terms does an Arithmetical Progression 
consist, whose difference is 3^ first term 5, and last term 302?. 

6. Supposing that a body falls through a space of 16^ feet 
in the first second of its fall, and in each succeeding second 
32^ feet more than in the next preceding one, how far will a 
body fall in 20 seconds ? 

7. What debt can be discharged in a year by weekly pay- 
ments in arithmetical progression ; the first payment being 1 
shilling and the last ;£5. 3^. ? 

8. Find the 41st term and the sum of 41 terms in each of 
the following series : 

(1) -5,4,13 

(2) 4a2, 0, -4a2 

(3) l + x, 5 + 3a;, 9+5a; 

(4) -4^-1-4 



,.19 
(5) z, 



2' 

9^ 

4' 20 



9. To how many terms do the following series extend and 
whoX, is the sum of all the terms ? ' 

(i) lOOa 10,^. 

(2) -6, a A^^- 
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(3) ^ia;, -Sa; , -72-3a;. 

(4) \\ -24. 

(5) m-1 137(1 -m), 139(1 -m). 

(6) a;+254, a; + 2, a;-2. 

380. To insert 3 arithmetic means between 2 an(2 10. 
The number of terms will be 5. 

Taking the equation » = a + (n - 1) d, 

we have 10=2 + (5-l)d 

Whence S=4d; :. d^2. 

Hence the series will be 

2, 4, 6, 8, 10. 

EXAMPLES.— cxxxviii, 

1. Insert 4 arithmetic means between 3 and 18. 

2. Insert 5 arithmetic means between 2 and - 2. 

3. Insert 3 arithmetic means between 3 and ^. 
"^ 3 

4. Insert 4 arithmetic means between ^ and ;r. 

381. To irw«r< 3 arithmetic means between a and b. 

The number of terms in the series will be 5, since there 
are to be 3 terms in addition to the first term a and the last 
term 6. 

Taking the equation z=a + {n--l) d, 
we have to find d, having given 
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Hence 6=a+(5-l)d, 

or, 44= 6 -a, .*. (?= — -. — . 

4 . 

Hence the series will be 

., . . 3(1+6 a+6 a + 36 , 

that IS, a, — ^, -y-, — 4— , J. 

Examples.— cxxxix. 

1. Insert 3 arithmetic means between m and n, 

2. Insert 4 arithmetic means between m + 1 and m - 1. 

3. Insert 4 arithmetic means between n* and n*+l, 

4. Insert 3 arithmetic means between 0:2^2^2 ^^^^ ^^^^ 

382. We shall now give the general form of the propositita 
" To insert m arithmetic means between a and b." 

The number of terms in the series will be m + 2. 

Then taking the equation z=a + (n-l)d, 
we have in this case h=a + (m+2-l)d, 
or, h=a + {m + l)d. 

Hence (i=— H-, 

m + r 

and the form of the series will be 

h-a 2h-2a , 2h-2a , h^n 

a,a + -,,a + ;-, , b r-, 6--^II^ h 

,' m+r w+1' ' m+1*^ ^iTZl''^ 



m+r 



that is, 






h. 



'^'■^r+I' m+1 "' ' '^^^'^ ' '^i^C^-^^ 



XXXI. ON GEOMETRICAL PROGRESSION. 

383. A Geometrical Progression is a series of numbers 
"wliich increase or decrease by a constant factor. 

Thus the following series are Geometrical Fbogbessions^ 

2, 4, 8, 16, 32, 64; 

12 3 ? A A. 

^' 2' 16' 128' 1024* 
The Constant Factors being 2 in the first series, ^ in the 
second, and - ^ in the third. 

o 

Note. That which we shall call the Constant Factor is 
usually called the Common Ratio. 

384. In Algebra we express a Geometrical Progression 
thus : taking a to represent the first term and / to represent 
the Constant Factor, we shall have as a series of numbers in 
Geometrical Progression 

a, af, af^f af^, and so on. 

We observe that the terms of the series differ only in the 
index of/, and that each index of/ is always less by I than the 
number of the term in which that particular index stands. 

Thus the index of /in the 3rd term is 2, 

in the 4th 3, 

in the 5th 4 

Consequently the index of/ in the ut\i \«nsL w5^>i^ 1^-^'* 

Therefore the nth term of tlie aeries vniXi\>e aj 
rB.A. 7 
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Hence if 2; be the lost tenn, 



385. If the series contam n terms, a being the fiist 
and /the Constant Factor, 

the last term will be a/*-*, 

the last term but oim will be a/^*^, 

the last term but iv)o will be af*^. 

Now a/*-^ x/=a/'»-i x/*=a/"-^+*=a/*, 

a/*"' x/=a/"~" x/l=a/»-*^■*=a/— », 

a/*^ x/=a/*-» x/i=a/*-*+-*=a/*-*. 

386. We may now proceed to ^ind ^^ $:amh of a m 
mmbers in Geometrical Progression. 

Let a denote the first term, 

/ the constant factor, 

n the number of terms, 

8 the sum of the n terms. 

Then«=a + a/+a/» + ...+a/^ + a/"-* + a/«--i. 

Now multiply both sides of this equation by /, then 

/8=«a/+a/' + a/«+...+a/"-« + a/-i + a/». 

Hence, subtracting the first equation from the second, 

/s-«=a/'*-a. 

.•.«(/-i)=^(/"-i); 

. ajr_-l) 

Note. The proposition just proved presents a diffieu! 
a beginner, which we shall endeavour to explain. Win 
multiply the senea oi u terms 

a + of+of ^ A-af-^^ai-'^^a^w. 
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by /, we shall obtain another series 

which also contains n terms. 

Though we cannot fill up the gap in each series completely, 
we see that the terms in the two series must be the same, 
except the first term in the former series, and the last term in 
the latter. Hence, when we subtract, all the terms will dis* 
appear except these two. 

387. From the formulse : 

»=«/^^ (A), 

prove the following : 

(a) «=^. (y) a^fa-(f^l)8. 



388. Ex. Find the last term of the series 

3, 6, 12 to 9 terms. 

The Constant Factor is ^, that is, 2. 

In the formula 

putting 3 for a, 2 for/, and 9 for n, we get 

«=3x 28=3)^256=: 768. 



s 



Examples.— cxl. 

Find the last term of the following series 

I. 1, 2, 4 to 1 Aeneas. 

2. 4, 12, 36 to 10 teccoa. 

3. 6, 20, 80 to ^ t«sncQB- 



I < 



I 

I 



1 . 



I 
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4. 8^ 4, 2 to 15 terms. 

5. 2, 6, 18 to 9 terms. 

6. g^, Yg, ^ to 11 terms. 

2 1 1 ^ ^^ 

7- -3> 3> -^ to 7 terms. 



389. EXr Find the BUM of the series 

3 
2 



3 
6^ 3, ^ to 8 terms. 



Generally, ^^ ^ f^\ 

and here a = 6, /= g, w= 8, 

^g-0 K2I6-O 

2 2 

256 256 765 

"" 1 " 1 ""eT' 

^2 2 



EXAMPLES,— CXli. 

Find the sum of the following series : 

1. 2, 4, 8 to 15 terms* 

2. 1, 3, 9 to 6 terms. 

3. a, aa;2, aa* to 13 terms. 



^ "-' x' x^ 



tt — X 



5. a^-3?,a'-''^»5rvit ^.^nx^-ctas. 
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6, 2, 6, 18 ton terms. 

7. 7, 14, 28 ton terms, 

8, 5, -10, 20 to 8 terms, 

9. -%\ -\ toTtenns. 

390. To find the sum of an Infinite Series in Geometrical 
Progression, when the Constant Factor is a proper fraction. 

If /be a proper fraction and n very large, 

/* is a very small number. 

Hence if the number of terms be injmiteyf* is so small that 
•VfQ may neglect it in the expression 

/-I, ' 

and we get 

-a 

_ ^ 

391. Ex. 1. Findthesumof theseries;5 + l + T + to 

infinity. 

Here /=:l^-=-; 

4 

a 3 16_-1 

•*'^"1-/"T73~3" 3* 

4 

3 2 8 
Ex. 2. Sum to infinity the series 0-0 + 07" 

Here f^AA-A. 

^ere /- ^,^- ^, 



/. s= 



i 



3 ^ 

a 2 'a '^n 
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EXAMPLES.— CXlii. 

Find the sum of the following infinite series : 

I- 1> \ \ 9. 43, 2*, ... 



ill ^ , 

2. 1, 4, Yg, la 2a», -•26a:, 

3- 3, ^, ^, II. a, 6, 



3' 27' 



2 11 \^ \_ 

^ 3' 3' 6' '^' 10' lO^* 

. 3 1 

5- 4, 5, 13- «> -y, . 



, 1 _1 ^ 86 

2' 3' ^^ 100' I0006' 



7. 8, |, 15. -54444, 

8. li -5, 16. '83636, 



392. To insert 3 geometric Tneans between 10 aru^ 160. 

Taking the equation z = af^\ 
we put 10 for a, 160 for », and 5 for n, and we obtain 

160=10./'^*; 
/. 16=/*. 

Now 16=2x2x2x2=2*; 

;.^*=f- 

Hence /= 2, and the senea Vi!il\>^ 

lo, ao, ^, ^% ^^^^ 
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Examples.— cxliii. 

1. Insert 3 geometric means between 3 and 243, 

2. Insert 4 geometric means between 1 and 1024. 

3. Insert 3 geometric means between 1 and 16. 

4. Insert 4 geometric means between ^ and -^. 

393. To insert m geometric means between a and b. 
The number of terms in the series will be m+ 2. 
In the formula z = af^\ 

putting h for z, and m + 2 for w, we get 

or, h=af^^; 

"^ "a' 

or, f=—r: 



^«+i 



Hence the series will be, 



_i_ _L. JL * 

a, ax — —9 c^x — 2"^ > ^-^ — Tj &■: — r~> ^> 

that is, 

-1- JL 1 1 

a, (a"».6)'^S (a"»-^&2)«^S , (a2 . 6'"-^)'*+^ (a.6«)"^S 6. 

394. We shall now give some mixed Examples on Arith- 
metical and Geometrical Progression. 

Examples.— cxliv. 

I. Sum the following series : 

(i) 8 + 15-h22+ tol^tenaa. 

(2) 116+108+100+ to\Ote^naa. 



38o 
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(3 



(4 



(5 



(6; 



(7 



(8 



(a 



(lo: 



(11 



(12 



3+2+5+ to infinity. 

2-2 + ^2" to infinity. 



1_2_U 
2 3 6 



to 13 terms. 



11,2 X -.^ 

5— s + Q— to o terms. 



2 2 



to 29 terms. 



5 2 

= + l + l=+ to 8 terms. 



12 4 

+ 7^ + ^ + 



3 9 ' 27 

3_14_51 
5 10 15 



to infinity. 



to 10 terms. 



4 



-- V6 + 2 >v/(15)- to 8 terms. 



7 7 35 ^ -^ 

-r + s--T-+ to 5 terms. 

5 2 4 



2. If the continued product of 5 terms in G^eometri( 
Progression be 32, show that the middle term is 2. 

3. If a, 6, c are in arithmetic progression, and a V ci 
in geometrical progression, show that ^=— — £_. 

4. Show that the arithmetical mean between a and I 
greater than the geometrical mean. 

5. The sum of the first three terms of an arithmetic seri 
is 12, and the sixth term is 12 also. Find the sum of the & 
6 teima, 

6. What is necessaxy t\ia\. a, b, c m«^ >i^ Vn. ^^^-ov^Nxnr.' 
gresaion 1 
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7. If 271, a; and ^ axe in geometric progression, what is a;? 

8. If 2n, y and ^ are in arithmetic progression, what is 1/? 

9. The sum of a geometric progression whose first term is 
1, constant factor 3, and number of terms 4, is equal to the sum 
of an arithmetic progression, whose first term is 4 and constant 
difference 4 : how many terms are there in the arithmetic pro* 
gression? 

10. The first (7 + w) natural numbers when added together 
make 153. Find n. 

11. Prove that the sum of any number of terms of the 
series 1, 3, 5, is the square of the number of terms. 

12. If the sum of a series of 5 terms in arithmetic progres- 
sion be 95, show that the middle term is 19. 

13. There is an arithmetical progression whose first term is 

1 4 

3^, the constant difference is 1^, and the sum of the terms is 

22. Required the number of terms. 

14. The 3 digits of a certain number are in arithmetical 
progression ; if the number be divided by the sum of the digits 
in the units' and tens' place, the quotient is 107. If 396 be 
subtracted from the number, its digits will be inverted. 
Required the number. 

15. If the (1? + ?)**' term of a geometric progression be m, 
and the (i? — ?)* term be w, show that the 'p^ term is ij(^n), 

16. The difference between two numbers is 48, and the 
arithmetic mean exceeds the geometric by 18. Find the 
numbers. 

17. Place three arithmetic means between 1 and 11. 

18. The first term of an increasing arithmetic series is '0X4^ 
the constant difference -0004, and the B\mi ^*nA&« ^\s>l^ *Ocife 
numher of terms, 

jp. Place nine arithmetic means ■between \ «sA -'^* 



282 ON HARMOmCAL PROGRESSIOJN. 



20. Prove that every term of the series 1, 2 4w k 

greater by unity than the snm of all that precede it. 

21. Show that if a series of Twp terms forming a geometrical 
progression whose constant fector is r be divided into sets of ji 
consecutive terms, the sums of the sets will form a geometrical 
progression whose constant factor is r*. 

22. Find five numbers in arithmetical progression, such I 
that their sum is 55, and the sum of their squares 765. 

23. In a geometrical progression of 6 terms the difference 
of the extremes is to the difference of the 2nd and 4th tenns 
as 10 to 3, and the sum of the 2nd and 4th terms equals twice 
the product of the 1st and 2nd. Find the series. 

24. Show that the amounts of a sum of money put out at 
Compound Interest form a series in geometrical progression. 

25. A certain number consists of three digits in geometrical 
progression. The sum of the digits is 13, and if 792 be added 
to the number, the digits will be inverted. Find the numbet 

26. The population of a county increases in 4 years fioB 
10000 to 14641 ; what is the rate of increase ? 



XXXII. ON HARMONICAL PROGRESSIOH. 

395. A Harmonical Progression is a series of numbec 
of which the reciprocals form an Arithmetical Prooxession. 

Thus the series of numbers a, 6, c, (i, is a Harmonicai 

1111 
Progression, if the series -, ^ -, ^, is an Arithmetical 

Progression. 

li a, 6, c be in Harmonical Progression, h is called the 
ffarmonical Mean "between a oiiSl c. 

Note There is no "way oi ^v3iS^% ^ ^^-asc^ 'kx^^-^issssl^^^ 
'Jie sum of a HarmomcaY ^e^eft>^>^^* ^«^1 ^^^^A.^Ts^^ 
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, reference to such a series maybe solved by inverting tbe terms 
r^> and treating the reciprocals as an Arithmetical Series. 

■ 4' 396. J/a, b, c 6e in Harmonical Progression^ to show that 

a : c : ; a - 6 : 6 - c 

111 

Since -, -7, - are in Arithmetical Progression, 

^ 1-1=1-1 

c h h a' 

• j he " ah * 

^ ah a-h 

?- • a a — h 

or -=T — . 



■^ 397. To insert m ^(wmowto mean« hetween a and b. 

-- First to insert m arithmetic means between - and t. 

a 

Proceeding as in Art 357, we have 

or a=h + {m + l),ahd 

IS 

n- """"aftCm+iy 

Hence the arithmetic series will be 

^ 1 l + _JLlA_ 1 , 2(fl&-6) 1 mja-h) 1 

d a' a ah{m + iy a ah(m+iy a ah(m+iy 6' 

1 hm-\-a hm + 2a-h am + h 1 

' a' ah(rn + iy ah{m+l)' a6(m + iy 6* 



■^ 



Therefore tie Harmonic Series ia 



^ ab(m+l) a6(m + l) ob^j 

' ^ + « ^ 6m + 2a-b' w 
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398. Given a and h the first two terms of a series in Hfl" 
monical Progression, to find the n* term. 

-, ^ are the first two terms of an Aritlimetical Series i 

which the common difference is t — ^. 

a 

The n^ term of this Arithmetical Series is 

a ah db 

^ (na-a)-(n6-26) _ (n~l)g— (to — 2)6 
ah oS ' 

A the w** term of the Harmonical Series is 

ah 
(w-l)a-(w-2)6' 

399. Let a and c be any two numbers, 

h the Harmonical Mean between them. 

rrx. 1111 

Then t — =--r» 

h a c V 

2 a-\'C 
or -j-= ; 

2ac 



:. &= 



a + c 



400. The following results should be remembered. 
Arithmetical Mean between a and c=— ^-^. 
Geometrical Mean "between a «jA ^— Jot, 
Harmonical Mean "between a a-nsi c-^-^;;!;^- 
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Hence if we denote the Means by tlie letters A^ G, H 
respectively, 

. „ a + c 2ac 

—ac 
=6«5 

that is, (t is a mean proportional between A and H, 

401. To show that A, G, H aie in descending order of 
magnitude. 

Since {fja— fjc)^ must be a positive quantity. 
{ija- fjcy is greater than 0, 
or a-2 )^ac + c greater than 0, 

or a + c greater than 2 ^ac, 

or -g- greater than ^ac ; 

that is, ^ is greater than G, 

Also, since a+ c is greater than 2 Jac, 

fjac (a + c) is greater than 2ae ; 

.'. jjac is greater than — — ; 
i.e. G is greater than H. 



Examples.— cxlv. 

I. Insert two harmonic means between 6 and 24. 
2 four 2 and 3. 

3 three o^^^ "<^ 

4 four o,^^^^^ 



286 ON HARMONICAL PROGRESSION, 



5. Insert five harmonic means between — 1 and ^^ 

6 five ^and— 5. 

7 six dand^^. 

8 n 2xand32(. 

9. The sum of three terms of a harmonical series is -^^ and 
the first term is -= : find the series^ and continue it both ways. 

10. The arithmetical mean between two numbers exceeds 
the geometrical by 13^ and the geometrical exceeds the ha^ 
monical by 12. What are the numbers ? 

11. There are four numbers a, 6, c, rf, the first three in 
arithmetical^ the last three in harmonical progression; show 
that a : &=c: d 

12. If a; is the harmonic mean between m and n. show that 

x—snt x — n m n 

13. The sum of three terms of a harmonic series is 11, and 
the sum of their squares is 49 ; find the numbers. 

14. U X, y, z be the p^, q^, and r^ terms of a H.P., show 
that {r-q)yz + {p-r)xz + {q-p)xy=^0. 

15. If the H.M. between each pair of the numbers, a, 6, c 
be in A.P., then h^, a\ c^ will be in h.p. ; and if the h.m. be in 
H.P., h, a, c will be in h.p. 

16. Show that —^ ^'^r^ "^^^ ^ '' ^' ^^^> according as 
c is the A., G. or H. mean between a and 6. 



t 
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402. The different arrangements in respect of order of suc- 
^ cession which can be made of a given number of things are 

called Permutations. 

t 

Thus if from a box of letters I select tvx), P and Q, I can 
J make two permutations of them, placing P first on the left and 
then on the right of Q, thus : 

^ P, Q and Q, P. 

If I now take three letters, P, Q and B, I can make six per- 
mutations of them, thus : 

't Py Q,R; Py R, 0, two in which P stands first. 

^ Q,P,BlQ, B, P, Q 

B,P,Q; B,Q,P, B 

403. In the Examples just given all the things in each case 
are taken together ; but we may be required to find how many 
permutations can be made out of a number of things, when a 

. certain nwniber only of them are taken at a time. 

Thus the permutations that can be formed out of the letters 
P, Q, and B taken two at a time are six in number, thus : 

^ P,0; P,B; Q,P; Q,B;B,P;B,Q. 

^ 404. To find the number of permutations of n different things 
'^ taken i at a time. 

Let ayh, Cfd ,.. stand for n different things. 

First to find the number of permutations of the n things 
taken two at a time. 

If a be placed before each of the other things 6, c, rf ... of 
which the number is n- 1, we shall hov^ u— \ ^^crcKa^sa^^'^^ 
in which a stands first, thus 

a&, aCf ady 
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If 6 be placed before each of the other things, a, ^ <{ ... we 
shall have n— 1 permutations in which h stands first, thns : 

&a, &c, hdy 

Similarly there will be n - 1 permutations in which c stands 
first: and so of the rest. In this way we get every possible 
permutation of the n things taken two at a time. 

Hence there will be n . (n - 1) permutations of n things taken 
ivco at a time. 

Next to find the number of permutations of the n things 
taken ihrtt at a time. 

Leaving a out, we can form (n- 1) . (n-2) permutations of 
the remaining (n-1) things taken ivuo at a time, and if we 
place a before each of these permutations we shall have 
(n - 1) . (n-2) permutations of the n things taken ihrt€ at a 
time in which a stands first. 

Similarly there will be (n - 1) . (n- 2) permutations of the 
n things taken Qvru at a time in which & stands first : and so 
for the rest. 

Hence the whole number of permutations of the n things 
taken thrtt at a time will be w. (ti- 1) . (n-2), the fiu^tors of 
the formula decreasing each by 1, and iht figure in the last factor 
being 1 less than the nuTiiber taken at a time. 

We now assume that the formula holds good for the number 
of permutations of n things taken r ~ 1 at a time, and we shall 
proceed to show that it will hold good for the number of per* 
mutations of n things taken r at a time. 

The number of permutations of the n things taken r — 1 at 
a time will be 

n.(n-l).Cn-2) [n- f(r-l)-l(], 

that is n.(w-l).(n-2) (n-r + 2). 

Leaving a out we can form (n-1). {n-2) (»- i-r+2) 

pel-mutations of the {n-l) remaining things taken r- 1 at a 
time. 

Patting a before each of tkeae, vre fehall have 

(n-l). (n-2) (u-T^\^ 

pexmutations of the n tbinga taken, t ».\. ^ ^osxs. \xi ^\^^ o. 
^ftajida Brat 
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So again we shall have (w-l).(n-2) ...... (n-r + 1) per- 
mutations of the n things taken r at a time in which h stands 
first ; and so on. 

Hence the whole number of permutations of the n things 
taken r at a time will be 

n.(n-l).(n-2) (w-r+1). 

If then the formula holds good when the n things are taken 
r - 1 at a time, it will hold good when they are taken r at a 
time. 

But we have shown it to hold when they are taken 3 at a 

time ; hence it will hold when they are taken 4 at a time, and 

so on : therefore it is true for all integral values of r* 

» 

405. If the n things be taken all together, r=7», and the 
formula gives 

n.(w-l).(n-2) (n-n+l) ; 

that is, w.(n-l).(n-2) 1 

as the number of permutations that can be formed of n dif- 
ferent things taken all together. 

For brevity the formula 

w.(w-l).(w-2) 1, 

which is the same as 1.2.3 n, 

is written | n. This symbol is called /ac^omZ n. 

Similarly |_r^is put for 1 . 2 . 3 r; 

|r-l for 1.2.3 (r-1). 

Ohs, |nc:n.| n-l = n.(rt-l). |n-2 =&c. 

406. To find the number of 'permutations ofn things taken all 
together when certain of the things are alike. 

Let the n things be represented by the letters a, 6, c, d 

and suppose that a recurs ;p times, 

6 2 times, 

c r times, 

and BO on, 

* Another proof of this Theorem may \» «^«^ *^^ ^"^^ ^"^ '^ 
fs.A. 7 
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^ . — , - . ■ — 1^ 

Let P represent the whole number of permutationB. 

Then if all the p letters a were changed into p other kttss 
different from each other and from all the rest of the n letta^ 
the places of these j9 letters in any one permutation could vf* 
be interchanged, each interchange giving rise to a new ^ea^ 
tation, and thus from each single permutation we could fe0 

1.2 p permutations in aU, and the whole numher (^p^ 

mutations would be (1 . 2 ... j?) P, that is \p.P. 

Similarly if in addition the q letters b were changed iotol 
letters different from each other and from all the rest of Ac' 
letters, the whole number of permutations would be 

\±'\P'P; 

and if the r letters c were also similarly changed, the ^ 
number of permutations would be 

1^. [^. |£.P; 

and so on, if more were alike. 

But when the p, q, and r, &c., letters have thus been ebDgN 
we shall have n letters all different, and the number of pen* 
tations that can be formed of them is |_n (Art 405). 

Hence -P • I Pj IX* L!l ^I^> 

.p \±_ 

\JL' \l: \L. 



Examples.— cxlvi. 

1. How many permutations can be formed out of 12 tiii^ 
taken 2 at a time ? 

2. How many permutations can be formed out of 16 
taken 3 at a time ? 

3. How many permutations can be formed out of 20 
taken 4 at a time ? 

4. How many changes can be rung with 6 bells out 

5. How many pennu\a.^oTka <iasL\sfe t&ajli^ ^£ ^^ j^jl^, 
the word ExarmmaXwti telkea BJW^^^V^aetX 

6. In how many ways ^i*. ^ xsiea\i^ -^vaft.i3i^ ^5^^>a^ 
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^ 7. In how many ways can 10 men be placed side by side ? 

8. Three flags are required to make a signal. How many 
; signals can be given by 20 flags of 5 different colours, there 
' being 4 of each colour ] 

-j: 9. How many different permutations can be formed out of 
•j( the letters in Alg^a taken all together ? 

ii 10. The number of things : number of permutations of the 
1 things taken 3 at a time = 1 : 20. How many things are there? 

^ i II. The number of permutations of m things taken 3 at a 
ti time : the number of permutations of m + 2 things taken 3 at 
i a time = 1:5. Find m. 

12. In the permutations of a, 6, c, d, e, /, g taken all 
2* together, find how many begin with cd, 

13. Find the number of permutations of the letters of the 
product a^ftV written at fuU length. 

14. Find the number of permutations that can be formed 
\ \ out of the letters in each of the following words ; Ooncdtf 
x^ Tdlo^era, Calcutta^ Propodtioriy Mississippi. 



XXXIV. COMBINATIONS. 

407. The Combinations of a number of things are the 
different collections that can be formed out of them by taking 
a certain number at a time, without regard to the order in 
^ ; which the things stand in each collection. 

Thus the combinations of a, h, c, d taken tv)o at a time are 
> , ah, aCf adf he, hd, cd. 

Here from each combination we could make two permuta- 
^ tions : thus ah, ha; ac, ca; and so on : for ah, ha are the same 
combination, and so are ac, ca, 

'^ ^ Similarly the combinations of a, h, c, d taken tKx^A ^ ^•'ocwNft. 
-^ are ahc, abd, acd, bed. 

Here from each combination we co>i5A TaaS^a sv.x ^^^sv^^^a* 
J tiona; thus dbcy acb, bac, bca, cab, cba ; axi^ «»o oti. 
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And, generally, in accordance with Art. 406, any combina. 
tion of n things may be made into 1 . 2 . 3 ... n permutations. 

408. To find ike nvmber of combinations of n different things 
taken Tata time. 

Let Cv denote the nmnber of combinations required. 

Since each combination contains r things it can be made 
into I r permutations (Art. 405) ; 

/. the whole number of permutations = | r , Qu 

But also (from Art. 404) the whole number of permutations 
of n things taken r at a time 

=n(n-l) (w-r + 1); 

.-. |t\a,=w(n-l) (n-r+1); 

. ^ n(n-l) (n-r + 1) 

.. t'^= j • 



r 



409. To sihow that the nvmber of combinations of n things 
taken I at a time is the same as the nvmber taken n-r at a 
time, 

^_ n.(n-l) (n-r+1) , 

l.^.<5 r 

P _ n.(n--l) {n-.(n~r) + l} 

ana o^- 1.2.3 (n-^r) 

n.(n-l) (r + 1) 

"" 1 .2.3 (n-r) 

Hence 

Cr _ n.(n-l) (n~r+l) 1.2.3 (n-r ) 

0^" 1.2.3 r ^n.(n-l) (r+1) 

_ n. (n-1) (n-r + l).(n~r) 3.2.1 

^ 1.2.3 r.(r+l) (n-l).n 

That IB, C,«C, 
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410. Making r=l, 2, 3 r-1, r, r+1 in order, 



^ f^ n n-1 ^ n n-1 n-2 



r _ ^-(^--l) (n-r+2) 

'-*" 1.2 (r-1) 

n __ n. (n-1) (7i~r+2) . (n~r+l) 

1.2 (r-l).r 

r* _ ^« (^~l) (w~r+l). (n-r) 

"*•'" 1.2 r.(r+l) 



Hence the general expression for the factor connecting C^^ 
one of the set of mimbers Ci, (7, C^+i 0,, with CUi» 

that which stands next before it, is , that is, 

T 

^_n--r+l ^ 

^r • ^r-l» 

T 

With regard to this factor -^ , we observe 

r 

(1) It is always positive, because n+ 1 is greater than r. 

(2) Its value continually decreases, for 

w-r+1 n+1 



r r 

which decreases as r increases. 



-1, 



At _ At t 1 — - 

(3) Though -^ continually decreases, yet for several 

successive values of r it is greater than unity, and therefore 
each of the corresponding terms is greater tbSiXL\*\vft\tftR&^£>s^'. 

(4) WhearuBxickthsx''^^^:^l^\&^^^ 

r 

^sponding term ia less thaa the preceding- 
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(6) If n and r be sudh that ^^ — ?-i- := l^ C7, and (7m«k» 



pair of equal termB, each greater than cuiy preceding or 
quent term. 

Hence up to a certain term (or pair of terms) the tennsin^ 
crease, and after that decrease : this term (or pair of tenosji^ 
the greatest of the series, and it is the object of the next Aitidf 
to determine what value of r gives this greatest term (or ^ 
of terms). 

411. To jvnd ike value of t for which the number of crnni^ 
tions of n things taken r together is the greatest. 

^ _ n.(n-l) (n-r + 2) 

^'^^~ 1.2 (r-1) 

p n.(w~l) (n-r + 2) (n-r+1) 

^' 1.2 (r-1) '• ir— ' 

^ n.(w-l) (n-r + l ) n~r 

^^''^ 1.2 r rT^l- 

Hence, if Cv denote the number of combinations leqniw 

C G 

~- and 77^ must neither of them be less than 1 

But ^=!LJ±I, 

and 7r~ = • 

0^1 n-r 

Hence — ^^^ is not less than 1 and is not less than 

r n — r 

or, n-r+ 1 is not less than r and r+ 1 not less than n- 
or, n+ 1 is not less than 2r and 2r not less than n- 

.*. 2r is not greater than w+ 1 and not less than w— 1, 

Hence 2r can have only three values, n- 1, n, n + 1. 

Now 2r must be an even u^jjc^iet^wsi^tbftrefore 

(1) tf n be odd, n-\ ^xA. u-v \^i«ai^^«^'^ ^N^sa. xssa^ 
^»y be equal to u - 1 ox n-vl > 
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...r=-2-.orr=-2-. 

(2) If n be even, n - 1 and n+ 1 being both odd numbers, 
2r can only be equal to n ; 

n 
..r g. 

Ex« 1. Of eight things how many must be taken together 
that the number of combinations may be the greatest pos- 
sible 1 

Here w=8, an even number, therefore the number to be 

ft V 'y V ft >^ ^ 

taken is 4, which will give = — -= — ^r — - or 70 combinations. 

° 1x2x3x4 

Ex. 2. If the number of things be 9, then the number 
9_ 1 9+1 
to be taken is — g— or — h— > that is 4 or 6, which will give 

respectively 

9x8x7x6 



1x2x3x4 



, or 126 combinations, and 



9x8x7x6x5 ,__ ,. ,. 
1 — s — s — -A — ^» or 126 combinations. 
1x2x3x4x5' 



Examples.— cxlvii. 

1. Out of 100 soldiers how many diflferent parties of 4 can 
be chosen ? 

2. How many combinations can be made of 6 things taken 
5 at a time ? 

3. Of the combinations of the first 10 letters of the alphabet 
taken 5 together, in how many will a occur ? 

4. How many words can be formed, consisting of 3 con- 
sonaats and one vowel, in a language containing 19 consonants 
and 5 vowels % 

$. The number of combinationB oi u Wiye^ \sikfi». ^. ^ ^ 
time ; the number taken. 2 at a tame >=\^ •. ^« "^VsA '«.• 

d The number of combinatioiis oi iv >iJcosv^^ Xa^^o. 
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3 ' 
a time, is 3^ times the number of combinations taken 3 at i 
5 ^ 

time. Find n. 

7. Out of 17 consonants and 5 vowels, how many wmA 
can be formed, each containing 2 vowels and 3 consonants! 

8. Out of 12 consonants and 5 vowels bow many woidfl on 
be formed, each containing 6 consonants and 3 vowels ? 

9. The number of permutations of n things, 3 at a time, is 
6 times the number of combinations, 4 at a time. Find n. 

1 0. How many different sums may be formed with a gninei, 
a half-guinea, a crown, a half-crown, a shilling, and a sizpenoe! 

11. At a game of cards, 3 being dealt to each person, any 
one can have 425 times as many hands as there ace cardfl ii 
the pack. How many cards are there ? 

12. There are 12 soldiers and 16 sailors. How manydil- 
ferent parties of 6 can be made, each party consisting of 3 
soldiers and 3 sailors ? 

13. On how many nights can a different patrol of 5 men ^ 
draughted from a corps of 36 ? On how many of these 
any one man be taken ? 



XXXV. THE BINOMIAL THEOREM. 
POSITIVE INTEGRAL INDEX. 

412. The Binomial Theorem, first explained M 
Newton, is a method of raising a binomial expression to iBf 
power without gomg ^iXaovi!^ \3aa "^tocess of actual multipJ> 
cation. 

413. To irvuestigttU tKe BvwwavjX 'EWft«f». Sw a ^i^ 

Integral Itidex* 
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* - ■ I . _ .11 — — 

By actual multiplication we can show that 
(a; + ai)(a; + aj)i=a^+(ai + aj)a; + aia, 

(aj + ai)(a;+aa)(a;+a8) (a;+a4) = a;* + (ai+aj + a3+a4)ic3 

In these results we observe the following laws : 

I. Each product is composed of a descending series of 
powers of x. The index of jc in the first term is the same as 
the number of factors, and the indices of x decrease by unity 
in each succeeding term. 

II. The number of terms is greater by 1 than the number 
of factors. 

in. The coefficient of the first term is unity. 

of the second the sum of a^ a^, as ... 
of the third the sum of the products of 

^9 ^s' ^ *•• to^cen two at a twM. 
of \h%fofwrth the sum of the products of 
Oi, a,, 03 ... toiken three at a time* 
and the last term is the product of all the quantities 

Oij a^y a^ ...... 

Suppose now this law to hold for n- 1 factors, so that 
(aj + Oi) (x+a^ (aJ+Os) i^ + O'n-i) 

- where /Sfi=ai + aj + a8+... + a^i, 

^ that is, the sum of aj, ctj, 03 ... a^^, 

that ia, the sum of tlie pTodue\» oi o^^ a^,^ •••^*" 
taken two at a time, 



! ' 



» 






1 
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that is, the sum of the products of <t., a^ 
taken three at a time, 



that is, the product of »!> <*« «» ... a^^. 
Now multiply both sides by 05+ a,. 

Then 
(a;+ai)(a; + aj) ...(a;+a,_i) (a;+aj 

Now fi»i + a„=ai + ttg + 08 + ... +a^i + a,., 

that is, the sum of Oi, a,, 03 ... a„y 

;Sf,+anSfi=iS, + a„(ai + a2 + ...+a»_i), 

that is, the sum of the products of o^, Oj 
taken two at a time. 



that is, the sum of the products of o^, a^ 
taken three at a time, 



that is, the product of Oi, a,, ^3 ... a^. 

If then the law holds good forn - 1 factors, it will hold 
for n factors : and as we "hstve ^crwTLVJaaitV\.\k.^^ %^^ ui 
f&ctoi& it will hold fox b iactota •. «a.^ V^asfc i^-t ^ ^^^^sc 
on for any ntuubex. 
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Now let each of the n quantities Oj/o,, aa ... a» be equal to 
a, and let us write our result thus : 

The left-hand side becomes 

(a + a) (a; + a)...(a;+a) to % factors, that is, (a;+a)"* 

, And on the right-haad side 

-4i=a + a+a+ ...to w terms=W(i, 

^j=a2 + a2+a2+ ...to as many terms as are equal to the 
number of combinations of n things taken tfwo at a time, that 
. n . (w - 1) 

. . n.(n-l) J 
'^^ 1.2 • ' 

» 

■^ -43=a3+a3+a3+ ...to as many terms as are equal to the 

number of combinations of n things taken ^ree at a time, that; 
. . n . (n - 1) . (n - 2) 
" ^ 1.2.3 

. . _n. (yi-l).(yt-2) 3 

••^» 17273 •"*' 

am 

^»=a. a. a. ..ton factors =a\ 
^ Hence we obtain as our final result 

1.2 

414. Ex. Expand (a; + a)6. 

Here the number of terms will be seom, and we have 

1.2.3.4 l.a.^.4.t> 
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I 



.■'.'1 



. I 



Note. The coefficients of tenns equidistant from the 
and from the beginning are the same. The general ptooi 
this will be given in Art 420. 

Hence in the Example just given when the coefficient 
fofwr terms had been found those of the other three might Ii 
been written down at once. 



Examples.— cxlviii. 

Expand the following expressions : 

I. (a+x)* 2. (6 + c)«. 3. (a+6)T. 

4. (a;+y)8. 5. (5+4a)*. 6. (a«+Jc)*. 

415. Since 

if we put osss 1, we shall have 

(l + a)»=l+n(i + ^^^\a2+ ... +«•. 

416. Every binomial may be reduced to such a form 1 
the part to be expanded may have 1 for its first term. 

Thus since a;+a=aj(l+-Y 

and we may then expand (l + -) ancL multiply each ten 
the result by sc". 

Ex. Expand (2a; + 3^)^. 
(2a;+3y)fi«(2a;)^(l+||y 



3 
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"^^Y^'^^ 4b2 + 8x8 + i6aj* + 32x6; 

= 32x6 + 240x*t( + 720x»y2 + i080x V + siOxy* + 243t/«. 

'■ 417. The expansion of (x - a)" will be precisely the same as 
' that of (x+ a)*, except that the sign of terms in which the odd 

powers of a enter, that is the second, fourth, sixth, and other 

even terms, will be negative. 

Thus (x-a)•=x•-7lax•-•H^^^!^^aV-• 

».(w-l).(»-2) 3 , 



1.2.3 •'•*^ + 



r for (x-a)»={x+(-a)(" 

=x»+7i(-a)x»-^+?^^^\-a)V-*+ &c. 

=x»-wax'^^ + ^^^^aV-*+ &c. 
Ex. Expand (a - cf. 

=a6-6a*c+10aV-10aV+6ac*-c«. 



EXAMPLES.— CXliX. 

Expand the following expressions : 

I. {a-xf. 2. (6-cy. 3. (2x-32/)6, 

4. (l-2x)6. 5. (l-x)w 6. (a8-62)8. 

418. A trinomial, as a+6 + c, may be raised to any power 
by the Binomial Theorem, if we regard two terms as one, thus : 

(a + 6+c)•=(a^-6)'•+n.((l + 6)"-^c 

1 .^ 
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Ex. Expand (1 + a; + a^. 
(H-^+a;2)s=(l+a;)3 + 3(l+a;)«.a:«+?^(l+a;).a^+a* 

+ 3(l+a;)al*+^ 
=rH-3a; + 3a;2+a!3+3aj2+6a:3 + 3a* + 3{C* 



Examples. — cl. 

Expand the following expressions : 
I. (a + 26-c)3. 2. (l-2a; + 3a;«)3. 3, (jbS-x«+x)». 

4. (3a;i + 2a;* + 1)3. 5. (a; + l-l). 6. (ai + t^-fiiy. 

419. To pi{d the r*^ or general term of the expantioncj 
(x + a)\ 

We Have to determine three things to enable us to wnte 
down the r*** term of the expansion of (a; + a)\ 

1. The index of a; in that term. 

2. The index of a in that term. 

3. The coefficient of that term. 

Now the index of x, decreasing by 1 in each term, is in the 
r*** term n-r+l; and the index of a, increaedng by 1 in each 
term, is in the r*** term r- 1. 

For example, in the third term 

the index of a; is n- 3+ 1, that is, n - 2 ; 
the index of a is 3 - 1, that is, 2. 

In assigning its proper coefficient to the r*** term we have to 
determine the last factor in the denominator and also in the 
numerator of the iraction 



\.'2..'i.^ * 1 
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Now the laxt factor of the denominator is less by 1 than the 
number of the term to which it belongs. Thus in the 3** term 
the last factor of the denominator is 2, and in the 7^ term the 
last factor of the denominator is r- 1. 

The lasi factor of the numerator is formed by subtracting 
from n the number of the term to which it belongs and adding 
2 to the result. 

Thus in the 3*^ term the last factor of the numerator is 

n - 3 + 2, that is n- 1 ; 

in the 4* w~4 + 2, that is w- 2 ; 

and so in the r* n-r+2. 

Observe also that the feictors of the numerator decrease by 
unity, and the factors of the denominator increase by unity, so 
that the coefficient of the r* term is 

n.(n-l).(n-2) (yi-r + 2) 

1.2.3 (r-1) 

Collecting our results, we write the r^ term of the expansion 
of (05 + ay thus : 

n.(yi-l).(yi~2) (yi-r+2) ^ 

1.2.3 (r-l) '^ •^. • 

Ohs. The index of a is the same as the last factor in the 
denominator. The sum of the indices of a and x is n. 



Find 



EXAMPLES.— Cli. 

1 . The 8* term of (1 + xy\ 

2. The 5*^ term of (a^ - }pf\ 

3. The 4* term of (a - If^. 

4. The 9* term of (2a6 - cdf^. 

5. The middle term of (a - 6)^^. 

6. The middle term oi ^0^ -v^? . 

7. The two middle tenna oi (^a -'^^^'^ * 
8. The two middle teima o^ ^aAr^^** 



304 THE BINOMIAL THEOREM. 



9. Show that the coefficient of the middle term of 

10. Show that the coefficient of the middle term of 
(«+«)•-« i8 2"+' X (2n+3)(2«+5) (4»-l)(4«+l) 

1*2 71 

420. To show (hat the coefficient of the i^ term frm ^ 
beginning of the expansion of (jc+a)" is identical with the cotf- 
dent of the r** term from the end. 

Since the number of terms in the expansion is n+ 1, there 
are n+ 1 -r terms before the r* term from the end, and there- 
fore the r* term from the end is the (w - r + 2)* teim from the 
beginning. 

Thus in the expansion of (x+a)^, that is, 

the 3rd term from the end is the (6 - 3 + 2)"*, that is the 4* tem 
from the beginning. 

Now if we denote the coefficient of the t^ term by C 
and the coefficient of the (n-r+2)* term by C7„«,,a^ 
we have 

^ _ n.(n-l) (n-r + 2) 

1.2 (r-1) ' 

p _ n.(yi-l) {n-(n~r + 2 ) + 2^ 

*-^ 1.2 (n-r+2-1) 

_ 71.(71-1) r 

"1.2 (n-r+iy 

Hence 

q ^ n.(n-l) (n-r + 2) ^^1.2 (n^r+1) 

Cn-r^ 1.2 (r-1) n.{n^) ^ 

_ yi.(n-l) (n-r + 2).(n-r+l) g ^ 

1.^ ^T-.V).T (.u-tp^^^— ^- 

n ' 
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f 421. To find the greatest term in the expansion of (x + aY, n 
being a positive integer, 

Tlie r* term of the expansion (a; + a)" is 

n,(n-l) (n-r + 2) , ^^ 

1.2 (r-1) •"* -^ ' 

« 

The (r + 1)*!" term of the expansion (x + ay is 
n,(n--l) (n-r + 2),{n-r + l) 

^ 1.2 (r-l).r 

i 

Hence it follows that we obtain the (r + 1)*** term by multi- 
plying the r^ term by 
i- n-r+l a 

D^' r ' x' 



When this multiplier is first less than 1, the r* term is the 
greatest in the expansion. 

Now . - is first less than 1 

r X 

&i when na-ra-haia first less than rXy 

or na + a first less than rx + ra, 

^. or r{x + a) first greater than a (n + 1), 

^ or r first greater than — -, 

° x + a 

If r be equal to — ^ ^, then .- = 1. and tne 

^ x+a ' r X ' 

' (r + 1)*** term is equal to the r^, and each is greater than any 

other term* 

Ex. Find the greatest term in the expansion of (4 + a)^, 
wteii a = 2- 

rr TT . a{n+l) 2^^ "^ ^^ 12 24 ^« 

li ^ + 2 "2 

r^e i5i-5^ iriioie number greater t^au ^^1. '^^ ^^ iVex^'^^^^ "^^ 
greatest term of the expansion is the ^xd. _ 
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422. To find the sum of aU ike coefficients in ihe ea^tuion 
qf(l + x)\ 

Since (H-x)- = l + na; + ^^4?^^a;2^. 

+ — J-g-W+na^i+af 

putting 05=1, we get 

o« T. .^•(^-1). n,(n-l) 

2-=l + w+ — j-2-^ + + — f-^+n-i-l; 

or, 2*= the sum of all the coefficients. 

423. To show that the sum of the coefpAsients of the odd term 
in the expansion of (1 + xY is equal to the sum of the coefficienU 
of the even terms. 

Since 

(i+x)-=i+««+!i4Lzi)«;.+M!i^|i^)^+ 

putting a; = - 1, we get 

(1-1) _i-n + — ^-2 -^-2-3 + 

„.{:,!L^, } 



or. 



=sum of coefficients of odd terms - sum of co- 
efficients of even terms ; 

.*. sum of coefficients of odd terms = sum of coeffic^ts of 
even terms. 

Hence, by the preceding Article, 

2^ 
sum of coefficienta oi o^^Xfercaa— ^~2"-i* 

sum of coefficients oi wen \fcTiGs = "^^^'^'""^ • 



XXXVI. THE BINOMIAL THEOREM. 
FRACTIONAL AND NEGATIVE INDICES. 

424 We have shown that when m is a positive integer, 

(1 +«)•»=! +WMC+ — ; o ^ a;^+ 

1. , z 



We have now to show that this equation holds good when 

rir is a positive fraction, as x, a negative integer, as - 3, or a 

3 

legative fraction, as -7. 

We shall give the proof devised by Euler. 

425. If m be a positive integer we know that 

,_ ,. m.(m-l) , m.(m-l).(m-2) , 
H-a;)*=l+ma5+ — ^-^ — 123 " "*■ 



Let us agree to represent a series of the form 

_ m, (m — 1) Q . 
l+7nx+ — 12~~ 



>y the symbol /(m), whatever the value ofm laa/y he. 

Then we know that when m is a positive integer 

(l+a;)"'=/(m); 

,nd we have to show that, also, when m is fractional or 
Legative 

• (l+a;)-=/(m). 

Since /(m) = l+ma!+ — ^ ^ ^ -^ 

/(n) = l + nx + iT""^ 



3o8 
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VL we multiply together the two series, we shall obtain a 
expression of the form 

1 + ox + 6x2 + cx^ + dsc* + 

that is, a series of ascending powers of a; in which the coei- 

cients a, 6, c are formed by various combinations o^ 

m and n. 

To determine the mode in which a and h are formed, let as 1 
commence the multiplication of the two series and contumeitj 
as far as terms involving x^, thus 



^/ \ 1 w • (wi — 1) o 

/(w)=:l+ww; + — ^ g ^ x2+ 

X, \ t n,(n — l]n 

/(w) = l +nx + — 12 



f(m) xf{n) = 



- m . (m — 1) o 

1 • ^ 



+ nx+m?ix2+ 



+!iii!^«,.+ 



1 






+inn + 



n. 



.(rt-1) 



.2 ; 



SJ + •••!•« 



Comparing this product with the assumed expression 
l + ax + hx^+ca^ + da^+ 



we see that 
and 



, m.(m-l) , , n,(n^l) 



k^<3 
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• 

Similarly we could show ly actual multiplication that 

(m + n). (m + n~l). (m + n-2) 
"■" 17273 ' 

J (m+n).(m+n~l).(m+n-2).(m+yi--3) 
^■" 1.2.3.4 ' 

Thus we might determine the successive coefficients to any 
extent^ but we may ascertain the law of their formation by the 
following considerations. 

The foTTM of the coefficients, that is, the way in which m 
and n are involved in them, do not depend in any way on the 
values of m and n, but will be precisely the same whether m 
and n be positive integers or any numbers whatsoever. 

If then we can determine the law of their formation when 
m and n are positive integers, we shall know the law of their 
formation for all values of m and n. 

Now when m and n are positive integers, 

/(m)=(l + a;)~, 

/(n)=(l+a;)»; 

.-. /(m) xf{n) = (1 + «)• X (1 + xy 
=(1 +«)*+» 

:- ^f{m+n). 

Hence we conclude that whatever he Ike values of m and 71 

/(m) X /(ti) =/(m +n). 

Hence f{m-hn +p) =f{m) ,f{n -k-p) 

•d 80 generally 



%%% 
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Now let m=n«|3a» .„ =p h and h being positive 
then 

/( T + T + r+ ...to "k termsj 

=/(l)/©-/©.-.to*f 

/w=!/(|)}*, 

which proves the theorem for a positive fractional ind" 

Again, since /(m) ./(n)=/(m+n) for all values of i 
letn= -m, then 

/(m)./(~m)=/(m-m) 
=/(0). 

Now the series 1 + wxH — *\--a — -^ + ... 

becomes 1 when m=0, that is,/(0)=l ; 
/. /(m)./(-m)=l; 

/W (1+ic) * 

/. (l + a;)-"=/(-m) 

^tiouaU 
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426. Ex. Expand {a + x)^ to four terms. 
1 JL 1 JL_i 2 \2 / JL_a „ 



5-(i-0G-) *. 



1.2.3 

1 3 

1 _i 4 -3 „ 8 



. U' .X . . • 



2a^ 8a^ 16a 
Or we might proceed thus, as is explained in Art 416. 



- -*^^-l-^ 



( 2a 8a2^16a3-| 



1.2 

_^ 
16a3 



1.2.3 



s I 



•i , X 



aj-" 



+ 



ic^ 



2a^ 8a^ 16a^ 



Examples.— clii. 

Expand the following expressions : 
I. (1 + xy to five terms. 7. (1 - x^^ to five terms. 



2. (1 + aY to four terms. 

3. (a + a;)^ to five terms. 

4. (1 + 2x)2 to five terms. 

I 5. (a + -;^)* to four terms. 
C (a^+ a^) « to four terms. 



8. (1 - a^^ to four terms. 

9. (1 - 3»)^ to four terms. 
10. (x^ - — )^ to four terms. 
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427. To erpand (1 + «)—. 
(1 +.r)- = l +(-«). a; + ^^—|^ x^ 

-n.(-n-l). (-w-2) 

1.2.3 * 

the terras being alternately positive and negative. 
Ex, Expand (1 + x)"^ to five terms. 

= l-3a; + 6a2-i0a:3 + 15^4_ ^^^ 

428. To expand (1 - a;)-*. 
{l^x)-*=l^{^n).x+ZJhiz^LZ2) ,^2 

1.2.3 X' + ... 

1.2 1.2.3 ^^"' 

the terms being all positive. 

Ex. Expand (1 - x)~^ to five terms. 

/I Ni 1.0 3.4„ 3.4.5- 3.4.5 fi 

1.2 1.2.3 1.2.3.4 ^*" 
= l + 3a; + 6a;2 + 10a^+15x*+ ... 

Examples.— cliii. 

Expand 

I . ( 1 + a)-2 to five terms. 4. ( 1 - 1^ to five terms. 

2, (1 - S-x)-^ to five texma. t^. ^a^ -'l^-^ \k^ <^^ terms. 

^ fl^z\ to fowl terms, 6. ^o* — ^ Y^ ^^^V>^3et^s3c®B^ 
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1 
429. To expand (1 +a;)~". 

4 



{l+x) » = l + ^-Ja; + . 



n . „ 
x^ 



n\ n /\ n / 



1.2.3 



.0^ + 






Examples.— cliv. 

Expand 

1 . (1 + ic2)~2 to five terms. 4. (1 + 2a;)'^ to five terms. 

2. (1 -ic^)"^ to five terms. 5. (a^+jc^)"^ to four terms. 

3. (a^+»'^) s to four terms. 6. (a^+a^)"^ to four terms. 

430. Observations on the general expressionfor the term involving 
flj*" in the expaiisions (1 +aj)" and (1 - aj)". 

The general expression for the term involving aj'", that is the 
(r + 1)* term, in the expansion of (1 +»)* is 

w.(n-l)...(7i-r-M) 
~ 1.2.........r ' •^• 

From this we must deduce the form in all cases. 

Thus the (r+ 1)*** term of the expansion of (1 -oj)" is found 
by changing x into ( — £c), and therefore it is 

yi.(n-l)...(yi-r+l ) . v, 
1.2 r '^"^^ 



or. 



^ ^ 1,2 T 






« 
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If n be negative and =* -m, the (r + 1)* term of the e: 
sion of (l+a;)* is % 

(--m)(-m-l)...(-m— r + 1) 

1.2 r '*'» 

^« (-iy.)m.(m+l )... (m + r ~l)}af. 
• ' 1.2 .7.777 

If n be negative and =» - m, the (r + !)*»» term of the e: 
sion of (1 + jc)" is 

(~l)^{m.(m+l)...(m4•r- l)t 

1.2 r -(-2;)% 

m.(m+l)... Cm+r-1) 
1.2 ....r ■•^• 



Examples.— clv. 

Find the '^ terms of the following expansions : 
I. (l+a;)7. 2. (l-a;p. 3. (a-a;)8. 4. (5x4 

5. (1+a;)-^. 6. (l-3a;)-^. 7. (!-«)"*. 8. (a+ 
9. (l~2a;)'^. 10. (a2-.jc2)-i^ 

II. Find the (r+ 1)*^ term of (1 -«)-». 

f ! 1 2. Find the (r + 1)* term of (1 - 4a;)"^. 

1 3. Find the (r + 1)*** term of (1 + a?)*". 

14. Show that the coefficient of oT*"* in. (1 +aj)'H-i jg ^( 
j' *« ' of the coefficients of a?' and a?*^^ in (1 + a;)". 

: 15. What is the fourth term of (a - - )"~2 ? 

j'/ ', ' no;/ 

16. What is the fifth term of (a^- 6^^ ? 

ly. Whati8tliemxi\.\i.\.en!CLol(^a?-V*2a?^il 
18. Wliat is the teiit\i \.erm ol ^a -vVp \ 

ig. What ia th^ aeveatV t«m ol ^a^\>Y ^ 



'i 1 1 






.1= 
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431. The following are examples of the appUcation of the 
Binomial Theorem to the approximation to roots of numbers. 

(1) To approximate to the square root of 104. 
V104= V(100+4)=10(l + j^)* 



ml 1^1 4 2(2 ^/ /'4 V 



ia-)a-) 



• (loo) "*■ - ) 



1.2.3 

( 100 10000 1000000 •••) 

= 10-19804 nearly. 

(2) To approximate to tlie fifth root of 2. 
^2 = (1 + 1)* 

5 25^250 2500 
3 9 

25 2500 ^ 

= 1-1236 nearly. 

(3) To approximate to the cube root of 25. 

4^25=y(27-2)=3(l-Ap. 

Here we take the cube next dhont 25, so as to make the 
second term of the binomial as small as possible, and then 
proceed as before. 

Examples.— c\n\» 



Approximate to the following Toota; 
A V^i. 2. ,yi08. 3. JJ^^- V 



XXXVIl. SCALES OF NOTATION. 

432. The 83nnbols employed in our common S3rstem d 
Arithmetical Notation are the nine digits and zero. These 
digits when written consecutively acquire local values to 
their positions with respect to the place of nnitSy the value d 
every digit increasing ten-fold as we advance towards the kft 
hand, and hence the number ten is called the Badix of tbe 
Scale. 

If we agree to represent the number ten by the letter (,i 
number, expressed according to the conventions of Arithmetical 
Notation by 3245, would assume the form 

3e'+2e2+4«+5 
if expressed according to the conventions of Algebra. 

433. Let us now suppose that some other number, asf», 
is the radix of a scale of notation, then a number expressed ii 
this scale arithmetically by 2341 will, if five be represented by 
/, assume the form 

2/3 + 3/2 + 4/+1 
if expressed algebraically. 

And, generally, if r be the radix of a scale of notation, > 
number expressed arithmetically in that scale by 6789 will, 
when expressed algebraically, since the value of each digit 
increases r-fold as we advance towards the left hand, be repre- 
sented by 

erS + y^-^ + Sr+Q. 

434. The number 'which, denotes the radix of any scale viB 
be represented in that ac«\e>a^ Vi. 

Thus in the scale whose TaA\x. \a ^'^'i,^^^ T^^sSfeRst ^fec^^ 
be represeTited by 10, 
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s 



In the same scale seven, being equal to five + two, will 
therefore be represented by 12. 

Hence the series of natural numbers as far as twenty-jive will 
l)e represented in the scale whose radix is five thus : 

1, 2, 3, 4, 10, 11, 12, 13, 14, 20, 21, 22, 23, 24, 30, 31, 

32, 33, 34, 40, 41, 42, 43, 44, 100. 

435. In the scale whose radix is eleven we shall require 
a new symbol to express the number ten, for in that scale the 
number eleven is represented by 10. If we agree to express 
ten in this scale by the symbol t, the series of natural numbers 
as far as twenty-three will be represented in this scale thus ; 

1, 2, 3, 4, 5, 6, 7, 8, 9, t, 10, 11, 12, 13, 14, 15, 16, 17, 

18, 19, It, 20, 21. 

436. In the scale whose radix is twelve we shall require 
another new symbol to express the number eleven. If we 
agree to express this number by the symbol e, the natural 
numbers from nine to thirteen will be represented in the scale 
whose radix is twelve thus : 

9, e, e, 10, 11. 

Agiiin, the natural numbers from twenty to twenty-five will 
be represented thus : 

18, 19, If, le, 20, 21. 



437. The scale of notation of which the radix is two, is 
called the Binary Scale. 

^ The names given to the scales, up to that of which the 

;a radix is twelve, are Ternary, Quaternary, Quinary, Senary, 

^ Septenary, Octonary, Nonary, Denary, Undenary and Duo- 

^ denary. 

438. To perform the operations of Addition, Subtraction, 
Multiplication, aud Division in a scale of notation whose iiLdftrj- 

^ is r, we proceed in the same way as "we ^o lot t!»x 
pressed in the common scale, with tlais ^\Setwa.c» 
must he used where ten would he, used iiv >i\^^ 
w which will he nnderstood "better by t\ie ioWowart 
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£lx. 1. Find the sum of 4325 and 5234 in the senary s( 

4325 
5234 

the sum =14003 

which is obtained by adding the numbers in vertical li 
carrying 1 for every six contained in the several results, 
setting down the excesses above it. 

Thus 4 units and 5 units make nine units, that is, six u 
together with 3 units, so we set down 3 and carry 1 to 
next column. 

Ex. 2. Find the difference between 62345 and 5346C 
the septenary scale. 

62345 

53466 



the difference = 5546 

which is obtained by the following process. We cannot t 
six units from five imits, we therefore add s&v&a units to 
five imits, making 12 imits, and take six units from twt 
units, and then we add 1 to the lower figure in the sec< 
column, and so on. 

Ex. 3, Multiply 2471 by 358 in the duodenary scale. 

2471 
358 



1 7088 
e t e b 
7193 

833318 



Ex. 4. Divide 367286 by 8 in the nonary scale. 

8 ; 367286 

42033 

The following is the process. We ask how often 8 is contair 

in 36, which in the nonary scale represents ikirty^three unil 

the answer is 4 and 1 over. '^^^ea^^Vss^ ^ften 8 is co 

tained in 17, wliich. iu the uoinas:^ «fta^& ^'is^t^aeoJua, «Oxx*kw^ssS 

^he answer is 2 and. no xemovadex. K3A^QV^x>C5i,,^ ^^^^ 
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Ex. 5. Divide 1184323 by 589 in the duodenary scale. 

589) 1184323 (2483 
e56 



22^3 
leeO 

3e32 

39eo 

1523 
1523 



Ex. 6. 

8cale. 



Extract the square root of 10534521 in the senary 

10534621 ( 2345 

4 



43 


253 
213 


504 


4045 
3224 


5125 


42121 
42121 



I. 

2. 

3- 

4. 

5- 
6. 

8. 

9- 
/a 



Examples.— clvii. 

Add 23561, 42513, 645325 in the septenary scale. 
Add 3074852, 4635628, 1247653 in the nonary scale. 
Subtract 267862 from 358423 in the nonary scale. 
Subtract 124321 from 211010 in the quinary scale. 
Multiply 57264 by 675 in the octonary scale. 
Multiply 1456 by 6541 in the septenary scale. 
Divide 243012 by 5 in the senary scale. 
Divide 3756025 by 6 in the octonary scale* 
Extract the square toot of 25400^44 \xv>iJtva' 
Extract the square root oi b^ft^^tl m^^ 
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439. To transfofrm a given integral number from onescakt^ 
another. 

Let N be the given integer expressed in the first scale, 
r the radix of the new scale in which the number is to 
be expressed, 

a, hf c m,p, q the digits, n+ 1 in number, expiesang 

the number in the new scale ; 
60 that the number in the new scale w'ill be expressed thus : 

ar^ + hir-^ + ci*-^'\' +mr^'hpr + q. 

We have now from the equation 

iV=ar" + 6r*-i + (»-*-2+ +mr^+pr'\-q 

to determine the values of a, 6, c ...... w,, 2?, q. 

Divide N by r, the remainder is q. Let A be the quotient : 
then 

A^ar-^ + hir-^'i-cr^-^ -hmr+p. 

Divide A by r, the remainder is p. Let B be the quotiaii: 
then 

5=ai-»-2 + &r*-3 + cr»-*+ +m. 

Hence the 
first digit to the right of the number expressed in the 

new scale is q, the first remainder; 

second p, the second remamder; 

third m, the third remainder; 

and thus all' the digits may be determined. 

Ex. 1. Transform 235791 from the conunon scale to tk 
scale whose radix is 6. 



6 


235791 


6 


39298 remainder 3 


6 


6549 remainder 4 


6 


1091 remainder 3 


6 


181 remainder 5 


6 


30 remainder 1 


6 


\ ^ texsismv-dftt 




\ Q xe-vsiaJaA^t t> 



The number reqxnied is VX^^^^ot:^ ^^^^'^^'^. 
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The di^ts by which a number can be expressed in a scale 

whose radix is r will be 1, 2, 3 ^ - 1, because these, with 0, 

are the only remainders which can arise from a division in 
which the divisor is r. 

ElX. 2. Express 3598 in the scale whose radix is 12. 



12 


3598 


12 


299 remainder t 


12 


24 remainder e 


12 


2 remainder 




remainder 2 



/. the number required is 20e^ 

440. The method of transforming a given integer from one 
scale to another is of course applicable to cases in which both 
scales are other than the common scale. We must, however, 
be careful to perform the operation of division in accordance 
with the principles explained in Art. 438, Ex. 4. 

Ex. Transform 142532 from the scale whose radix is 6 to 
the scale whose radix is 5. 



5 


142532 




5 


20330 


remainder 2 


5 


2303 


remainder 3 


5 


300 


remainder 3 


5 


33 


remainder 3 


5 


4 


remainder 1 







remainder 4 



The required number is therefore 413332. 



EXAMPLKS.— clviii. 

Express 

1. 1828 in the septenary scale. 

2. 1820 in the senary scale. 

J. 43751 in the duodenary scale. 
rs.A. 7 



i 
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4. 3700 in the quinary scale. 

5. 7631 in the binary scale. 

6. 215855 in the duodenary scale. 

7. 790158 in the septenary scale. 

Traneform 

8. 34002 from the quinary to the quaternary scale. 

9. 8978 from the undenary to the duodenary scale. 
lOi 3256 from tlje septenary to the duodenary scale. 

1 1. 37704 from the nonary to the octonary scale. 

12. 5056 from the septenary to the quaternary scale. 

13. 654321 from the duodenary to the septenary scale. 

14. 2304 from the quinary to the undenary scale. 

441. In any scale the positive integral powers of the nuc- 
ber which denotes the radix of the scale are expressed li' 
10,100,1000 



Thus twenty-five, which is the square of five, is expressed!: 
the scale whose radix is five by 100 : one hundred and twenij' 
five will be expressed by 1000, and so on. 

Generally, the ri^ power of the number denoting the ia& 
in any scale is expressed by 1 followed by n cyphers. 

The highest number that can be expressed by p digits in' 
scale whose radix is r is expressed by »* - 1. 



Thus the highest number that can be expressed by 4 digii 
in the scale whose radix is five is 

10*- 1, or 10000-1, that is 4444. 

The least numlber that can be expressed by ^ digits is 
scale whose rato. is t \b ^a;:gt«ajBft^\yj r«^^ 

Thus the lea^t ii\\taV>et >(\ia.\. ^xi\i^ ^'x:^^^3»^\yj «^^^^ 
the scale whoBe xaAis. \a ^^^ \^ 
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442. In a scale whose radix is r, the sum of the digits of 
an integer divided by (r - 1) will leave the same remainder as 
the integer leaves when divided by r - 1. 

Let N be the number, and suppose 

Then 
iSr=a(r--l) + 6(?^-i-l) + c(r"-2-l)+ ... +m(r2-l)+^(r-l) 

+ ja + 6 + c+ +m+2J + g[t. 

Now all the expressions r" - 1, ?'*"^- 1 r^ - 1, r- 1 are 

di^dsible by r - 1 ; 

. N . , a + h'\-c-\' m+p + q 

.. =-== an integer + r — - : 

r-1 ° r-1 

which proves the proposition, for since the quotients differ by 
an integer, their fractional parts must be the same, that is, the 
remainders after division are the same. 

Note. From this proposition is derived the test of the 
accuracy of the result of Multiplication in Arithmetic by cast- 
ing out the nines. 

For let -4=9m+a, 

and B=9n + b; 

then AB = 9(9m7i + an+ 6m) + ah ; 

that is, AB and ah when divided by 9 will leave the same 
remainder. 

Radical Fractions. 

443. As the local value of each digit in a scale whose radix 
is r increases r-fold as we advance from right to left, so does 
the local value of each decrease in the same proportion as we 
advance from left to right 

If then we aflSx a line of digits to the "k\^\. ^i 'Coa. -^siissS 

place, each one of these having iTom. Vfca ^oss^qtl ^ ^^^isass^ 

one-f^part of the value it would \iave \i \\. ^«fe ^"^^ ^^ 

further to the left, we shall have oil t\ie tv^^. "^^^^ ?^ ^ 

units' place a series of Fractions o^ ^^'bKcVi. ^V^ ^e^^fi^B^^^^ 
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are successively r, r*, r^, , while the uumeiatois maybe 

any numbeis between r-1 and zero. These are called 
Radical Fsagtions. 

In our common system of notation the word BaMoA'^ 
replaced by Deemed^ because ten is the radix of the scale. 

Now adopting the ordinary sjrstem of notation, and maddDg 
the place of units by putting a dot * to the right of it, we ban 
the following results : 

In the denary scale 

246-4789=2 xl03+4xl0+6 + ~ + --l^+®+ ^ 



10 102 ^ 103 ^ 104' 

in the quinary scale 

324-4213=3 X 102+2 xlO+4+=i + -?_+J_.J_ 

10^102^103^10*' 

remembering that in tJUs scale 10 stands for Jive and not fori 
(Art 434). 

444. To show that in any scale a radical fraction is a 
fraction. 

Suppose the fraction to contain n digits, a,hyC 



Then, since r - 1 is the highest value that each of the ^ 
can have, 

^+^ + ... is not greater than (r- 1) (^ + ^- + ... to n tenns) 

1 (-y~i 

not greater than (r-1) ^ - . - ^ 

r " 
not greater than (r - 1) 

not gi»aX.et \k«CL — — - % 

not gteatex >i)a»si\ - ^- 
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^ / Hence the given fraction is less than 1, and is therefore a 
* proper fraction. 

445. To transform a fraction exfpressed in a given scale into 
a radical fraction in any other scale, 

— Let F be the given fraction expressed in the first scale, 

„ i r the radix of the new scale in which the fraction is to 

^ be expressed, 

a, b, c.the digits expressing the fraction in the new 
scale, so that 

f j'=»+*+« + ... 

— — «• AMI IJM 

from which equation the values of a, 5, c... are to be deter- 
- mined. 



Multiplying both sides of the equation by r, 

h c 

-+-2 
r r 



^r=a + -+-2+ ... 



Now - + -2 + ... is a proper fraction by Art. 444. 

Hence the integral part of Fr will =a, the first digit of the 
new fraction, and the fractional part of Fr will 

r r* 
Giving to this fractional part of Fr the symbol Fi we have 



* 



Multiplying both sides of the equation by r. 



Fir=b+-+ ... 
r 



Hence the integral part of J\r=h, tKe aeconvd. dA^xi «S ^^^^^ 



fraction, and thus, by a similax "pTOceaa, aXi ^^ ^^^ 
pew fraction may be found. 



! I 



1 » 

< 



f 



« 
< I 



^ J 






[\. 



I « 



I i 



' .1,1 



', i 
,,■ .1- 

llj liii, M,M1,. , , 
tip, |;!!;J' It Ijl'' ' 




■j'+i ♦■ :(■:.!■ I ; 



■'•'I 



■JH li'f , ■ 

■I 1 !■ • I' 




. 1? ;»■' ' ! 






t 
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SCAZBS OF N'OTATXOJ>r. 



Ex. 1« Express = as a radical fraction in t 
scale: 

;^x5 = y = 2 + y, 

2 . 10 . 3 
_x5=y^l+^; 

therefore fraction is -203241 recurring. 

Ex. 2- Express -84375 in the octonary scale : 

•84375 

8 



6-75000 
8 

6-00000 



The fraction required is -66. 

Ex. 3. Transform -42765 from the nonaiy tc 

scale. 

•42765 

6 



2-78133 
6 

5-23820 
6 

1-55430 



^•^^%Qi<^ 



The fraction Tec^xv^e^ i^ -^^^^ 



2937- 


- remainder 

- remainder 3 

- remainder 2 

- remainder 3 

- remainder 2 

- remainder 2 

- remainder 


4 






83«- 


3'4«58 
4 


^\j^ 




20e- 


1*75^8 


62- 


X 11/ VKJ 

4 


16- 


2'5e68 


4- 


4 


1- 


l-e«28 



SCALES OF NOT A TION. -yt^j 

Ex. 4. Transform e 124*^275 from the duodenary to the 
quaternary scale : 

4 el24 •«275 

4 

4 

4 

4 

4 

4 

4 

- remainder 1 

Number required is 10223230-3121 ... 

Examples. — clix. 

25 

1. Express ^ in the senary scale. 

2. Express jy in the septenary scale. 

3. Express 23*125 in the nonary scale. 

4. Express 1820*3375 in the senary scale. 

5. In what scale is 17486 written 212542 ? I 

6. In what scale is 511173 written 1746305 ? 

7. Show that a number in the Common scale is divisible : 
(i) by 3 if the sum of its digits is divisible by 3. 

(2) by 4 if the last two digits be diviaibl<ei "Vyj ^. 

(3) hySif the last three digila "bfe ^N\«C(iVa V^J '^^ 
(4) by 5 if the number ends -witla. tk ot ^- 
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(5) by 11 if the difference between the sum of the digib 
in the odd places and the sum of those in the era 
places be divisible by 11. 

8. If -AT be a number in the scale whose radix is r, andi 
be the number resulting when the digits of N are revenet 
show that "N -n\& divisible by r - 1. 



XXXVIII. ON LOGARITHMS. 

446. Dep. The Logarithm of a number to a given 1)» 
is the index of the power to which the base must be raised to 
give the number. 

Thus if m= a*, a; is called the logarithm of m to the basefl. 

For instance, if the base of a system of Logarithms be 2, 
3 is the logarithm of the number 8, 
because 8 = 2^ : 
and if the base be 5, then 

3 is the logarithm of the number 125 
' because 125 = 53. 

447. The logarithm of a number m to the base a is writta 
thus, log.m ; and so, if m = a*, 

a;=log,m. 
Hence it follows that m=a^'". 

448. Since l = a®, the logarithm of unity to any bases 

zero. 

Since a=ai, the logarithm of the base of any systes 
is unity. 

449. We now pxodee^ ^.o ^^^crC!^^ 'CrsJ^ ^'^Oo, \^ ^Hjg^ <^ 
Common System oi logaTil^naa. 

The base of the sys^m ia \0. 
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By a system of logarithms to the base 10, we mean a succes- 
sion of valnes of x which satisfy the equation 

^1=10* 
for all positive values of m, integral or fractional. 

Such a system is formed by the series of logarithms of 
the natural numbers from 1 to 100000, which constitute the 
logarithms registered in our ordinary tables, and which are 
therefore called tabular logarithms. 



450. Now 



and so on. 



1 = 100, 

10=10S 

100=102, 

1000 = 103, 



Hence the logarithm of 1 is 0, 

of 10 is 1, 

of 100 is 2, 

of 1000 is 3, 
and so on. 

Hence for aU numbers between 1 and 10 the logarithm is a 
decimal less than 1, 

between 10 and 100 the logarithm is a decimal between 1 
and 2, 

between 100 and 1000 a decimal between 2 

and 3, and so on. 

461. The logarithms of the natural numbers from 1 to 12 
stand thus in the tables : 



No. 


Log 


No. 


Log 


1 


0-0000000 


7 


0-8450980 


2 


0-3010300 


8 


0-9030900 


3 


0-4771213 


9 


0-9542425 


4 


0-6020600 


1 10 I V<^^^K^5f^ 


' ^ 


0-6989700 


\ w \ v<^^\^^'^ 


6 / 


0-7781513 


\i^ 


\ VOn^VbVL 



The logarithms are calculated to sfeven ^\aR«» o\ ^^^^^^^ 



s\^' 
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452. The integral parts of the logarithms of nnmbeis 
higher than 10 are called the cha/racteristics of those logarithms, 
and the decimal parts of the logarithms are called the marUissa, 



Thus 



1 is the characteristic, 
-0791812 the mantissa, 
of the logarithm of 12. 



453. The logarithms for 100 and the numbers that succeed 
it (and in some tables those that precede 100) have no charac- 
teristic prefixed, because it can be supplied by the reader, being 
2 for all numbers between 100 and 1000, 3 for all between 
1000 and 10000, and so on. Thus in the Tables we shall 
find 



No. 


Log 


100 


0000000 


101 


0043214 


102 


0086002 


103 


0128372 


104 


0170333 


105 


0211893 



which we read thus : 

the logarithm of 100 is 2, 

of 101 is 2-0043214. 

of 102 is 2-0086002; and so on. 

454. Logarithms are of great use in making arithmetical 
computations more easy, for by means of a Table of Logatithms 
the operation 

of Multiplication is changed into that of Addition, 

... Division Subtraction, 

... Involution Multiplication, 

... Evolution Division, 

as we shall show in the nexfc iowi M^\^^"a.. 

465. The logarithm of a prodxict %» eqvxal V> \Va «vm.^^'^ 
logwrithma of its factors. 
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Let m=a*, 

and n^a?. 

Then mn^Q!^\ 

.*. log.wwi=a;+y 

=log,m+log.ii. 

Hence it follows that 

log.m7ip = log.m + log.n + log.|?, 

i and similarly it may be shown that the Theorem holds good 

i for any number of factors. 

'i 

■f. Thus the operation of Multiplication is changed into that of 

1^ Addition. 

Suppose, for instance, we want to find the product of 246 
and 357, we add the logarithms of the factors, and the sum is 
the logarithm of the product : thus 

log 246=2-3909351 
log 357 = 2-5526682 



their sum = 4-9436033 
which is the logarithm of 87822, the product required. 

Note. We do not write logio246, for so long as we are 
treating of logarithms to the particular base 10, we may omit 
the suffix. 

» 456. The logcmthm of a quotient is equal to the logarithm of 
the dividend diminished ly the logarithm of the divisor. 

Let m=a\ 

o,nd n=a*, 

'" Then -=a-^ 

i I m 

=log,m-\ogji. M 

Thus the operation of Division is cka.Tig,'^^ m\.o ^^ 
traction. 
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If, for example, we are required to divide 371-49 by 
we proceed thus, 

log 371*49=2-5699471 
log 52-376 = 1-7191323 

their difference = -8508148 

which is the logarithm of 7*092752, the quotient requi 

467. TKq logarithm of any power of a number is eqyu 
product of ike logarithm of the numiber and the index dm 
power. 



Let 


m—a*. 


Then 


m^'^a"; 




.*. log.m'=ra; 




=r.log.m. 



Thus the operation of Involution is changed into ^ 
cation. 

Suppose, for instance, we have to find the fourth i 
13, we may proceed thus, 

log 13 = 1-1139434 



4-4557736 
which is the logarithm of 28561, the number required 

458. The logarithm of any root of a number is equ 
quotient arising from the division of the hgarith/m of th 
by the nwmJber denoting the root 



Let 


m=a'. 


Then 


1 • 
m''=a''; 




1 a; 

:.lo^jn.''=- 




=- Aci^ita. 



Thus the opeTattou oi-E.TroVa.t\«a\ft Ol^sv^^q.Vo^, 
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If, for example, we have to find the fifth root of 16807, we 
proceed thus, 

5 I 4-2254902, the log of 16807 



•8450980 
which is the logarithm of 7, the root required. 

^ 459. The common system of Logarithms has this advantage 
over all others for numerical calculations, that its base is the 
same as the radix of the common scale of notation. 

^ Hence it is that the same mantissa serves for all numbers 
which have the same significant digits and differ only in the 
position of the place of units relatively to those digits. 

For, since log 60 = log 10 + log 6 = 1 + log 6, 
log 600=log 100 + log6 = 2 + log6, 
log 6000=log 1000 + log 6 = 3 + log 6, 

2^ it is clear that if we know the logarithm of any number, as 6, 
we also know the logarithms of the numbers resulting from 
multiplying that number by the powers of 10. 



^ 



So again, if we know that 

log 1-7692 is -247783, 
we also know that 

log 17-692 is 1-247783, 
log 176-92 is 2-247783, 
log 1769-2 is 3-247783, 
log 17692 is 4-247783, 
log 176920 is 5-247783. 

460. We must now treat of the logarithms of numbers less 
than unity. 

Since 1 = 10^, 
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the logarithm of a number 

between land '1 lies between Oand-L 

between 'land '01 -land -2, 

between '01 and '001 ~2and-3. 

and so on. 

Hence the logarithms of all numbers less than unity aw 
negative. 

We do not require a separate table for these logarithms, f 
we can deduce them from the logarithms of numbers greata 
than unity by the following process : 

log -6 =logj^ =log6-loglO =log6-l, 
log-06 =logj^ =log6-loglOO =log6-2, 

log-006=log^^=log6-log 1000 = log6-3. 
Now the logarithm of 6 is -7781513. 

Hence 
log -6 = - 1 + •7781513, which is written 1-7781513 
log 06 = - 2 + •7781513, which is written 2*7781513 
log •006 = - 3 + '7781513, which is written 3-7781513 

the characteristics only being negative and the mantisse 
positive. 

461. Thus the same mantissoQ serve for the logarithms i 
all numbers, whether greater or less than unity y which have the 
same significant digits, and differ only in the position of tk 
place of units relatively to those digits. 

It is best to xegai^L t\i^ T«3cJVa ^ «. T^^Xfijt v^l ^^ V^^mtibu 
nbers wbich 'have cue sv^ta^^^-aX. ^\^\.\b^\^'t^ >^>^^ ^^y^ 
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No. I Log 



For instance, when we read in the tables 144 1583625, we 
interpret the entry thus 

log 1-44 is -1583625. 

We then obtain the following rules for the characteristic to 
be attached in each case. 

I. If the decimal point be shifted one, two, three... n 
^places to the right, prefix as a characteristic 1, 2, 3 ... w. 

II. If the decimal point be shifted one, two, three ••• 71 
S places to the left^ prefix as a characteristic f, 2, 3 ... n. 

^ Thus 



&• 



I - 



log 


1-44 is -1583625, 


log 


14-4 is 1-1583625, 


log 


144 is 2-1583625, 


log 


1440 is 3-1583625, 


log 


•144 is 1-1583625, 


log 


-0144 is 2-1683625, 


log' 


•00144 is 3-1583625. 



462. In calculations with negative characteristics we follow 
the rules of algebra. Thus, 

(1) If we have to add the logarithms 3-64628 and 2-42367, 
^i- wo first add the mantissse, and the result is 1*06995, and then 

2: adt the characteristics^ and this result is 1. 

:? The final result is 1 + 1 -06995, that is, -06995. 

-- (2) To subtract 6-6249372 from 3-2466973, we may arrange 
the numbers thus, 

- 3 + -2466973 
~ - 5 + -6249372 

^ 1 + -6207601 

the 1 carried on from the last subtraction in th<a dftssfls^^<Jss>RR»» 
changing - 5 into - 4, and then - 4 6\\\itxwi\A'^\xQrsssL -'^©j^^^Js^ 

f 1 as a result 

Hence the resulting logarithm ia V6^0lWA-» 
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(3) To multiply 3-7482569 by 5. 

3-7482569 
5 



12-7412845 

the 3 carried on from the last multiplication of the dedmal 
places being added to — 15, and thus giving -- 12 as a result. 

(4) To divide 14-2456736 by 4. 

Increase the negative characteristic so that it may be exacdf 
divisible by 4, making a proper compensation^ thus, 

14-2456736 =16 + 2-2456736. 

14-2456736 16 + 2-2456736 ^ 
Then -^ = j =4 + •5614184; 

and so the result is 4-5614184. 



Examples.— clx. 

1. Add 3-1651553, 4-7505855, 6-6879746, 2-6150026. 

2. Add 4-6843785, 5*6650657, 3-8905196, 3-4675281 

3. Add 2-5324716, 3-6650657, 6-8905196, •3156215. 

4. From 2-483269 take 3-742891. 

5. From 2-352678 take 6-428619. 

6. From 6-349162 take 3-624329. 

7. Multiply 2-4596721 by 3. 

8. Multiply 7-429683 by 6. 

9. Multiply 9-2843617 by 7. 

10. Divide 6*3725409 by 3. 

1 1. Divide 14-432962 by 6. 

1 2. Divide 4•5^Qa7188 by 9. 

463. We BhaW no^ ex:^\s.m \\a^ ^ ^i^Xfcxa. ^H. Vi^rAifl 
calculated to a "boBe a mM ^^ Vt^^^^^^^cvaft^Vcv^^ ^^:K^Mst. 
' which the base ib b. 
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Let m be a number of wMcli the logarithm in the fiist 
system is % and in the second y. 

Then m=a% 

and m=lf» 

Hence 6»=a*, 



"x lQg«6' 

Hence if we multiply the logarithm of any number in the 

eyBtem of which the base is a by « — ^ we shall obtain the 

logarithm of the same number in the system of which the base 
is h. 

This constant multiplier 3 — v is called The Modulus of the 

^stem of which ihe hose is b with reference to the system of 
%irbich the base is a. 

464. The common system of logarithms is used in all 
aumerical calculations, but there is another system, which we 
oaust notice, employed by the discoverer of logarithms, Napier, 
%nd hence called The Napiebian System. 

The base of this system, denoted by the symbol e, is the 
ziumber which is the sum of the series 

2 + 1 + 2^ + 2^4 + -'^ *'*■''•' 
•f which sum the first eight digits ace ^'71^^^^.^. 

:.* 465, Out common logarithms are ioTm^^ ixoxa. ^0^^ 
ftlims of the Napiejian System by m\jl\.VeVS^^ ^ 
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latter by a common multiplier called The Modal 
Common System 

This modulus is, in accordance with the con 

Art. 463, y =7^. 

' log, 10 

That is, if Z and N be the logarithms of the same i 
the common and Napierian systems respectively, 

Now log, 10 is 2-30258609 ; 

•■• 13^ ^ 2-302L609 °^ -43429448, 
and so the modulus of the common system is '43429^ 

466. To prove that log.6 x logja = 1. 

Let a;=log.6. 

Then 6=a*; 

.*. 6*= a; 
/. -=logfta. 

Thus log«6 X logja = a; x - 

=1. 

467. The following are simple examples of the d 
applying the principles explained in this Chapter. 

Ex. 1- Given log 2 = '3010300, log 3 = '4771213 € 

log 7 = -8450980, find log 42. 

Since 4a=^x^x7 
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Ex. 2. Given log 2 = -3010300 and log 3 =-4771213, find 
the logarithms of 64, 81 and 96. 

log64«log2«=6log2 

log 2 = -3010300 
6 



:, log 64= 1-8061800 

Iog81=log3*=4log3 

log 3 =-4771213 



/.log 81 = 1-9084852 

log96=log(32 x3)=log32 + log3, 
and log32=log2fi=5log2; 

/. log 96 = 5 log 2 + log 3 =1-5051500 + -4771213 = 1-9822713. 

Ex. 3. Given log 5 = -6989700, find the logaritiim of 
/i:^(6-25). 

log(6-25)^=ilog6'25=ilog?g=-5- aog626-log 100) 
=^aog5*-2)=i(4log5-2) 
=^(2-7958800 -2)=-1136657. 

EXAMPLES.— Clxi. 

1. Given log 2 =-3010300, find log 128, log 125 and 
log 2500. 

2. Given log 2 = -3010300 and log 7 =-8450980, find the 
logarithms of 60, -005 and 196. 

3. Given log 2 = -3010300, and log3=-477l2IS^^\^^ *^^ 
logarithms of 6^ 27, 54 and 576. 

4. Given log2=- -3010300, log3=-4nn\^Vi>^"^^*'^'^^'^'^ 
'jid log 60, log '03, log 1 -05, and log •OOOO^a'a.. 
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5. Given log 2 = -3010300, log 18 = 1*2552725 and 

log 21 » 1*3222193, find log -00075 and log 31*5. 

6. Given log 5 » -6989700, find the logarithms of 2, -061, 

7. Given log 2 s -3010300^ find the logarithms of 5, 'US, 

^^ (|o) • 

8. What are the logarithms of -01, 1 and 100 to the litf 
10? What to the base -01 ? 

9. What is the chaiacteiistic of log 1593, (1) to base % 
(2) to base 12 ? 

4* 
- 10. Qivengjij^— 8, andfl5=»3y, findacandy. 

1 1. Given log 4= -6020600, log 1-04= -0170333 : 

(a) Find the logarithms of 2, 25, 83-2, (•625)«*; 

(() How many digits are there in the int^;xal pottt^ 

(1.04)6000 % 

12. Given log 25 = 1-3979400, log 1-03 =-0128372: 

(a) Find the logarithms of 5, 4, 51-5, (•064)«». 

(&) How many digits are there in the integral pvt ^ 
{l-03)«w? 

1 3. Having given log 3 = -4771213, log 7 = *8450980, 

log 11 = 1-0413927: 

77 3 

find the logarithms of 7623, -^^ and g^. 



14. Solve the equations : 

8 



(i) 409(!r«-^. C4)"a-6»'«c 






\ 
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468. We have explained in Arts. 459^-461 the advantages 
of the Conunon System of Logarithms^ which may be stated in 
a more general form thus : 

Let A be any sequence of figures (such as 2*36916), having 
Wit digit in the integral part. 

Then any number N having the same sequence of figures 
(such as 235*916 or *00235916) is of the form A x 10", where n 
is an integer, positive or negative. 

Therefore logj^^^ logio(-^ ^ 1^) = ^^Svt^ + ^ 

Now A lies between l(fi and 10^, and therefore log A lies 
between and 1, and is therefore a proper fraction. 

But log^Lo^ and log^,^ differ only by the integer n ; 
:. logiffA is the fractional part of log^^^. 

Hence ike logarithms of aU numhere hcmng thb samd 
SEQX7EN0E OF FiGUBBS ho/ve the some mantissa. 

Therefore one register serves for ike mantissa of logariihms of all 
such nwmhers. This renders the tables Ttiore comprehensim. 

Again, considering all numbers which have the same 
sequence of figures, the number containing two digits in the 
integral part = 10.il, and therefore the characteristic of its 
logarithm is 1. 

Similarly the number containing m digits in the integral 
part » 10" . il, and therefore the characteristic of its logarithm 
ism. 

Also numbers which have no digit in the integral part and 
one cypher after the decimal point are equal to A . 10"^ and 
A . 10"2 respectively, and therefore the characteristics of their 
logarithms are - 1 and - 2 respectively. 

Similarly the number having m cyphers following the decimal 
point=u4 . lO-^'^^; 

/. t^ cha/racteristic of its logarithm ia — (ja-v^» 

JTance we see that Ihe characteristics of tU logax^^^w"^^^ ^ 
nnmbers can bedetermmed by inspection ortid tWeJwe •wwoi "Wi 
reffistered. This renders the tables leas VaOq|. 
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469. The method of using Tables of Logarithms does 
not fall within the scope of this treatise, but an account of 
it may be found in the Author's work on Elbicbntabi 
Tbiqonometby. 

470. We proceed to give a short explanation of the way 
in which Logarithms are applied to the solution of questioiui 
relating to Compound Interest. 

471. Suppose r to represent the interest on £\ for a year, 
then the interest on P pounds for a year is represented by 
Ft^ and the amount of P pounds for a year is represented 
by P+Pr. 

472. To find the amount of a given swm for any time at 
convpound vntereet. 

Let P be the original principal, 

r the interest on £\ for a year, 
n the number of years. 

Then if Pi, P^, P^..,P^ be the amounts at the end of 
1, 2, 3 ... n years, 

Pi=P +Pr=P (1+r), 

Ps=Pi + Pir=Pi(l + r)=P(l+r)2, 

P3=Ps + Par=P,(l+r)=P(l+r)3, 



P,=P(l+r)». 

473. Now suppose P„, P and r to be given : then by the aid 
of Logarithms we can find n, for 

l0SPn-_M 2. 
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474. If the interest be payable at intervals other than a 
year, the formula P„=P (1 + r)" is applicable to the solution of 
the question, it being observed that r represents the interest 
on ^1 for the period on which the interest is calculated, half- 
yearly, quarterly, or for any other period, and n represents the 
number of such periods. 

For example, to find the interest on P pounds for 4 years 
at compound interest, reckoned quarterly, at 5 per cent, per 
annum. 

XT • 1^5 1-25 ^._ 

Here r=^of j^= j^=-0126, 

w=4x4=16; 
.\P„=P(l + -0125)w 



Examples.— clxii. 

N.B. — ^The Logarithms required may be found from the 
extracts from the Tables given in pages 329, 330. 

1. In how many years will a sum of money double itself 
at 4 per cent, compound interest ] 

2. In how many years will a sum of money double itself 
at 3 per cent, compound interest ] 

3. In how many years wiU a sum of money double itself 
at 10 per cent, compound interest ] 

4. In how many years will a sum of money treble itself 
at 5 per cent, compound interest ? 

5. If £P at compound interest, rate r, double itself in « 
years, and at rate 2r in m years : show that m : n is greater 
than 1 : 2. 

6. In how many years will ^glOOO amount to\;gl800 at 
5 per cent, compound interest % 

7. In how manj yeaxs will £P doxxbYfe Vca^ «Jt ^^^^ "^^^^ 
perann, compound interest payable "he^-^^^c^*^ 



APPENDIX. 

476. The following is another method of proving the prin- 
cipal theorem in Permutations, to which reference is made in 
the note on page 289. 

To prove that the number of perrmUations of n things taken r vi 
a time is n.{n-'l) (n-r+1). 

Let there he n things a, b, c, d 

If n things he taken 1 at a time, the number of permutation 
is of course n. 



Now take any one of them, as a, then n - 1 are left, 
any one of these may be put after a to form a permutation, 

2 at a time, in which a stands first : and hence since theie are 
n things which may begin and each of these n may have n-l 
put after it, there are altogether n(n-l) permutations of i 
things taken 2 at a time. 

Take any one of these, as a(, then there are n - 2 left, and 
any one of these may be put after a&, to form a permutationt 

3 at a time, in which ah stands first : and hence since there 
are n{n - 1) things which may begin, and each of these n(n-l! 
may have n-2 put after it, there are altogether n(n^l) (n -S) 
permutations of n things taken 3 at a time. 

If we take any one of these as ahc, there are n — 3 left, and 
so the number of permutations of n things taken 4 at a time is 
n.(n-l)(n-2)(n-3). 

So we see that to find the number of permutations takes 
r at a time, we must multiply the nxunber of permutatioos> 
taken r-1 at a time, by the number formed by subtracting 
r— 1 &om n, since this will be the nxunber of endings any oik 
of these permutations may have. 

Hence the number of permutations of n things taken 5 att 
time is 

n(n- 1) (n-2) (n-3) x (n-4), or n(n- 1) (n-2) (n-3) («-4); 

and since each time 'we multiply by an additional &ctor the 

number of factora is e(\w8X \.o >iJtift Tvxxssi^^t <i\ \Jsa3v^ taken at i 

time, it follows that t\i^ TL\mi?c>et oS. ^f^fiMJusifiGvjcK^ ^\ •t^.^sss^ 

taken r at a time is tla^ ^to^xvc^. qHxX^^ Wd«s«. 

n.(n-X)(<n-^ ^u-TA.V> 



A »■ S W E R S. 

i. (Page 10.) 

I. 5a + 76+12c. 2. a + 3& + 2c. 3. 2a + 2ft + 2c. 

4. 8a + 26 + 2c. 5. 2x-7a + 36-2. 6. 0. 



126 + 3c. 



ii. (Page 10.) 



I. 


2a. 2. 


2a + 5a?. 3. 3a-3a5. 4. 


8a;+5y. 


5- 


4a + 6 + 2c. 




6. 2a. 7. 4. 8. 


13x-y-62. 


» 

r 

( 
1 


10a-76-5c 


• 


ill. (Page 10.) 




• I. 


26. 2. 


a + %. 3. a+5c + d. 


4. 2^ + 22. 


5- 


2r. 6. 


26+2c. 7. a-36-c. 


8. 3^ + z. 


■< 

f 






iv. (Page 11.) 




t '• 


4a-6. 


2. 


46. 3. a + 6 - 4c. 


4. 26. 


i 5- 


14a; + 2. 


6. 


2a; + a. 7. 6a;-a. 


8. a. 


\9. 


2a -6. 


10. 


2a. II. c. 


12. a;+3a. 


13- 


29a-276 + C6-. 






1 


Addition. 




V. (Page 16.) 




B I- 


7a -26. 




2. -106+6C. Tj. -\\x-%^-^. 


^^. 


-Gd-dc-^Sd. 


5. 2a. 6. - 


'i.x— *i»o<-v'V>^'^ 


/ 


1.7 




8. 7a~b4-7c. 9- " 
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Subtraction. 






I. 


2a + 26 


2. a - c. 


3. s 


4. 


8a;-17y + 5. 


5. 7a - 166 + 20c. 


6. f 


7. 


-3a + 3&-4c. 


8. 264-26-15. 


9. 1 


la 


6a-6 + 5c. 


II. 12p-9gr + 2r. 





2. Zxfij, 



3' 


a7. 


9. 


180a*6fic*. 


13. 


76ic*i/V. 


16. 


12a26can/. 


19. 


a6x-^//V. 



Vi. (Page 20.) 
2. 12xy. 3. 12a;^2_ 

6. a\ 7. 12a663^ 

10. 28a76cio. II. 3^11^ 

14. blah^chfz. 

17, 8d^*¥c^. 

20. 33a»6i6^2a.. 



4 
8 

12 

15 
18. 



3- «* 
a^6 - 2a262 ^ ^ 



vii. (Page 22.) 

I. a^-\-ah-ac. 2. 2a2 + 6rt6 — 8«c. 

4. 9a« - 15a* - ISa^ + 21a2. 5. 

6. 3.t56-9a463 + 3rt254^ 7, Sm^Tn- 97,^2^2 

8. 18a66 + 8a562_6a*63 + 8a36*. 9. snY-x^y^ + x 

10. m^n~3mhi^ + 3mn^-n*. 11. 144a^M — 72a 

1 2. 104a^ - 136x32/2 4- 40xy - 8xt/. 



I. a;2 + i2a; + 27. 

4. a;2_x5a;+56. 

7. fl5*+aj2_20. 

9. «*- 31x24.9. 



X' 



viii. (Page 27.) 

2. x2 + 8x-105. 2. 

5. a2-8a+15. 6. y- 

8. X* - 12x3 4. 50a;2 __ g^^ ^ ^, 

10. a« - 3a^ - 3a* + ISa^ - Qa^ 



II. a*-x^ + 2x-\. \2, a^-vxV-V'^. 13. x^ 



14. a^-sfi. 
16. a^'Qly^^ 
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J. a^ - 4a*6 + 4^362 + 4a^h^ - 17a6* - 12&6. 

>. a^ + 5a*& + a362 _ \OaW + 12a6* - 96^. 

[. a* + 4aV + 16ic*. 22. 81a* 4- Qa^x^ + x*. 

J. x8 + 4aV + 16a*. 24. a^ ^. 53 + c^ - 3a6c. 

;. scs+x*y- 9x3^2 _ 20x2^3 + 2iBy*+15y5. 

>. a262 + c2(i2_a2c2-62ei2. 27. Jc8-a8. 

\, a^-ax^+h3i^-'C3^—(ibx+acx-hcx-\-abc, 

). l-a:^. 30. ofi-y^. 31. a^^-aj'^ 32. -47. 

J. 2. 34. -14. 35. ab-{-ac-{-hc, 36. —60. 

'. 2. 38. m2. 

ix. (Page 28.) 

. -a26. 2. -a^. 3. -aW. 4. 12^368. 

;. -30a;V. 6. -a^-^a^-abl 7. - Ga^ - 8a* + lOa^. 

:. a* + 2a3 + 2a2 + a. 9. - 6a^ + a;2i/2 + 7351^ > 122/*. 

.. 5m8 + m2?i-13mw2 + 7n3. n. -13r3-22r2 + 96r+136. 

. afi-\-a^y^, 14. a5* + 2ic3y+2a;V + 2a3y3+y4. 

X. (Page 32.) 

«'* + 2twc + a2. 2. a^-2oa;+a*. 3. a;2 + 4a5+4. 

. a;2-6a; + 9. 5. a*+2a:2y2^y4, 5. jc*-2a%2+y4. 

. a6 + 2a3i3+6«. 8. a«-2a8&8+66, 

a;2 + y2 + ^2 4. 2jBy + 2aa + 22/58. 

a^ + y2 + 2;2 _ 2x1/ + 2xz - 2yz, 

m^-\-n^+p^-^7^ + 2mn-2mp-2mr-2rvp--2nr + 2pr. 

JC* + 4a;3-2a;2-.i2a; + 9. 13. aJ*-\^-Vti^y^-W^V^. 

4;2r«-^&2:3+85a;2- 126aj + 81. 
x^+y*+z*+ 2xY - 2x2«2 _ 2ijV. 
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i6. »8-8a^2^.x8a^-8a;Y + i/8. 

17. a« + 6« + c« + 2a865+2a8c3 + 2&8c3. 

18. a:64.y0+jg6_2a^-2xV+2y32;8^ ^ 

19. a;*+4y*+922+4a<y_ftc8-i2^. 

2a aj*+4y* + 25a;*-4xV + 10a:2g2_20y%«. 

21. iB8+3aa5* + 3a*a;+a3. 22. a^'-Soa^^ + SaSa; 

23. iB8 + 3aj*+3x+l. 24. a:«-3iB* + 3a?-l. 

25. «3 + 6jga4.i2aj + 8. 26. a« - 3a*62 + 3a«6^ 

27. a»+3a26 + 3a^ + &3+c3 + 3a2c + 6a6c + 362c + 3ac8+35< 

28. a8-3a26 + 3a62-&8-c8-3a2c+6a6c-3ft«c+3ac2-3J( 

29. m*-2wAi*+n* 30. w* + 2m%-2mn' 

xi. (Page 34.) 
I. icS. 2. ofii 3. a;3y. 4. 34^256. ^ g^ ^ 
7. 16a26«c». 8. 121m8nV. 9. 12a3jc2,* 10. 8 

xii. (Page 35.) 

I. a^+2a;+l. 2. i/^-i/Hy-l. 3. a2 + 2a6+ 

4. jc* + mpa:2 + m^2^ 5. ^y-*7x + a^, 6. 8a3y6_42p2y2 

7. 27m%6_i8m8n*+9mp. 8. 3x2^2 _ ga^ - y4. 

9. l2aV>-ddb^-{-n, 10. 1963c2+i262c3-7 

xiii. (Page 36.) 

1.-8. 2. 15a^ 3. -21xy. 

4. -6m*n. 5. I6a%. 6. a^ + oa+l. 

7. -2a2+3a-{c2, g, 2 + Ga^ft ~ 8a*6«. 

9. -12x8 + 9x^-81/*. 10. -o' + WcV + fty*. 

I. «+5. 2. x-10. ^. «i-v^. ft., xv 
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8. a;3-3a;2 + 3a; + l. 9. %^-%£-\, 10. a^-2a; + l. 

II. a;2-a; + l. 12. a;3_2a;2^8, j^. x^ + Si/^. 

14. a3 + 3a26 + 3a62 + 63. 15. a* - 4a36 + 6a262 - 4a63 + 64, 

16. x2-6a; + 6. 17. a^ - 2a26 + 3a&2 + 453, 

18. 2aic2 - Sa^a; + a^. 19. 7?-x->r\* 20. x^-a^, 

21. ic + 2i/. 22. JC*-a% + ic2y2_/j2/3+t/4. 

23. a^ + cc^iZ+^y^ + ^^^+i^^ + ^f^' 24. a + 6 — c. 

25. -& + 262-63. 26. a-& + c-d 

—I *^ 

27. iC^ — an/-dS3. + i/2 — i/2;+»2. 28. ic^^ — a^i/^ + sc^ - o^^i^ + 2/^ 

29. j9 + 2g-r. 30. a*-a3ft-|.a252_^j3+54, 

31. a;* + x32/ + a;V" + «'C^^ + ^. 32. 2ic3 - 3x^ + 2a;. 

'' 33. a* + 3a3 + 9a2 + 27a + 81. 34. Aj^ + A^ + A;. 

35. a;2-9x-10. 36. 24x^- 2ax-35a\ 

37. 6»2_7^^8, 38. 8a;3+i2aa;2_i8a2a;-27a3. 

39. 27x3 - 36aa;2 + 48a'^u; - 64a3. 40. 2a + 36. 

" 41. x-^2a. 42. a^-4b^. 43. x^-2x-y. 

44. a;2 - 3351/ - 2i/"^. 45. a^ + 3a;2|; + 9a^2 ^. 27i/3. 

46. a3+2a26 + 4a6- + 863. 47. 27a3-18a26+i2a62-.863. 

48. 8a;3_i2a;2y + i8xy2_27]/3. 49. 3a + 26 + c. 

50. a2 - 2aa; + 4a;-. 51. x^-{-xy + yi 52. lQx^-4ayy + y^, 

53. x^-i-xy-y^. 54. aa;2 + 4a2a;4.2a3. 55. flj__a;. 

56. a;-i/-2. 57. 3a;2-a; + 2. 58. 4 - 6u; + 8x2 - I0a;3. 

59. x + y. 60. ax + by-ab-xy, 61. bx + ay, 

62. x2-ax + 62. 

XV. (Page 40.) 

I. x2 + ax + 6. 2. y2^(/^^)y_,.^^ 2^ x2 + cx+d 

4. Q^ + ax-b, 5. x2-(6 + (Qx + 6d 

xvi. (Page 42.^ 
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3. a-1, a2-a + l, a*-a3+&c., a« — aS + &c., a^-a«+&c 

4. y + l,2/'^+y + l, y* + y' + &c., y0 + y6 + &c., 2/8 + 2^7+&c. 



I. 

4. 
6. 

8. 



I. 

4. 

7- 
10. 

12. 



xvii. (Page 43.) 

5a; (x- 3). 2. 3a; (a:? + 6a; - 2). 3. 7(7y2_2y+l) 

4an/(a;*-3an/ + 2y'0. 5. a;(a;3-aa;2 + 6a;+(;). 

3a;3y2(a^-.7x + 9y*-'). 7. 27a3;,6(2 + 4a362-9«^ 

45a;*y7(a;Y_2a;-8y). 



xviii. (Page 44.) 

I. (a;-a)(a;-6). 2. (a-a;)(& + a;). 3. (6-y)(c+y). 
4. (a+m)(6+w). 5. (aa; + i/)(6a;-y). 6. (a6 + cd)(«-j(l 
7. (ca; + wiy) ((Za; - mj) 8. (ac - 6d) (&b - dy). 

xix. (Page 45.) 

(a;+5)(x + 6). 2. (a; + 5) (a; + 12). • 3. (y4-12)(y+l). 
(y + ll)(y + 10). 5. (m + ?0)(w + 15). 6. (m + 6)(m+a 
(a + 86)(a + 6). 8. (a;+4m)(x + 9m). 9. <y + 3n)(y + 16i> 
(» + 4p)(2 + 26j>). II. (a;* + 2)(a;2 + 3). 

(a;3 4.i)(x3 + 3). 13. («2/ + 2) (ay + 16). 

14. (a;*y2 + 3)(a42^2 + 4). 15. (m^ + 8) (m^ + 2), 

16. (n + 207)(n + 7g'). 

XX. (Page 45.) 



I. (x-5)(a;-2). 




2. («-19)(a;-10). 


3. (i/-ll)(3^-I^V 




4. (y-20)(y-io). 


5. (n-23)Cu-^20V 




^' ^-^^<;^-l). 


7. (a;3-4)Ca:?-^V 




^' V«^-'^^V^-\N, 


9. (6^c^ - 5) C^-c^ - 


ii). 


\o. <sxrv|^~-vC^v,j^^_^N^ 
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xxi. (Page 46.) 

I. (a; 4- 12) (a; - 5). 2. (a; + 15) (a; - 3). 3. (a+12)(a-l). 

4. (a + 20) (a -7). 5. (J + 25) (6 - 12). 6. (6 + 30) (6 -5). 
7. (x* + 4)(a*-l). 8. (an/+14)(an/-ll). 

9. (m6 + 20)(m«-5). 10. (w + 30) (n - 13). 

xxii. (Page 46.) 

^ I. (a;- 11) (a; + 6). 2. (a; - 9) (a; + 2). 3. (m-12)(m + 3). 

^ 4. (n-15)(n + 4). 5. (1/ - 14) (y + 1). 6. (a - 20) (a + 5). 

7. (a5_io)(a;6^1)^ 3. (c(i-30)(c(i + 6). 

9. (m3n-2)(m3w + l). 10. (2?V-12)(2?V + '^)- 

J xxiii. (Page 47.) 

' I. (x-3)(a;-12). 2. (a; + 9)(a;-5). 

: 3. (a6- 18) (aft + 2). 4. (a^-5m)(a^ + 2m). 

5. (i/3+io)(t/3_9). 6. (a;2 + 10)(a;2-ll). 
7. a; (a:^ ^ 3aa; ^ 4^2^ 3 (jc + m) (a; + w). 

: 9- (2/^-3) (2^-1). 10. {xy-db){x-c). 

tii. (a;+a)(a;-6). 12. (a;-c) (a; + (i). 

1 13. (a6-cQ(6-c). 14. 4.(a;-4y)(a;-3t/). 

xxiv. (Page 48.) . 

- I. (a;+9)2. 2. (a; + 13)2. 3. (a; + 17)2. 4. (y+l)2. 
5. (»+ 100)2. 6. (a;2 + 7)2. 7. (a; + 5y)2 8. (m2 + 8n2)2. 
9. (x3 + i2)2. 10. (a^ + 81)2. 

XXV- (Page 48.) 
I. (a; -4)2. 2. (a; -14)2. ^ (x-\Sf. V k^i-^^^-- 

5^. (x^-19)l 
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XXVi. (Page 50.) 

I. {x-\ry){x-yy 2, (a; + 3)(a;-3). 3. (2a; + 5) (M- 

4. (a* + a;2)(a2_a.2). 5. (x+l) (a;- 1). 6. {o^ + \)[^'l 

7. (a:* + l)(a:*-l). 8. (m2 + 4) (m2-4). 

9. (6y4-7«)(6y-7»). 10. (9a;y+lla6) (9an/-llfl5). 

II. (a-6 + c)(a-6-c). 12. (a; + m-?i) (a;-w+n). 

13- (rt + 6 + c + (£)(a + 6-c-(i?). 14. 2«x2y. 

15. (x-?y + 2!)(x-t/-2). 

16. {a-h-\-m-\-n) (a-h — m-n), 

17. (a-c + 64-d)(a-c~&-d). 18. (a + h-c){a-hH 
19. (a + y+«)(a;+y-»). 20. (a-ft-f-m-n) (a-6-«+* 
21. (aa; + 6i/ + l)(aa; + 62/-l). 22. 2axx2hy, 

23. (l + a-6)(l-a + &). 24. (l+a;-y)(i-a;+y). 

25. (a; + y + »)(a;-2/-;5). 26. (a + 26-3c) (a-26+3f). 

27. (<i2 + 4h) (a2 - 46). 28. (1 + 7c) (1 - 7c). 

29. {a-b-^c + d){a-h-c-d). 30. {a-^-b^c — d) (a-b-c^^ 

3 1 . Sttx (ax + 3) (ax - 3). 32. (a^fes ^ ^4) ^^2^3 _ ^\ 

33. 12(a;-l)(2a; + l). 34- (9a; + 7y) (6aj + y). 

35. 1000x506. 

xxvii. (Page 51.) 

I. (a + h)(a^-ah + h^). 2. («-6) (a^ + o^ + ftS). 

3. (a-2)(a2 + 2a + 4). 

4. (a; + 7)(x2-7a; + 49). 

5. (6 -5) (62 + 56 + 26). 6. (x + 4y) (x^ ^4^+iQ^^ 
7. (a-6)(a2 + 6a + 36). 8. (2a;+32/) (4ic2-6xy + 9jr';. 

JO. (.9a; + 8i/)(aix^-^^^^^^^'-V 

II. (^4-2/)(x^-xi/+^^H^-^i^^"'^^^^-^^^ 



\ 
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12. (a;+l)(a;2-aj + l)(a;-l)(a^+a;+l). 

13. (a + 2)(a2-2a + 4)(rt-2)(a2:f-2a + 4). 

14. (3+2/)(9-3t/+2/2)(3-2/)(9 + 3t/+2/2). 
i 

XXViii. (Page 51.) 

I. a + &. 2. Take h from a and add c to the result. 

3. 2a5. 4. a— 5. 5.05+!, 6. a— 2, a-l, a, aj+l, a3+2. 

7. 0. 8. 0. 9. da, 10. c. II. 05-2/. 12. as-y. 

13. 365 -6a;. 14. a; -10. 15. aj + 5a. 

16. -4 has 05+5 shillings, £ has 2/ - 5 shillings. 

17. a-8. 18. an/. 19. 12-a3-y. 20. wg'. 21. 25-a;. 
22. y-25. 23. 256m8. 24. 46. 25. a; -5. 26. y+7. 
27. a2_y2^ 28. (a+i/)(a;-i/). 29. 2. 30. 2. 
31. 28. 32, 7. 33. 23 34. 5. 35. 10. 



XXiX- (Page 53.) 

1. To a add 6. 

2. From the square of a take the square of 6. 

3. To four times the square of a add the cube of 6. 

4. Take four times the sum of the squares of a and h, 

5. From the square of a take twice h, and add to the result 

three times c. 

6. To a add the product of m and 6, and take c from the 

result. 

7. To a add m. From 6 take c. Multiply the results 

together. 

8. Take the square root of the cube of x, 

9. Take the square root of the sum oi ^i^i'B ^c^^-t^Si <^1 x «sA ^.^. 
10. Add to a twice the excess of 3 abov^ c. 

//. Multiply the sum of a and a "by t^e exfi«a» ^^^ ^i^o^^ 



f&A.] 
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12. Divide the sum of the squares of a and 6 by four time I 
the product of a and h. 



13. From the square of x subtract the square of y, and 

the square root of the result. Then divide this resnli 
by the excess of x above y. 

14. To the square of x add the square of y, and take tk 

square root of the result. Then divide this result 1? 
the square root of the sum of x and y. 



(Page 63.) 

I. 2. 2. 0. 3. 17. 4. 31. 5. 20. 6. 33. 

7. 105. 8. 27. 9. 14. 10. 120. n. 210. 12. \^ 

13. 30. 14. 5. 15. 3. 16. 4. 17. 49. ,8^ 10 

19. 12. 20. 4. 21. 43. 22. 20. 23. 29. 24. 41536. 25. 



xxxi. (Page 54.) 

I. 0. 2. 0. 3. 2ac. 4. 2a:y. 5. fl!+i!. 

6. 4a^ + (6m-6w)fl!3_(4^2^.9^^^.4^2)jp2 

+ (6m2w - 6mn2) a; + 4»* 

7. cr2 + c?r + e. 8. -a*-6*-c* + 2a262 + 2aV+2i^ 

When c=0, this becomes - a* — 6* + 2a262 TVhti 
64.c=a, the product becomes 0. When a=6=ci^ 
becomes 3a*. 9. 0. jq 34 

12. (a) {a-\-h)x^+{c + d)x, (p) {a--b)x^^(c+d-i]r 
(7) {^-a)oi^-{3 + h)x^-{5 + c)x, (5) a^ - 52 + (2a +3^!^ 
(e) (m2-n2)a**+(2mg-2ii5)a;3 + (2w-2n)a;2. 

13. ci^-{a + h + c)x'^ + {ah + ac + hc)x-dbc, 

14. a^ + (a + 6 + c)a52 + (a6+ac + 6c)a3+a6c. 

15. (a + b + cy=a?-V^a?'bJf^a\)^-v'^^\^A^^o:ic 
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^ 



(&+c-a)3= -a8+3a26-3a62+&8 + c8 + 3a2c 
J - 6a6c + 362c - Zac^ + 36c2. 

(c + a-6)3=a3-3a26 + 3a62-&34.c3+3a2c 
t - eabc + 362c + 3ac2 - 36c2. 

The sum of the last three subtracted from the first gives 
24a6c. 

1 6. 9a2 + 6ac-3a6+46c-662. 17. a^«-a;i«. 

1 8. 2ac - 26c - 2ad + 2hd, The value of the result is - 26c. 

19. a6+a;i/ + (6+l + 2a)a5+(2a-6-l)y. 

20. 9. 21. a6+a^ + (a-6+l)a5-(a+6+l)y. 
22. 2. 23. (7m + 4w + l)a;+(l--6w-4i7i)y. 
25. 4a2+6ac+2a6 + 96c-662. 26. 3; 128; 3; 118. 



; 27. 9. 


28. 44. 


29. 20. 30. 35. 31. 


18. 






XXXii. (Page 60.) 


« 




1. 3. 


2. 2. 


3. 1. 4. 7. 5. 2. 


6. 2. 


7. 3. 


8. 4. 


9. 9. 


10. An8» 54. 






II. 2. 


12. 9. 


13. 9. 14. -7. 


15. 3. 


16. 7. 


17. 2. 


18. 8. 


19. 10. 20. 6. 


21. 4. 


22. 10. 


23. 3. 
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»=6- 



7. x=~ 
1 

y=b' 



8. »=- 
1 



IxxviL (Page 163.) 



I. 


iC=l 

2/ = 2 
» = 3. 


2. 


a;=2 
y=2 . 
2=2. 


3- 


a;=4 
y=5 

2=8. 




4. 


05 = 5 

y = 6 

2 = 8. 


5- 


iC=l 

2/=2 

2 = 3. 


6. 


a;=l 
t/=4 
2=6. 


7. 


2 
^=3 

2/=- 


7 


8. 


ic=5 
2/=6 

2 = 7. 


9- 


a;=2 
2/=9 
z=lO. 


10. 


a;=20 

y=io 

2 = 5. 




2=34 







4' 31,23. 



Ixxviii. (Page 155. ") 
2. 133,123. ^. n-^ti,^'^^. 

5. 36, 14. 



6. ^Vi,4a,W' 
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7. £60, £140, £200. 8. 22«., 26«. 9. £200, £300, i260. 

10. 41, 7. II. 47, 11. 12. 35, 11, 98. 13. £90, £60. 

14. 60, 36. 15. 6, 4. 16. 40, 10. 17. 5*03, 1"073 

18. 10 barrels. 19. 3«., 1«. M, 20. £20, ilO. 

21. 15«. lOrf., 12«. 6d. '22. 4«. 6d., Zs. 23. 35,65. 

24. 26. 25. 28. 26. 45. 27. 24. 28. 45. 

29. 84. 30. 76. 31. 36. 32. 12. 33. 333. 

34. 684. 35. 759. 36. \. 37. A 3g. | 

2 7 36 19 

39. 3. 40. 19. 41. jj. 42. 40- 

I 

43. £1000. 44. £5000, 6 per cent. 45. .£4000, 5 percent 
46. 3li 18;j. 47- 20, 10. 48. 3 miles an hour. 

49. 20 miles, 8 miles an hour. 50. 700. 51. 450, 60ft 

52. 72, 60. 53. 12, 55. 54. 750, 158, 148. 

55. 15 and 2 miles. 56. The second, 320 strokes. 58. 50,3'1 

59. 4 yd. and 5 yd. 60. g, 6, 4 miles an hour respectivelr. 
61. 142857. 

Ixxix. (Page 164.) 
I. 2a5y. 2. Qa%^. 3. llm%V. ^ QaVk 

5. 267a^M. 6. 13a85*c8. 7. |2. 3 -i, 

50253 16^ 25^ 

I. 2a+3b. 2. 4k^-^l^. V «ii^%V v V* 
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8. 


2r2-3r + l. 


9- 


2n2+n-2. 


10. l-3a;+2a;2. 




II. 


0^3-2x2 + 30;. 


12. 


2i/2-3i/» + 4a2. 


13. a+26 + 3c. 




14. 


a3+a26 + a62 + 63 




15. 


a3-2a;2-,2a;-l. 




16. 


2a;2 + 2aa;+462. 




17. 


3-4a; + 7x2-10ic3. 


1 


18. 


4a2-6a6+86a. 




19. 


3a2-4ap3-5^. 


r 


20. 


2yhi-1iy7? + 2oi?. 




21. 


5a;22/- 3x2/^^ + 22/3. 




22. 


4aP-2xy-^2y^. 




23. 3a-26 + 4o. 


24. x^-Sx+H. 




25. 


5a;-2i/ + 3». 




26. 2iB2_y + 2/2, 


A 






Ixxxi. (Page 168.) ^ 


? 


I. 


3 «^ 
2a3 ^. 


2. 


3 a 
a 3* 


3. <«»-^. 


^ 


4- 


? + ^ 
a 


5- 


»2-aj+|. 


6. x^^.^.^ 


(* 


7. 


&2 

2a-36+-r. 
4 


8. 


^+4+i- 


4 ^ 
9. |a3a. + 2a2-|. 


3' 


10. 


12^3 

X y z' 




II. 


6m-^+f. 
n 5 


■tJ 


12. 


ab—3cd+Y' 




IS- 


2x 31/ 8$ 
a; ^ X 




14. 


2m . 3ii 

4 , 

n Tib 




IS. 


a be d 
3"4"^6 2* 



116. 7a«-2a!-| 17. ae^-y+fta;. 

i8. aB8-|-3. 

9 

Ixxxil. (Pageno.'^ 

J. £a, 2. ZQi?y\ 3. -^mu. ^ 
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IxxxiiL (Page 172.) 

I. a-6. 2. 2a + l. 3. a+86. 4. a + i 

5. z-y+z. 6. 3a;2-2a;+l. 7. i_a + a2 

8. x-y + 22. 9. a2-4a + 2. 10. 2m2-3m 
II. x + 2y-z, 12. 2m-3n-r, 13. ^y^ + i-i. 

Ixxxiv. (Page 173.) 

I. 2a-3a5. 2. l-2a. 2. 5^ 

4. a -6. 5. oj+l. 6^ ,^. 

Ixxxv. (Page 175.) 

I. ±8. 2. ±a6. 3. ±100. 4. +: 

5. ±a/(11). 6. ±8a2c3. 7. ±6. 8. +) 

9. ±52. 10. ±4. II. ± I(1zJ!l\ 



12 



IxxxvL (Page 179.) 
I. 6, - 12. 2. 4, - 16. 3. 1, - 15. 4. 2, -4 

5. 3, - 131. 6. 5, - 13. 7. 9, - 27. 8. 14, - 

Ixxxvii. (Page 180.) 

I. 7,-1. 2. 5,-1. 3. 21,-1. 4. 9^„7. 

5. 8,4. 6. 9,5. 7. 118,116. 8. lOiS^' 

9. 12, 10. 10. 14, 2. 

Ixxxviii. (Page 181.) 
I. 3,-10. 1. \^, -V ^.'^^ -?|. 4, 2^),,- 

5- 4» 4' »^ ^^ 

8. 8, -7. ^' '^^^''^ ^^^^ 
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Ixxxix. (Page 182.) 
I. 3, 3- 2. ^, ^. 3. 3, ^. 

>. 1 -A tr ? ^ ^ ^ 4 

7 8 2 8 7-^ 



xc. (Page 182.) 



I 3 -? 
I. d, g. 


2. 10, -f . 


3- 6, 2- 


A 8 ^^ 




6. 4,| 


7-8, ^. 


8 ' 3 
^- 2' 14- 





xci. (Page 184.) 
I. -a±V2.a. 2. 2a±Vll.a. 3- ?, -~. 

4. 3n, -g. 5. 1, -«. 6. 6, -a. 7. -^3? ' ^• 

5. ^ _6 c+ V(c^ + 4ac) . c- V(c2+4ac) 
^* c' a ^' 2(a + 6) ' 2(a+6) * 

62 .62 2a-6 3a + 26 

dc' (XC ac ' DC 

ac2+6 d2 002 + 6(^2 

^^' 2a + 3dVc' 2a-3dVc' 



xcii. (Page 185.) 
I. 8, - 1. 2. 6, - 1. 3. \^, -\, 6^ ^'^•^ -^- 

5, 2, - 9, 6. 6, 1 7. 5, 4, ^. 4, -\. ^- '^'^ "' 
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10. 3, -|. 


II. 7,1 


• 

12. 12, -1. 


13. H-1- 


3 5 
^^ 2'"6- 


15. 13,-f. 


16. 5,4. 


17. 36, \l 


1 8. 6, 2. 


25 5 

^^- 18' 3- 


20. 7, - ^ . 


21. 7,-y. 


22. 7, -5. 


23. 3,- 1. 


1 2 
^"^^ 2' ~3- 


2 1 
^^- 3' "6" 


26. 15, - 14. 


27. 2, -1. 


28.3,-^. 


29.2,3-. 


23 
30.2,-^^. 


31. 3, -'3'. 


32.4,-1 


^. 3?^ 
33' «^>iT* 



34. 14, - 10. 35. 2, j^. 36. 5, 2. 37. - a, - 6. 38. - a, K 
39. a+6, a-6. 40. a2, -a^ 41. ^, -.^. ^ « .&. 

xciii. (Page 187.) 

I. a;=30orl0 2. a;=9or4 3. a; = 25or4 
y=10or30. y=4or9. y=4or25. 

4. a;=22or-3. 5. a;=50or-5 6. a; =100 or- 1. 
i/=3or-22. y=6oT-50. y = lor-l(Hl 

XCiv. (Page 187.) 

I. a;=6or-2 2. a;=13or-3 3. a; = 20or-6 
y=2or-6. y=3or-13. y = 6 or -2i\ 

4. a;=4 5. a;=10or2 6. a;=40or9 
y=4. y=2orl0. y =9 or 40. 

xcv. (Page 188.) 

I. a;=4oT3 ri. x=^^t^ ^. cc=i0or2 

2/ = 3 or 4. *« -^ «^ ^* ^^^ ^^^^^ 

4. x=4 or -2 V ^""^ ^^ "'^^ ^- •^-=^ ^^-v 

2^ = 2 or -4, a,-«2^ox-V -^-^^^x-- 
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xcvi. (Page 189.) 




I. a;=5 or 4 






2. a;=4 or 2 




3 %.\ 


^=•4 or 5 


'. 




y=2 or 4. 






4. a;=3 






S^x^l 




6. 0;=^ 



y=4. 






y=2. 




1 

2^=2- 






xcvii. (Page 


191.) 




I. a;=4 or- 


•3 


2. 


a;=±6 


3. 


a;= + 10 


y=3 or- 


•4. 




y=±3. 




2/=±ll. 


4. a:=±8 




5- 


a; =5 or 3 


6. 


K 95 

x=5or 28 

33 

2^=2 or -y. 


y=±2. 






2/= 3 or 5. 




7. a;=±2 




8. 


a;=6 


9- 


a;=±2 


2/= ±5. 






2/=5. 




2^=±1. 


10. a;=±2 




II. 


a;=±7 


12. 


a;-3 or ^3 


2/=2or-|: 


2/= ±3. 






2/= ±2. 










^X M 




13. a;=10 or 


12 


14. 


. 85 
a;=4 or-3- 


19 


15. 


a;=±9or ±12 


y=12 or 


10. 






y=±12or ±9. 








2^=9 or -g-. 







xcviii. (Page 193.) 

2. 224. 3. 18. 4. 50, 15. 

8. 107. 9. 75. 

13. 12,4. 14. 1296. 

18. 12, 5. 19. 12, 7. 
21. 7, 8. 22. 15, 16. 23. 10, 11, 12. 7.V V^« -LV^^* 
26. ^2, 5s. 27. 12. 28. 6. 29. nt). ^o. ^ «cA.n\^»xssa., 
J/. 101 yds. and 100 yds. 32. ^^. ^'i- ^"^ V^o*^ ^ 

34' 16 yds,, 2 jcla, 35.37. 36,1.0^' 



I. 72. 

6. 29, 13. 

1 1. 18, 1. 

16. 2601. 



7. 30. 
12. 17, 15. 
17. 6, 4. 



5. 85, 76. 
10. 20, 6. 

15. 56^. 

20. 1, 2, 3. 



•s> 
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i> ^ xcix. (Page 199.) 

I. a:=3 2. »=6 3. a;=90, 71, 52... down to 14 
y=2. y=3. y=0, 13,26 upto52. 

4. a;=7,2 5. a;=3,8,13... 6. a? =91, 76, 61... down to 1. 
y=l,4. y=7,21,35... 2^=2,13,24 upto68. 

7. x=0,7,14,21,28 8. a;=20,39... 9. a;=4o 49 

y=44,33,22,ll,0. y=3,7... y=13'33... 

10. aj=4,ll...uptol23 II. a;=2 12. aj=92,83..J 

y=53,60...downto2. y=0. y=l'8 71 

43 8 2 

13. ^andg. 14. jjandjg. 15. 3 ways, viz. 12, 7, 2; 2, 6, 10. 

16. 7. 17. 12, 57, 102... 18. 3. 19. 2. 

21. 19 oxen, 1 sheep and 80 hens. There is but one other 

solution, that is, in the case where he bought no oxen, 
and no hens, and 100 sheep. 

22. A gives B 11 sixpences, and B gives A 2 fourpenny pieces. 

23. 2, 106, 27. 24. 3. 

25. A gives 6 sovereigns and receives 28 doUars. 

26. 22, 3; 16, 9; 10, 15; 4, 21. 27. 5. 28. 56,44 
29. 82,18; 47,53; 12,88. 30. 301 

c. (Page 205.) 

(1) I. aj^ + jB^+o;^. 2. aj^y+aV^ + aV. 
3. a4 + a*+a*. 4. a^M + aV^ + aV- 

(2) I. a;-i + aar« + 6V + 3a;-*. 2. a;V"+3ay~» + 4y-*. 
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4 3 1 



y 

1_ . 1 1 

3a;"V 



5 *!/ *a a-^6 V 



(4) I. 24^.^-|.34^(.n,2)-^i,. 2. -^+-^4. 

, Jfy\^i/f,J/y_ , 1 ,y.i/y 

^' i/x'^ x^ '^^^x^' "^ x'Siy iix'^ i/x^' 



ci. (Page 206.) 

I. a^ + iB*^+2(*p. 2. a*"-81t/*». 

3. a^+4aV*' + 16a*. 4. a*» + 2a"*c''-6^ + c*'. 

5 .' 2a? » + Sa^fe^ - 4a'»c'' - a^J - 6«+i + 26c'" + aV + 6V - 20*^. 

- 6p*c^-^ + c. 
9. «^ + 2a^ + 3ar^^ + 2x^ + 1. 10. a;*^-2a;»'' + 3ar'P-2a;'' + l. 

cii. (Page 207.) 

2. oJ**— a?y+a^*i/f"-a;"i/'"+2/*"» 

3. a;*''+a;V+a5*'l/*' + aJ^^+afy*'+y*'. 

5. a;**'+3a*' + 9ar^ + 27a;'' + 8]. 

6. a*»-2a'"a;»+4ar'". T. '^-x^^'irfi*. 
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Ciii. (Page 208.) 
I. a;-3x« + 3x^-1. 2. y-1. 3. a«-a;*. 

4. o + 6 + c-3a36»c». 5. lOaj-llajiy^ + Sjciyi-Sly. 

6. m - n. 7. m* + 4i2m» + 16c?. 

8. 16a + 8a*6* + lOaV + 18a^6^ - 24a*6^ - l^cfih^ - I5a* !i' 

-276. 

9. a;8 + 2a*a;* + a* 10. «» - SaSai + a^. 
II. a;« + 2a;^y*+y«. 12. a2 + 2a6i + 6i 

13. a-4a;* + 10x8-12x* + 9. 

14. 4a;7 + i2a;7 + 25x^+24x^+16. 

15. x*-2xV+2x3«8+i/^-2i/y+«^. 

16. x2 + 4x*y*-2x*«* + 42/2-4y*a*+»2. 

Civ. (Page 209.) 
I. x*+y* 2. o*-6*. 3. jc^ + xV+y'- 

4.J-aM + 6* 5. x*-xV + a;*3/*-icV+y*- 

6. m* + m^n* + m^n^ + w^vfi + m*n^ + n*. 

7. x* + 3x2y* + 9x*y2 + 27y*. 

8. 27ai + 18ai6i + 12ai6* + 86* 9. a*-x* 

10. m» + 3m«+9m^ + 27m« + 81. 

11. x2 + 10. 12. x*+4 13. -6 + 26^-6^ 

15. ajS-9x*-10. ^^- -t^^f^-^A^^^ 

17. ^*^2i>i+l. ^^- ^^-^^-^- ^^^^^ 
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CV. (Page 210.) 
I. a-2-6-2 2. ar«-6-*. 3. a^-x'^. 

4. JB* + !+»**. 5. a-* -5-*. 6. o-2 + 2a-Vi-6-2 + c-2. 

7. l + a25-2+a*6-*. 8. a46-4-a-*6*-4a-262_4 

9. 4ar-5-a;-4 + 3a;-3 + 2a5-2 + ari-Vl. 

e«^ . "^aj-a 107ar2 , 5a-i . 7 
10. 5ar^+-2 12" + "6-"*'6- 

cvi. (Page 211.) 
I. x-x^K 2. a-vh-\ 3. m^-mn-^ + n-*. 

6. a-2 + a-J6-i + 6-« 7. a;V^-2 + a;-y. 

8. |a;-3-6a;-2+iar-i + 9. 9. a^h-^^l-^a"^}^. 



Cvii. (Page 211.) 



I. a^ - 2a;^i/2 + 2y. 



lSaH-I2 
2. X ' 



3, 05 »•-» . / 



(a^-a4)2 

^ , 22 _3 421 . 10 , 1 . ^ 

5. 7a;-* + yx 42^ 7^ "*"r 

7. a;«-i/". 8. a2 + 2a%^-2ai6^-6^* 

ij. af'. 14. lea**. ^S- ^^^*- 
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19. a;»+a;^ + l. 

21. a;'<»-i)-i/«<i^i). 22. a"-*. 23. a^'-y*'. 



24. 5; 



144. 
26. a; + 3ai-2»i-7ici + 2a;"^. 



25. a:"»*-a;Y"~^^-a:^"'~^y"+^. 



cviii. (Page 215.) 

I. 4^0^, W. 2. ^^(1024), i?8. 

3. 4/(5832), >y(2500). 4. ^^-^V'^^ 5. ">",t!^. 

6. 4/(a2 + 2a&+62), 4/(a3-.3a26 + 3a62_53)^ 



cix. (Page 217.) 

I. 2V6. 2. 6V2. 3- 2a Va. 4. baUM' 

5. 4^^(2yz). 6. lOV(lOa). 7. igc^S. 

8. 42V(llaj). 9. 6a;^y. 10. ad^ 

II. (a + a;).Va. 12. (x-y)^x. 13. 5(a-6).v- 

14. {^c^-y).slOy). 15. 3^24/(262). 

7. 3m3n3 4/(4n). 

20. (a-6).i* 



16. 2ayy^ , ^(20xy). 
18. Va^fes 4^(46). 



19. (x+y).^x. 



I. V(48). 
'\ 7 



9. fJi^m^-riF)' 



ex. (Page 217.) 
2. V(63). 3. 4/(1125). 



\o. 



4. if{^^ 
8. J(^- 
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cxi. (Page 218.) 

The numbers are here arranged in order, the highest on the 
Uft hand. 

I. V3, 4^4. 2. VlO, /^IS. 3. 3^2,2^3. 

6. 2^87,3^33. 7. 3 4^7, 4 ^2, 2 V22. 

8. 5 4^18,3^19,3 4^82. 9. 5 4^2,24/14,34^3. 

lo- 2^^2' 3^^3» \'J^' 

cxii. (Page 219.) 

I. 29 V3. 2. 30V10 + 164V2. 3. (a2 + 52^.^2)^0;. 

4. 134/2. 5. 334/2. 6. V6. 7. 5V3. 

8. 48^2. 9. 44/2. 10. 0. II. 4^3. 

12. 2V(70). 13. 100. 14. 3a&. 15. 2a6 4/(126). 

16. 2. 17. |. 18. y|. 19. ^1 

cxiii. (Page 220.) 

I. V(«2/). 2. V(«2/-y^). 3- aJ + 2/- 4- \/(aJ^-2/^). 

5. 18a;. 6. 56(a;+l). 7. 90V(a^-a;). 8. 2a; V3. 

9. -a;. 10. 1-a;. 11. -12aj. 12. 6a. 

13. - A/(a5^-7a;). 14. 6V(aJ^ + 7a;). 15. 8(a2-l). 
16. -6a2+i2a-18. 

cxiv. (Page 221.) 

I. cc + 9A/ic+14. 2. a!-2>/x-l^. V ^« 

4. flj-5a 5. 3« + 5Va;-28. 6. ^x-X>^. T- '^' 

8, ^(9x^i- 9x) + ^(6x^ - 3x) - ^OBx^ - x - V> -^x ^^. 
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9. ^{az)+ ^(ax-ay^- ^{a^''(ix)-a'\-x. 

10. 3+a;+ V(3aJ+x2). h. x-y + z + 2jjxz. 

12. 2a; + 2V(a«). 13. 432 + 42 ^(x* - 9) 4 
14. 2x + ll+2V(a^ + llx+24). 15. 2x^4 + 2 ^(x^^4x) 
16. 2aj-6+2V(a^-6a;). 17. 4aj + 9-12Va;. 

18. 2x-2V(«^-y2). 19. aj3 + 2a^i-2V(a^- 

cxv. (Page 222.) 

I. ( Vc+ ^d)(^c- ^d), 2. (c+ s/d){c- ^d). 

3. i^/c-{'d){^c-d). 4. (1 + Vy) (1 - vy). 

5. (1+ V3.a;)(l- VS.flj). 6. (V5.m+l)(^5.wi-i; 

7. i2a+V(3aj)1i2a-V(3a;)}. 8. {3 4-2V(2w)( {3-2^(2^1 

9. }V(ll).rH-4HV(ll).ri-4|. 10. 0>4-2Vr)(p-2,^ 

11. (A/i?+A/3.g)(A/p- V3.g). 12. {a^ + jtlja-.j!}. 

13. ^2_5- 14. a_5 • 15. 24+17 v'i 

16. 2+V2. 17.3 + 2^3. 18.3-2^2. 

a.fx+2V(ax) ^^ 1+X + 2VX 

<*-« * nr^ • 

21. ^ . 22. m5*- V(m*-1). 

23. 2a2-l + 2aV(a^-l). 24. gg! r_a;2H-2aV(a^-r 

cxvi. (Page 224.) 
r. 19. 2. U. V ^-'l^^V^^XY 4. 5+4 



ANSWERS. 385 



cxvii. (Page 224) 



6. m*+ V2.'wwi+n2. 7. 2a;A/a;. 8. — r-^^^« 

a-o 

s /^ 1 

9. ^^cd^^ac^-^. 10. a2V2_2+^-^. 

II. -^. 12. V(l-a5). 13. ^;^. 

^^ l"^\/(S'^) '5. 2x-2V(«^-a2). 

16. a266c 17. -l+6a2(2-a2) + a(10a2_a*-5)V(-l). 

18. 8 + 7/^3. 19. 4V(3ca;). 20. xi/{2p^. 

21. -/y(-4n2). 22. (9w-10).V7. 23. 0. 

cxviii. (Page 228.) 
I. V7+ V3. 2. V11+ V5. 3- >s/7- ^/2. 4. 7-3^5. 
5. VlO- V3. 6. 2V5-3V2. 7. 2^3- ^2. 8. 3^11-2. 

9. 3V7-2V3. I0.3V7-2V6. ii.i(VlO-2). 12.3^5-2^3. 

cxix, (Page 229.) 
I. 49. 2. 81. 3. 25. 4. 8. 5. 27. 6. 256. 

7. 27. 8. 56. 9. 79. 10. 153. 11. 6. 12. 36. 

13. 12. 14. ^^~\ , 15. 6. \^, ^. 

17. 3. 18. 10. 19. ^^^. ao,*^ 
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I. 9. 
7. 0, 



-8. 



cxx. (Page 231.) 
2. 25. 3. 49. 4. 121. 

a+lV /m+4\a 



5. i|. 



«• m- 



i^y 



6. 8,a 

la 5. 



I. 25. 



cxxL (Page 231.) 
2. 25. 3. 9. 4. 64. 



6. 



12a 
5 • 



7. a. 



8. TorO. 
4 



9. 64. 



CXXlL (Page 232.) 



I. 16, 1. 2. 81, 25. 



3. 3, 2|. 



36 
5* T 

10. 100. 



4. 10, -la 



5. 5,| 6. -4, -32. 7. 9, -3? 8. 28, ig?* 

9. 49. 



10. 729. II. 4, -21. 12. 1 or^ 



2l- '^ ±2^ 

145 OR 

14. 5 or 221. 15. Sorygj. 16. 5 or 0. — ^^ 

19. ±9V2. 



17. 



20. ± /v/65 or ± V5. 

22. -2a. 23. ^0^-4^' 

, 1276 
26. 



36' 



18. 25. 



81 • 



27. 



2 
36 



1 

24. J. 



21. 2a. 



«•. 28. ±5or±3V2. 



30. 6 or -y. 31. 1. 32. ^. 33. 2or0. 



29. ±U 

9a 
34. Oorjg. 



J. 2, 5. 
7 5 



cxxiiL (Page 235.) 



6. 



^*^n 



^ 



la' \Ai 



4. 5a,6ii 
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8. -2a, -3a and 3a, 4a. 9. +2, a. 

2a-6 6-3a d e 
ac he c e 


10. 0, 6. 



cxxv. (Page 239.) 

I. cb2-11x+30=0. 2.ixy^+X"20=0. 3. a^+9a;+14=a 

4. 6a;2-7a;+2=0. 5. Qx^- 58a; -35=0. 6. cb^-3=0. 

7. x2-2mx+m?-7i2=0. 8. ay*-^^a+-^=0. 

' ap ap 

9. a^+^t:^x-l=0. 

^ ap 

cxxvi. (Page 240.) 
I. (aj-2)(x-.3)(aj-6). 2. (a?-l)(a;-2)(a;-4). 

3. (x-10)(x+l)(a;+4). 4. 4(x+l)(x+i^)(a;+?^). 

5. (x+2)(aj+l)(6aj-7). 

6. (x+y+2)(a;2 + y2+«^-iw^-a»-i/J5). 

7. (a-6-c)(a2+624.c2+ct5+<ic-6c). 

8. {x-l){x + Z)(Zx-r). 9. (ic-l)(»-4)(2a;+5). 
10. (a; + l)(3aj+7)(5a;-3). 

cxxvlL (Page 242.) 
I. V13or>v'-l. 2. >y-2or>y-12. 3. ^T-l or>y-2l. 

4. lory-4. 5. A/aOrW-g. 6. 25or^. 



4* 



1 I. 



7- r«^r «• (b)"- (-IT ^ ^-^^-^^ "^"^ 



o 1 5± a/1329 

ja 5 or -^ or v *«^^^ ^ 
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. a a+6 a±2V(a*-3a) 

11. a+2,or — ^,or ^^| \ 

12. 0, or a, or ^^ — ^ ^. 



cxxvliL (Page 245.) 

I. 6 : 7, 7 : 9, 2 : 3. 2. The second is the greater. 

3. The second is the greater. 

4. 5!^Z|?. 5. 10:9or9:10. 

cxxix. (Page 246.) 

I. 2:3. 2. 6:a. 3. 6+(2:a-c. 4. ±^6-l:L 

5. 13:1, or, -1:1. 6. ± V(w^*+4n2)-m :2. 7. 6,a 
8. 12,14. 9. 36,65. 10. 13,11. ii. 4:1. 12. 1:5. 



(Page 247.) 



1 » 2 » 


3- se+y 4. ^_j_,- 


'* !»* + »»» + »*' 


**• (y-4)« 



CXXXii. (Page 255.) 
6. a;=4 or 0. 8. 440 yds. and 352 yds. per minute. 

II. aj=30,y=20. 13. ^. 15. ^. 

j6. 60, 76 and 80 yards. 17. 120, 160, 200 yards. 

ig. 1~ miles per luroi. "^si* ^. \'l. 

21. 160 quaxtetB, £4. *•*• *^- -vv »^ 
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cxxxiiL (Page 262.) 




4. i4 


3 

5. 5. 6. 12. 7. 3j2« 


-1 


9. -AcjcC?. 


2 
10. 5. II. -4=^5. 12. 


64x2= 9^8. 



13. ix?^=^. 14. 4a?=27y2 18. y=3+2a;+a;?». 19. 18ft. 

cxxxiv. (Page 266.) 

3 1 

I. 60. 2. 200. 3. lOj. 4. -32|. 

5. -2g. 6. 40. 7. 117. 8. 0. 

3an.-2&»-2a + ( 



9. a^+y*-2(n-2)iBy. 10. 



a+& 



cxxxv. (Page 268.) 

I. 6060. 2. 2550. 3. 820. 4. 30. 

S. 24. 6. -3li. 7. '^^. 8. ^. 

7n* - 6n n - 1 

9- — 2—- 10- -g-- 



cxxxvl. (Page 269.) 

^ 1 

26" 3- 8* "^ "8* 

2 
3' 



!• -6. 2. -^g. 3. 5. 4. -- 

5. -2. 6. -l|. 



cxxxvii. (Page 269.) 
1/ W -4ft (2) 35-a. VS^\ ^^ '^'^ 

2, 165. 3. 112. /^ eS»- "^^ 
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6. 6433g. 



8. (i) 355, 7175. 

(3) 161 + SlJB, 3321 + 1681X. 

(5) 4 1^- 

9. (i) 126, 63252. 
(3) 45, - 1570-5iB. 
(5) 7l,4899(l-m). 



7. £135. 40. 

(2) -156a«, -3116»«. 
(4) 119^, 2357^ 



(2) 26, 2250. 
(4) 99, - 1163i. 
(6) 65, 65a; +8190. 



cxxxviii. (Page 271.) 



I. 6, 9, 12, 15. 

06 ,5 1 
3- 2i2' Ig* ^4- 



,12 2 1 

X 13 2 11 
^ 16' SO* 6' 30* 



I. 



2. 



cxxxix. (Page 272.) 

3wi +w 7)i+w m + 37i 

—J—' ""2~* ~4r' 

6m+3 5m+l 5m— 1 5m~3 
5 * 5 ' 6 ' ~6 ' 

5n2+l 5n2+2 5n2+3 5n2+4 



5 



5 



4* 2 ^ ' 2 • 

cxl. (Page 276.) 



I. 64. 



5- 13122. 



2. *ZB*Z^^. ^^ ^^^5^, 

* 

6. \«afe4. 



n^ ^V_ 
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CXlL (Page 276.) 
J. 66634. 2. 364. 3. ^-^^^> 



iB8(a;-l)' ^* (a+a;)6. (l-a-a:)' 

96' 



7. 7(2--l). 8. -425. 9. -^ 



cxlii. (Page 278.) 

4 27 4 1 

I. 2. 2. 5. 3* "g"* 4» o* 5" ■'•jr 

6. -3. 7. 8^. 8. 2^. 9. sd. la ^^ 



ir "• 4- ^- ^3' '^ 8«8+r 

"• 5^- "• 9' ^^ x+y ^^ 99* 

49 /; ^ 

^5- 90" ^^' 56* 

cxUU. (Page 279.) 

I. 9, 27, 81. 2. 4, 16, 64, 256. 3. 2, 4, 8. 

3 9 27 81 
^ 4' 8' 16' 32* 

cxliv. (Page 279.) 

,. (I) 658. (2) 800. (3) y (4) ^. 

(5) -¥• (« 1- (7) -i^^. (3) 4 
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9. 


4. 






10. 10. 13. 


4. 




14. 64i 


i6. 


49,1. 






17. Z\ 6, 8|. 






18. 60. 


19^ 


4 3 
6' 6' 


2 
6' 


1 
5' 


.1 -? -? - 
"' 6' 6' 6» 


4 
■5- 






22. 


3, 7, 


11, 


16, 19. 23. 


5, 


15, 


46, 135, 405 


25. 


139. 






26. 


10 


percent. 



cxlv. (Page 285.) 

I 8 12 15 30 5 30 ^ 12 6 4 

1 1 J_ 1 2 

^ 6' 9* 12? 15" ^* "■ ' ^' ^' ^' 3' 

/;??«. ?_? ^636363 

0. 4, 2, a, -g, ^. 7. g, -, _ « _ __. 

g 6a^(n+l) 6{py(n+l) ftBy(n + l) 

3ny+2a: » 3ny+4c-32/' ' 2nx + 3y * 

o-l-l«illoTAA^16 6 
9- 4' 2' ' 2' 4' 6' 31' 24' l7' 2' 3' "? 

10. 104, 234. 13. 2, 3, 6. 

cxlvi. (Page 290.) 

1. 132. 2. 3360. 3. 116280. 4. 678CI 

5. !il. 6. 40320. 7. 3628800. 8. 125. 

8 

10. 6. II. 4. 12. 120. 

14. 2520, 6720, 6040, 1663200, 34650. 

cxi-srii. (Page 296.) 
I. 3921225. -i. ^. V "^^^^ 

5. 12. 6. \^. 1- ^^^^« ^.. ..«_v_, 

9. 7. 10. 63. 11- ^^- ^"^^ ^'^'^^^ ^^. ^'^^V,^ 
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cxlviii. (Page 300.) 

1. a*+4a'te+6a%2+4aa;'*+aJ*. 

2. 6« + 665c+166*c? + 2065c8+1662c4+6&c» + <j8. 

3. a^ + 7a«6 + Sla^ja + 36a«6S + SSa^ft* + 2ia266 + 7a5« + 6^ 

4. iB8+8«^y+ 28x^2 +66»y + 70!By+66ajy+28ay 

5. 626 + 2000a + 2400a2 + 1280a« + 256a*. 

6. aW+6a86c+10a«W+10a*W+5a^&*c*+65cB. 

cxlix. (Page 301.) 

1. a«-6afia5+16aV-20a^+15aV- 600^+0:8. 

2. 6y-76«c+21&5ca-366*c8+35&3c4,2lW+76(J«-c^ 

3. 32a:6 . 240a^ + 720*3y2 _ iosOjbV + SlOajy* - 243y». 

4. l-10a;+40a;2-80sB8 + 80a*-32iB5. 

5. 1- 10a; + 45a? -120x»+ 210a;* -262aj»+210a^-120a;^ 

+45a;8.ioa;^+jgio. 

6. a^-8a»6«+28aW&*-66aW6»+70a"68-66a»6W 

+ 28a«6i2-8a86»*+6W 

cl. (Page 302.) 

1. a«+6a«5-3a«c+12a6«-12a5c+3ac«+85»-12J»c+66c'*-c'. 

2. l-6a;+21ai2-44a;8+63a;*-64a;6.j.27a;8. 

3. aif>-3a;9+6a;^-7a;«+6a;P-3a;*+a^. 

4. 27a;+64a;« + 63a;» + 44a;* + 21a;»+6a;» + l. 
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cli. (Page 303.) 

I. 330a;^ 2. 496a^«68. 3. - 1617i 

4. 192192a«6«c8(«8. 5. 12870a868, 

6. 70a^6^. 7. - 92378aW6» and 92378a^ 

8. VllMv^ and I7l6a^^ 



cUL (Page 311.) 

^* "*'3"9"*"81* 
3. a»+— ; 



3a^ 9a^ 81a* 243aV 

4. l+a-gJB^+ga^-gaj*. 

5. a*+a"*a;-ia"J^cB^+^7a"^.a?. 

6 54 

I- — -?! a? 5a:^ 
" 2 8"" 16 128* 

8. l-|a2+^*-i^«. 
3^^T^ 81 • 

10. a?-«a-^'^^^43?' 
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- 6 6 jj 35 ^ 
II. A-g«'-72^ -1296^- 



CUU. (Page 312.) 

I. 1 "2(i+3a*-4a3+5a*. 2. l+3aj+9a^+27a^+81aJ*. 

3. l+a;+-B2+__jg3, 4. l+a;+_ + _.+_.. 

^ 1 . 605* 21x^ 56ic 
^ aJ a* «' 



cUv. (Page 313.) 

g^ 3ag* SgP 36g8 
2"*"8 16 "^128* 

^1^ 35cc8 315a:9 
^ 2 "*■ 8 ■*■ 16 ■*■ 128 • 

3^ 5^ 35«* 1 a;2^3a:* bafi 

^ ^ ^-^ 2 " 2 "^ 8 • 5. a-2^ + 85'fi"l6^- 

1 ^ .^ i;^ 
^' a"3a*"*'9a7"81aio' 



clv. (Page 314.) 

7g-(»- a^i 2 , iw 12Al__^^•r^ ^ 
1.2...(r-l)-^- 2- ^-^) • 1,^,.^^-^ 

/ ,)^_j g. 7... (10~r ) 
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4- Tfeyr^^-(5'«)"^-(2y)'-- 5. (-i)-.r.r^. 

g r.(r+l).(r+2) . ^^ 1 .3.5 ... (2r-3) /irf . 

8 1.2.6...(3r-7) /_ ^.r' ai 

"• 1.2.3...(r-l)-V Sa-' '* 

^ y.9.11...(2r-f3) ^, 

9- 1.2.3...(r-l) •'^• 

«r* 8.7.11...(4r-B) /ai\«*^ 

'°- 4'-'* 1.2.3...(r-l) '\a) ' 

... fiil^.ar. 



12. 



13- 



1.3.5...(2r-l) 
1.2.3...r 



. (2*)'. 



i6. j^.ar'ifi. 



1.3.5...(2r-l ) ,, 
1.2.3...r •^^'' 

429 ^ 
^ 128 •a'** 



i8. 



m.(m-f 1) (m+8) _ 



1.2 



9 



.a-<-^>.6». 



^^ (l-5m)(l~4m) (1-m) i 

^' 1.2 6m« •* 



clvi. .(Page 315.) 

I. 3-14137.... 2. 1'96204.... 

3. 3-04084.... 4. 1-98734.... 



Civil. (Page 319.) 

I. 10450^^ -2. 10070344 

4. 31134. V ^^^^'^^Aftu 

7. 31450 aaoii xexaaasi^et '^^ ^« ^'^'K^ 

9. -4112. ^^- '^'^'^'^" 
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clviiL (Page 321.) 

I. 5221. 2. 12232. 3. 2139e. 

5. 1110111001111. 6. t^tee. 

8. 211021. 9. 6^12. 10. 814. 

12. 123130. 13. 16430335. 



4. 104300. 
7. 6500445. 
II. 61415. 
14. 27«. 



I. -41. 

4. 12232-20052. 



clix. (Page 327.) 

2. -162355043. 
5. Senary. 



3. 26-1. 
6. Octonaiy. 



I. 1-2187180. 

4. 4-740378. 

7. 5-3790163. 

do. 2-1241803. 



clx. (Page 336.) 

2. 7-7074922. 

5. 2-924059. 

8. 40-578098. 

II. 3-738827. 



3. 2-4036784. 

6. 3-724833. 

9. 62-9905319. 

12. 1-61614132 



clxi. (Page 339.) 

1. 2-1072100; 2-0969100; 3-3979400. 

2. 1-6989700; 3-6989700; 2-2922560. 

3. -7781513; 1-4313639; 1-7323939; 2-7604226. 

4. 1-7781513; 2-4771213; -0211893; 5-6354839. 

5. 4-8750613 ; 1-4983106. 

6. -3010300; 2*8061800; -2916000. 

7. -6989700; T-0969100; 3-3910733. 

8. -2, 0, 2 : 1, 0, -1. 

p. (i) 3. (2) 2. 
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11. (a) -3010300; 1-3979400; 1*9201233; 1-9979588. (&)lfl8l 

12. (a) -6989700; -6020600; 1*7118072; T-9880618. 
(6) a 

13. 3*8821260; 1-4093694; 3-7455326. 



14. (i)a;=g. (2)a;=2. 

logc 






(4)«= 



mloga+21og&* 



(5)« 



_ 4log6+logc 
"~21ogc+log 5-3 log oT 



(6)a;= 



logc 



log a+m log 6+3 log c 



I. 17*6 years. 

3. 7*2725 years nearly. 
6. 12 years nearly. 



clxiL (Page 343.) 

2. 23-4 

4. 22*5 years neaiip 

7. 11*724 ye* 
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